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Abstract
The control of the motion of small gas bubbles by a vortex ring is explored through numerical simulation. Hydrogen 

bubbles with a diameter of 0.2 mm are arranged in quiescent water, forming a bubble cluster. A vortex ring is launched 
vertically, passing through the bubble cluster. The behaviors of the vortex ring and bubble motion are analyzed. The 
diameter of the vortex ring at launch is 42.5 mm, and the bubble volume fraction is less than 0.04. As the vortex 
ring convects through the bubble cluster, it displaces and entrains the bubbles. After the vortex ring passes through 
the cluster, the bubbles are involved in the vortex ring. The research also clarifies the evolution of the diameter and 
circulation of the vortex ring.

Keywords: Multiphase flow; Numerical simulation; Bubble; Vortex
ring; Entrainment

Introduction
Gas-liquid bubbly two-phase flows are observed in various 

engineering applications such as chemical reactors, waste treatment 
systems, and heat exchangers. Numerous previous studies have clarified 
the flow characteristics, such as the turbulent structure and the phase 
distribution of bubbly flows [1-3]. Moreover, because bubble motion is 
an important and elementary phenomenon governing a bubbly flow, 
there have been attempts to control this motion using an ultrasonic 
wave [4,5] and a swirling flow in a circular pipe [6,7]. However, the 
ultrasonic wave method is limited to a single bubble, and the swirling 
flow method cannot accurately control bubble motion.

When water is ejected from a cylinder into quiescent water, a vortex 
core forming a closed circle occurs. Such a vortex ring undergoes self-
induced convection in a direction perpendicular to the plane of the 
circle. Small gas bubbles in a liquid flow preferentially distribute around 
the high-vorticity region [8,9]. By noting that the vorticity is highly 
concentrated on the vortex core of the vortex ring, one of the authors 
[10] conducted an experimental study on the behavior of a vortex ring
in bubbly mixtures. Small hydrogen bubbles were generated by water
electrolysis at the bottom of a water tank. The buoyancy of the bubbles
forced them to rise, creating a bubble plume. A vortex ring was launched 
vertically upward into the bubble plume from a cylinder mounted at
the tank bottom. The bubbles became entrained in the vortex core and
changed the convection of the vortex ring, demonstrating that a vortex 
ring can be successfully employed to control bubble motion and to
entrain and transport bubbles if the strength and scale of the vortex
ring are set appropriately. Active bubble motion control is a technology 
with applications in the drive, supply, and removal of bubbles dispersed 
in a liquid. It can be utilized in various engineering contexts such as the 
control of chemical reactions and heat transfer. Yet, there are only few
studies on the interaction between a vortex ring and bubbles, besides
the experimental works of Sridhar-Katz [11,12] and no attempts have
been made to apply this approach to bubble motion control.

The vortex in cell (VIC) method is a numerical method for 
simulating incompressible flows. It discretizes the vorticity field into 
vortex elements and computes the time evolution of the flow by tracing 
the convection of each vortex element using a Lagrangian approach. 
The Lagrangian method markedly reduces numerical diffusion and 

improves numerical stability. The authors [13] previously proposed two 
improvements to the VIC method. First, a staggered-grid discretization 
method guarantees consistency among discretized equations and 
prevents numerical oscillations in a solution. Second, a correction 
method for the vorticity enables the computation of vorticity fields to 
satisfy the solenoidal condition. The improved VIC method was applied 
to the direct numerical simulation (DNS) of a turbulent channel flow 
[13]. The DNS successfully captured organized flow structures such as 
streaks and streamwise vortices in the near-wall region, demonstrating 
that the VIC method is applicable to the DNS of wall turbulent flows. 
The authors [14] also presented a simulation method for a bubbly flow 
using the VIC method. The behaviors of the vortex element and bubble 
motion are simultaneously analyzed by the Lagrangian method. The 
proposed method was applied to the simulation of a bubble plume in 
a water tank to demonstrate its validity [14]. Small air bubbles were 
released successively from the base of the tank, and their rise induced a 
bubble plume. The simulated bubble behavior and water velocity were 
favorably compared with the existing results. The proposed method 
was also used for the simulation of an air-water bubbly jet issued 
vertically upward from a nozzle of a square-cross section [15]. The 
Reynolds number of water is 5000, the bubble diameter is 0.2 mm, and 
the bubble volumetric flow rate is 0.0025. The simulated results such as 
the water momentum diffusion in the lateral direction were shown to 
agree with measured data.

