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INTRODUCTION

The effect of removal of waste heat or excess heat to another 
material or medium by using any external means such as fans, 
blowers or extended fin surfaces has been essential to smoothly 
run the chemical engineering heat transfer applications. In order 
to maintain this condition with unduly increasing the weight of 
device, the material used and hence cost of applications, extended 
surfaces are often used. As the rate of convective heat transfer 
depend on area of heat transfer surface, one can enhance surfaces 
called ‘fins’. The literature denoted to numerical analysis of 
fins. In the present study specifically focused on the aspect of 
“performance analysis of a fin in steady-state” [1-5]. 

The study of heat transfer and fluid dynamics has a pivotal 
role in various engineering domains, especially in the design 
and optimization of heat exchangers, aerospace structures, and 
cooling systems. One crucial element in these systems is the 
fin, a protruding surface intended to enhance heat transfer by 
increasing surface area. Understanding the performance of fins 
in steady-state conditions is fundamental to evaluating their 
efficiency in dissipating heat or enhancing convection.

This performance analysis aims to delve into the intricate details 
of fins operating under steady-state conditions. By examining 

how fins interact with fluid flow and temperature gradients, this 
investigation seeks to provide comprehensive insights into the 
factors influencing their effectiveness in heat transfer applications. 
Through meticulous analysis and empirical data, this study 
endeavors to elucidate the thermal characteristics, efficiency, and 
limitations of fins operating in steady-state conditions.

The exploration of fin performance in steady-state conditions 
encompasses various parameters, including fin geometry, material 
properties, fluid properties, and environmental conditions. By 
systematically evaluating these factors, this analysis endeavors to 
offer a deeper understanding of the thermal behavior of fins and 
their impact on heat dissipation or transfer rates.

Ultimately, this research intends to contribute to the advancement 
of engineering practices by providing valuable insights into 
optimizing fin design and configuration for enhanced heat 
transfer performance in steady-state conditions.

METHODOLOGY

Shooting method

The shooting method uses the methods used in solving initial 
value problems. This is done by assuming initial values that 
would have been given if the ordinary differential equation were a 
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initial value problem. The boundary value obtained is compared 
with the actual boundary value. Using trial and error or some 
scientific approach, one tries to get as close to the boundary value 
as possible.

Developing model equation

Consider a fin which approximately in the shape of parabola 
(Just approximated) . The temperature distribution is taken as 
function of distance from it’s base i.e., T (x). Radius at each ‘x’ is 
varied as r (x).

Taken expressions are:

( ) ( )( )( )1 bT x T Tθ ∞= − −  

Where

h
hL k

θ =
+  

h=convective heat transfer coefficient.

k=heat conduction coefficient.

( ) 2r x x =    (Since, Axis starts from right to left side. (for x>0)) 

( )
1

'r x x=  

Here A (x) = Cross sectional area as function of x.

( ) 2A x rπ=

The expression for perimeter of cross section at taken ‘x’ distance 
from base is given as:

( ) ( ) ( )( )2
2 1 'p x r x r xπ= +  

Hence, if a differential region with in the fin is considered, then 
differential surface area=dAs

Hence,

( ) ( ) ( )( )2
2 1 'SdA p x dx r x r xπ= = +  

Total energy balance equation

{Rate of energy in due to conduction} - {Rate of energy out due to 
conduction and convection}=0

0x Sx dx
Q Q hdA T

+
− − ∆ =

( )( ) 0x mx dx
Q Q hp dx T x T∞+

− − − =

(By using tayler’s series expanision and fourier’s law of conduction)

( ) ( )( ) 0m
d dTk A x hp dx T x T
dx dx ∞

 
− − = 

 

So, perimeter 

( )sdA p x
dx

=

( ) ( )( ) ( )0 1sdAd dTk A x h T x T
dx dx dx ∞

  − − = → 
 

From the formula of “Efficiency”:

Q
max

 can be found when the whole fin surface is maintained at 
base temperature (i.e. maximum temperature gradient occurs).

So, 
( )max s bQ hA T T∞= −

Where,

T
b
=Temperature at the base.

Hence,

( )
f

f

s b

q

h A T T
η ∧

∞

=
−

Here sA
∧

=whole heat transfer surface area (i.e. sides surface 
area+bottom surface area)

Hence,

( )
0

L

s sA dA A L
∧

= +∫
(:- since it is non-vanishing thickness)

Therefore,

( )( ) ( ) ( ) ( )
0

'
L

f sq h T x T dA x kA l T L∞

 
= − −     
 
∫

( )( ) ( ) ( ) ( )

( )
( )0

'
2

L

s

f

s b

h T x T dA x kA L T L

h A T T
η

∞

∧

∞

 
− −     

 = →
−

∫

Effectiveness of fin

withfin
f

withoutfin

Q
Q

ε =
	

If there is no fin, then total heat transfer is only from base [6,7].