This study aims to investigate the control of the motion of small 
gas bubbles by a vortex ring through numerical simulation. Small 
hydrogen bubbles are arranged in quiescent water, and a vortex ring 
is launched toward the bubble cluster. The behaviors of the vortex ring 
and bubble motion are analyzed by the VIC method used in a previous 
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represented as the summation of the gradient of a scalar potential ϕ and 
the curl of a vector potential ψ. Thus, the liquid velocity u1 is written as

lu = ∇ϕ + ∇×ψ                                                               	              (9)

The velocity calculated from Eq. (9) remains unaltered when any 
gradient of a scalar function is added to ψ. To remove this arbitrariness, 
the following solenoidal condition is imposed on ψ:

0∇ ⋅ψ =                                                                       	              (10)

When substituting Eq. (9) into Eq. (1), we obtain

( )l
l 0

t
∂α

+ ∇ ⋅ α ∇ϕ + ∇×ψ =  ∂
                                                    (11)

Taking the curl of Eq. (9) and substituting Eq. (10) into the resultant 
equation, the vector Poisson equation for ψ is derived:

2∇ ψ = −ω                                                                   	             (12)

Numerical Method Based on VIC Method
Discretization of vorticity field by vortex element

Once ϕ and ψ are computed from Eqs. (11) And (12) respectively, 
the velocity u1 is calculated from Eq. (9). The vorticity ψ in Eq. (12) is 
estimated from Eq. (7). The VIC method discretizes the vorticity field 
by vortex element and calculates the distribution of ɷ by tracing the 
convection of each vortex element.

It is postulated that the position vector and vorticity for the vortex 
element p are xp=(xp,yp,zp) and ɷp, respectively. The Lagrangian form of 
the vorticity equation, Eq. (7), is written as

p
l

dx
u

dt
=                                                                                                (13)

( ) ( )( )Tp l
l m l l l

l l

d Du1 1u u u g
dt Dt
ω   = ∇ ⋅ ω + ∇×∇ ⋅ ν ∇ + ∇ + ∇α × −  α α  

(14)

When the position and vorticity of a vortex element are known at 
time t, the values at t+Δt are computed from the Lagrangian calculation 
of Eqs. (13) and (14). Following the VIC method, the flow field is divided 
into computational grid cells to define ψ, ϕ and ɷ on the grids. If ɷ is 
defined at a position ( )kkkk zyx ,,=x , the vorticity ɷ is assigned to 
xk, or a vortex element with vorticity ɷ is redistributed onto the grid:

( )
vN

k p k p k p
k p

p

x x y y z z
x W W W

x y z
− − −     

ω = ω      ∆ ∆ ∆     
∑  	          (15)

where Nv is the number of vortex elements, and Δx, Δy and Δz, are 
the grid widths. For the redistribution function W, the frequently used 
equation given below for a single-phase flow simulation [17] is applied:

( ) ( ) ( )

32

2

1 2.5 1.5 1
0.5 2 1 1 2

20
W

ε ε ε
ε ε ε ε

ε

 − + <
= − − ≤ ≤
 >


		             (16)

Calculation of gas volume fraction

The above mentioned grid cells are also used to calculate the gas 
volume fraction αg. It is postulated that a bubble with volume vr exists 
at xg = (xg, yg, zg), the volume fraction αg on a grid point q with position 
vector  xq = (xq, yq, zq), is given by

( ) bN
q g q g q gr

g q
r

x x y y z zv
W W W

x y z x y zα α αα
− − −     

=           ∆ ∆ ∆ ∆ ∆ ∆     
∑x (17)

study [14]. The simulation demonstrates that the vortex ring convects 
through the bubble cluster, displacing and entraining the bubbles, and 
that the bubbles are involved in the vortex ring after passing through 
the cluster. The simulation also clarifies changes in the diameter and 
circulation of the vortex ring.

Basic Equations
Assumptions

Assumptions employed in the simulation are as follows:

(a)	The mixture is a gas-liquid bubbly flow with entrained small 
bubbles.

(b)	Both phases are incompressible, and no phase change occurs.

(c)	The mass and momentum of the gas-phase are negligible 
compared with those of the liquid-phase.

(d)	The bubbles maintain their spherical shape with neither 
fragmentation nor coalescence.

Governing equations of bubbly flow

Under assumptions (a), (b), and (c), mass and momentum 
conservation equations for two-phase mixtures are expressed as 
follows:

( )l
l lu 0

t
∂α

+ ∇ ⋅ α =
∂

                                                                         (1)

( )( )Tl
l m l l l

l

Du 1 p u u g
Dt

 α = − ∇ + ∇ ⋅ ν ∇ + ∇ + α
 ρ

(2)

where vm is the kinematic viscosity considering the gas volume 
fraction,  αg  given by the equation as follows [16]:

( )1m g lν α ν= +                                                                                         (3)

The volume fractions satisfy the following relation:

1=+ lg αα                                                                                           (4)

It is postulated that the pressure gradient force, the virtual mass 
force, the drag force, the gravitational force, and the lift force act on 
the bubbles. Following assumption (d), the equation of motion for the 
bubble would therefore be expressed by

( ) ( ) ( )g V l D L
g l g l g l l

V V V V

du 1 C Du 3C C1 1u u u u g u u u
dt C Dt C 4d C C

+ β −
= − − − + − − × ∇×

β + β + β + β + (5)

where d is the bubble diameter, β is the density ratio ( lg ρρ /= ).CV, 
CD, and CL are the virtual mass coefficient, the drag coefficient, and the 
lift coefficient, respectively. CD is given by

( )( )0.68724 / Re 1 0.15ReD b bC = +                                                          (6)

where b g l lRe d u u /= − ν

Vorticity equation and orthogonal decomposition of liquid 
velocity

Taking the curl of Eq. (2), the vorticity equation for the bubbly flow 
is derived,

( ) ( ) ( )( )T l
l l m l l l

l l

Du1 1u u u u g -
t Dt

∂ω   + ∇× ω = ∇× ω + ∇×∇× ν ∇ + ∇ + ∇α ×  ∂ α α  
(7)

Where ɷ is the vorticity of the liquid-phase.

ulω = ∇×                                                                      (8)

According to the Helmholtz theorem, any vector field can be 
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where Nb is the number of bubbles. For the function Wα, the 
following redistribution function for vorticity [17] is employed:

( )
( ) ( )

( )









>
≤≤

≤
+−

+−+

=
5.1

5.05.0
5.0

0
5.15.0

5.05.15.15.0
2

22

ε
ε

ε
ε

εε

εαW          (18)

Discretization of vorticity field by vortex element

A staggered grid is used to solve Eqs. (11) and (12) so as to ensure 
consistency between the discretized equations and to prevent numerical 
oscillations of the solution. Figure 1 shows the grid. The scalar potential 
ϕ and the gas volume fraction αg are defined at the center of a grid cell, 
the liquid velocity u1 is defined at the sides, and the vorticity ɷ and the 
vector potential ψ are defined at the edges.

The vorticity field is discretized with vortex element and expressed 
by the superposition of the vorticity distribution around each vortex 
element, as found from Eq. (15). Thus, the vorticity field obtained from 
Eq. (15), denoted by rϖ  and does not always satisfy the solenoidal 
condition. The curl of the velocity calculated using  results in the 
vorticity satisfying the solenoidal condition. This correction method is 
therefore used in the simulation.

Numerical procedure

Given the flow at time t, the flow at t + Δt  is simulated by the 
procedure as follows:

(1)	Calculate the bubble motion from Eq. (5).

(2)	Calculate αg from Eq. (17), and compute α1 from Eq. (4).

(3)	Calculate the time rate of change for ɷ at every grid point from 
Eq. (14).

(4)	Calculate the convection of each vortex element from Eq. (13).

(5)	Calculate ɷ from Eq. (15).

(6)	Calculate ψ from Eq. (12).

(7)	Calculate ϕ from Eq. (11).

(8)	Calculate u1 from Eq. (9).

(9)	Correct the vorticity, or calculate the corrected vorticity from the 
curl of u1.

Simulation Conditions
A vortex ring is launched toward a bubble cluster at initial time 

t*=0. The vortex ring at launch is expressed by imposing the vorticity 
ɷϕ within the cross-section of the vortex core. This simulation imposes 
the distribution used by Stanway et al. [18] and Wee-Ghoniem [19]. 
The vorticity is given by


















−

Γ
=

2

2
0 exp

a
sK

a
K
π

ωφ                                                         (19)

where a is the core radius, s is the distance from the vortex core, Γ0is 
the circulation, and K=2.241822/4, as shown in Figure 2. The z-axis is 
parallel to the central axis of the vortex ring, and the x-y plane passes 
through the center of the vortex core. The distance between the vortex 
cores on the y-z plane is the diameter of the vortex ring D0 at launch.