( )
f

f
b b

q
hA T T

ε
∞

=
−

Where 

A
b
=Area of base 

T
b
=Temperature at base

Numerical solution for (equation 1) to find temperature profile 
as a function of distance (x) from base and also as a function of 
radius (r(x)).

Consider equation 1:

( ) ( )( ) 0sdAd dTk A x h T x T
dx dx dx ∞

  − − = 
 

( ) ( )( )2
2 1 'sdA r x r x

dx
π = + 

 

( )1 1r x << 

Then,

 
( )2sdA r x

dx
π=
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Hence,

( ) ( )( )sdAd dT hA x T x T
dx dx k dx ∞

  = − 
 

From UV rule of integration

( ) ( ) ( )( ) ( )( )
2

2 2
dA xd T dT hA x r X T x T

dx dx dx k
π ∞+ = −

( )( ) ( )'' ' ' 2 3h r x T T
kAT T A π ∞+ = − →

From above results, since it is a 2nd order non linear equation, we 
are approximating the solution 

using Shooting Method .

Let’s say

T’=Z

T”=Z

Substitute above two considered variable in equation (3)

From (3)

( )( )' ' 2hZ r x T T
kAZ A π ∞+ = − 

( )( ) ( )' 1 2 ' 4h r x T T A Z
A kz π ∞
 = − − →  

To find Efficiency And Effectiveness, We need expression for ‘q
f
’

So,

( )( ) ( ) ( ) ( )'

0

L

fq h T x T p x dx kA L T L∞

 
 = − −   

 
∫

( )( ) ( ) ( ) ( )
0

2 '
L

fq h T x T r x dx kA L T Lπ ∞

 
= − −     

 
∫

‘h’ is taken as not function of x (in assumptions)	

( ) ( ) ( ) ( )
1.5 2.5

'8
3 5f b
L hLq h T T kA L T L

hL k
π ∞

 
 = − − −   + 

Hence ,Efficiency:

( )
f

f

q

h
s bT TA

η =
∧

∞−

( )

( )

0

1.58
3

L

s

s

dA A Ls

L A L

A

A π

∧

∧

 
= + 
 

= +

∫

Hence,

( ) ( ) ( ) ( )

( ) ( )

1.5 2.5
'

1.5

8
3 5

8
3

b

f

b

L hLh T T kA L T L
hL k

h L A L T T

π
η

π

∞

∞

 
 − − −   + =

 + −  

As ‘L’ varies, ‘η
f
’ get varied.

Where L=Total length of fin from its base.

Similarly:

Effectiveness:

( )
f

f
b b

q
hA T T

ε
∞

=
−

( ) ( ) ( ) ( )

( )

1.5 2.5
'8

3 5b

f
b b

L hLh T T kA L T L
hL k

hA T T

π
ε

∞

∞

 
 − − −   + =

−

To find є
f
 and η

f
, we should just substitute the value of ‘L’ (i.e. 

length of fin). Since all other parameters are kept constant.

Now, to obtain plot to observe the variation of temperature in the 
fin, Take equation (3)

( )( )'' ' ' 2hAT T A r x T T
k

π ∞+ = −

Here,

( ) ( ) ( )
( )
( )

22

'

2

4

4

A x r x x

A x x

A x

π π

π

π

= =

=

=

Hence from taken equation (4)

( ) ( )' 1 4 4 5hZ x T T Z
x k

π π∞
 = − − →  

By using these equations, we can solve by MATLAB and obtain 
the solutions for finding temperature profiles as a function of ‘x’.

Final equations are:

) ( )' 11 4 4hZ x T T z
x k

π π∞
 = − −  

)2 'T Z=

)
( ) ( ) ( ) ( )

( )

1.5 2.5
'8

3 5
3 f

b b

L hLh T T kA L T L
hL k

hA T T

π
ε

∞

∞

 
 − − −   + =

−

)
( ) ( ) ( ) ( )

( ) ( )

1.5 2.5
'

1.5

8
3 5

4
8
3

b

f

b

L hLh T T kA L T L
hL k

h L A L T T

π
η

π
∞

 
 − ∞ − −   + =

 + −  

Performance analysis of parabolic FIN

Problem statement: One-dimensional and steady-state heat 
transfer in an extended fin of shape that approximately resembles 
parabola with one end attached to a surface at base temperature of 
350°C. The fin is made of aluminium whose thermal conductivity 
is ( )235 /k w m k=  , the heat transfer cofficient with respect to 
surrounding fluid is ( )154 / / 2h w w m k∧=  which is maintained at 
a temperature of T

∞
=25°C. The length of parabola is ‘L’. Area 

of cross section varies as ( ) ( )( )" " "" " " " " " "2A x r xπ
∧

 =
  , and temperature 

variation is denoted by T(x), where ‘x’ indicates the direction of 
fin length from the surface. The Figure 1 is shown below. The fin 
is studied under the case where convective heat transfer occurs at 
the tip. The solution should utilize the numerical approach. To 
determine the plot for temperature variable along the fin length 
and compare it with regular rectangular fin’s temperature profile 
under the same conditions with length=0.05 m, thickness=0.005 
m, width=1 m. In addition to it, compare the efficiencies in both 
cases by considering both the fins are maintained at same volume. 
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using MATLAB . Simulations are done using shooting method 
[8].