The computational domain consists of a hexahedral region of 4D0 
x 4D0x 12D0, as depicted in Figure 3. The vortex ring is launched from 
position z = D0. It convects in the z-direction by self-induced velocity, 
colliding with small bubbles arranged in a hexahedral region of 3.2 D0 
x 3.2D0 x D0. At the lateral boundaries x = ± 2D0 and y = ±2D0  bottom 
boundary z = 0, a slip condition is imposed. At the upper boundary z 
= 12D0, the velocity gradient is set at zero. The gravitational effect is 
ignored to investigate the interaction between the vorticity field around 
the vortex ring and bubble cluster.

The liquid-phase is water, whereas the gas-phase is hydrogen. The 
vortex core diameter 2a/D0 is set at 0.4. The Reynolds number of the 
vortex ring Γ0/v0 ranges from 400 to 600. The bubble diameter d is 0.2 
mm. The gas volume fraction at, t* = 0, αg0 is set at 0.02 and 0.04. Table 
1 lists the computational conditions.

The strength of the vortex ring or the circulation is calculated on 
the sections shown in Figure 4 by the equation as follows:

( )l l l lOPAB OPCD OPEF OPGH

1 dS dS dS dS
4

Γ = α ω⋅ + α ω⋅ + α ω⋅ + α ω⋅∫ ∫ ∫ ∫   (20)

where n is the unit vector normal to the plane.

The diameter D and displacement zv of the vortex ring are measured 

Figure 1: Staggered grid and computational variables.
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Figure 2: Vortex ring and coordinate system.

Figure 3: Computational domain and initial configuration of vortex ring and 
bubble cluster.

Figure 4: Vortex ring and control planes.

Gas/Liquid Hydrogen/Water
Initial diameter of vortex ring; DO [mm] 42.5

Initial core diameter of vortex ring; 
02 /a D

0.4

Reynolds number; 
0Re / ln=G

400,500,600

Computational domain 4D0 × 4D0 × 12D0

Number of grids 48 × 48×144
Bubble diameter; d [mm] 0.2

Gas volume fraction of bubble cluster; 0gα
0, 0.02, 0.04

Lift coefficient of bubble; CL 0.5
Virtual mass coefficient of bubble; CV 0.5

Time increment; 2
00 / Dt∆Γ 0.12

Table 1: Simulation conditions.
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convect with the vortex ring. When αgo = 0.04, Vb increases. The change 
against the displacement zV is not affected by the αgo value.

The water velocity distribution across the central vertical cross-
section of the vortex ring at Re=500 and αgo = 0.02 is shown in Figure 
11. The bubbles in a slit region of thickness 0.047D0 are plotted with 
the control volume. The distribution at the displacements of the vortex 
ring indicated by (a) - (f) in Figure 10 is shown. A marked increase 
in the bubble volume around the vortex ring immediately after the 
launch of the vortex ring can be seen at displacements (a) and (b). The 
vortex ring then convects through the bubble cluster. A decrease in the 
bubble volume occurs at displacements (c), (d) and (e). The bubbles are 
entrained and involved in the vortex ring. The bubble volume remains 
constant at displacement (f). The bubbles distribute themselves inside 
the vortex core and convect with the vortex ring.

The circulation of the vortex ring Γ changes as a function of 
zv, as shown in Figure 12, where (a) - (f) indicate the displacements 
presented in Figure 11. When no bubbles are laden (αgo = 0), Γ decreases 
monotonously with the convection of the vortex ring. The Γ value for 
αgo = 0.02 is larger than that for αgo = 0 at zv  /D0 ≤ 5.7 . This is caused 
by the fact that the falling density of the two-phase mixtures, which 
reduces the inertia of the fluid, lowers the reduction of the vorticity. At 
displacement (f), Γ for the bubble-laden condition is lower than that 
for αgo = 0 because the bubbles are distributed in a thin layer inside the 
vortex ring and because the vorticity is markedly low. The change in Γ 
at αgo = 0.04 is larger than that at αgo = 0.02.

Effect of Reynolds number

The time variation of the displacement of the vortex ring is shown 
in Figure 13. The effect of the bubbles strengthens as Re decreases. 
The vortex ring decelerates markedly after passing through the bubble 
cluster.