Comparison between rectangular and approximated 
parabolic fins by taking equal volume of fins

Volume of rectangular fin=length × thickness × width=1 t w× ×

Volume of approximated parabolic fin=

( )
0

L

A x dx∫

Compare the volumes to analyze the case,

( )
0

0

1

1 4

L

L

t w A x dx

t w xdxπ

× × =

× × =

∫

∫

1 2

1
2

t w L

t wL

π

π

× × =

× ×
=

From data,

0.05 0.005 1 0.006
2 3.14

L m× ×
= =

×

Rectangular face with convective heat flux at the tip:

tanhfin c b cQ hpkA mLθ= × × [9]

Where 
2c
tL l= +

l=length of fin

t=Thickness of the fin.

From data,

0.0050.05 0.0525
2cL m= + =

So , here h=heat transfer coefficient (w/m2.k)

p=Perimeter of fin (2×(w+t))

( )=        b bT Tθ ∞−

k=Thermal conductivity

Ac=Cross sectional area (t×w)

 m= 16.2308
c

hp
kA

=

Comparison of effectiveness of both the fins

In rectangular fin:

tanhm c
fin b c

c b

hp kA
mL

hA
η θ

θ
= × ×

tanh c
fin

c

mL
mL

η = [10]

0.69217 81.23%
0.8521finη = =

Figure 1: Schematic Diagram of Parabolic Fin. Note: D: Heat 
transfer; The conduction coefficient (k) and the convective heat 
transfer coefficient h are constant; The temperature T

b
   of the fin 

base is constant; The temperature T
∞
 of the surrounding fluid is 

constant.

Assumptions

1.	 Heat transfer is 1-D.

2.	 Heat transfer is steady-state.

3.	 Radiative heat transfer is negligible.

4.	 The conduction coefficient k and the convective heat transfer 
coefficient h are constant.

5.	 The temperature T
b
 of the fin base is constant.

6.	 The thermal contact resistance between the surface and fin is 
negligible.

7.	 The temperature T
∞
 of the surrounding fluid is constant. We 

make the following additional assumptions.

8.	 The fin is a body of revolution.

9.	 The cross-sectional area decreases in the direction away from 
the surface.

From the give data

( )
( )

2154 / .

235 / .

h w m k

k w m k

=

=

350
25

bT c
T c∞

=

=





Substituting the data in the expression of Z’ and Z (i.e. eqn 1 and 
eqn 2). As we know for the case of rectangular fin with convective 
heat transfer occurs at the fin tip whose fin length is finite, the 
temperature variation along the length of fin is,

( )
( )

( ) ( )
coshm

6
cosh

x
c

b
c

L
T x T T T

mL
−

∞ ∞

 
 = − + →
 
  

From given data, use equations (1), (2) and (6), and plot the 
temperature profiles in both the cases as function of length of fin, 
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CONCLUSION 

The project involves the study of temperature distribution along 
length of fin for a approximated parabolic fin. The non-linear 
differential equations are simulated using shooting method in 
MATLAB. The efficiency of the fin is found to be more than that 
of rectangular fin’s efficiency for the same specifications and of 
equal volume. Hence, this can enhance rate of heat transfer and 
then enhances efficiency. Finally, it can minimize expenses.
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In approximated parabolic shaped fin:

( ) ( ) ( ) ( )

( ) ( )

( )

1.5 2.5
'

1.5

2

8
3 5

8
3

0.006

4 0.07536

b

f

b

L hLh T T kA L T L
hL k

h L A L T T

L m

A L L m

π
η

π

π

∞

∞

 
 − − −   + =

 + −  
=

= =

( ) ( )( )'  T 212.14375bL T T cθ∞= − − = − 

From data,

( )4125726 1.5455 10 3756.981
 99.6%

3966.54fη
−× × +

= =

RESULTS AND DISCUSSION

The plot signifies the variation of temperature along length of 
fin is exponentially decreasing in both the cases. For the same 
length of fin from origin, the temperature drop in approximately 
parabolic shaped fin is higher than that in rectangular fin. 
This indicates that, since all other parameters are kept same, in 
approximated parabolic shaped fin-The profile is more optimized 
than that of regular rectangular fin’s profile. This indicate rate of 
heat loss is higher in considered case of fin rather than that in 
rectangular fin.

The steady state and one-dimensional temperature distribution 
along the length of approximated parabolic shaped fin is studied 
and profile of regular rectangular fin under same conditions is 
drawn in Figure 2. Efficiency of considered fin is determined 
and found that this efficiency is higher than the rectangular 
fin’s efficiency. Hence optimal study of a fin under steady state 
is analyzed.

Figure 2: Temperature distribution in parabolic and rectangular fins
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