Figure 14 shows Γ decreasing in line with the decrease in Re, 
confirming the reduction of the convection velocity of the vortex ring 
shown in Figure 13.

The bubble volume around the vortex ring against the displacement 
of the vortex ring is shown in Figure 15. The volume is higher for lower 
Re values at zv  /D0 ≥ 4.3 because the slower convection means that the 
vortex ring remains in the bubble cluster for longer time, and therefore 
more bubbles are entrained. The convection velocity and circulation of 
the vortex ring fall at lower Re values as shown in Figures 13 and 14. It 
is found that the reduction reflects the increased bubble volume around 
the vortex ring.

as shown in Figure 5 (a). To evaluate the entrainment and transport of 
the bubbles by the vortex ring, a control volume is set around the vortex 
ring, allowing the volume of the bubbles Vb in the control volume to 
be computed. Figure 5 (b) shows the cylindrical shape of the control 
volume. The diameter and height are 2D0 and 1.5D0, respectively, and 
the center coincides with the center of the vortex ring.

Results and Discussions
Behaviors of the vortex ring and bubble motion

The bubble distributions at four time points are presented in Figure 
6. The Reynolds number Re is 500, and the bubble volume fraction at 
t* = 0, αg0, is 0.02. The vortex ring is visualized by an iso-surface for 
the second invariant of the velocity gradient tensor Q. The vortex ring, 
placed below the bubble cluster at t* = 0, passes through the bubble 
cluster. At t* = 19.2, it reaches a location separated by a distance of 2.3D0 
from the upper side of the bubble cluster. The bubbles are distributed 
along the central axis of the vortex ring. The bubble entrainment by 
the vortex ring is captured. At the top of the vortex ring, the bubble 
involvement along the vortex core is also simulated. When t* = 38.4, 
the entrainment and involvement continue, and the bubbles are 
distributed around all parts of the vortex ring. However, the number of 
bubbles near the central axis reduces, demonstrating the termination of 
the bubble entrainment. At t* = 82.8, the bubbles are distributed on the 
surface of and inside a sphere surrounding the vortex ring, suggesting 
the transport of the bubbles by the vortex ring. The iso-surface of Q 
disappears because of the reduction of the strength of the vortex ring.

The vorticity distribution on a cross-section passing through the 
central axis of the vortex ring is shown in Figure 7 (a), where the 
bubbles in a slit region of thickness 0.047D0 are also plotted. The vortex 
ring convects through the bubble cluster, displacing the bubbles at t* 
=4.8. When the vortex ring moves out of the bubble cluster at t* =9.6, 
the bubbles are concentrated into thin layers, outlining the vortex core. 
The convection of the vortex ring entrains the bubbles along the central 
axis of the vortex ring (t* =19.2), involving them in the vortex core (t* 
=38.4). The entrained bubbles are transported by the vortex ring (t* 
=82.8). The vorticity decreases with the passage of time. Figure 7 (b) 
shows the vorticity distribution laden with no bubbles. It is found that 
the bubble effect on the vorticity field is not very large.

Effect of initial bubble volume fraction αgo

The relation between the displacement zv and convection velocity 
zv of the vortex ring is shown in Figure 8, where Re=500. The velocity 
of αgo = 0.02 is higher than that of αgo = 0 at a displacement of zv  /D0 ≤ 
4.3. As the density of the two-phase mixtures lowers, the fluid inertia 
also reduces, and therefore the reduction of the vorticity is relaxed. At 
zv  /D0 > 4.3, however, the velocity of αg0= 0.02 decreases because the 
kinematic viscosity increases, in line with Eq. (3). This is also because 
the vorticity at αg0= 0.02 is lower than that at αg0= 0, as explained later.

Figures 8 and 9 shows the monotonously changing diameter of the 
vortex ring D with convection. At zv  /D0 > 4.3, D is larger at higher αgo 
values, because the bubbles increase the viscosity and therefore reduce 
the vorticity around the vortex core. 

Figure 10 shows the relation between the bubble volume around the 
vortex ring Vb and the displacement of the vortex ring zv, where Re=500. 
When αgo = 0.02, the volume Vb increases markedly immediately after 
the launch of the vortex ring. It reaches its maximum value at zv/D0= 3 
but falls rapidly with the convection of the vortex ring. The volume Vb 
is close to constant at zv  /D0 ≥ 4.3, suggesting that the entrained bubbles 

Figure 5: Displacement Zv, diameter D, and control volume of vortex ring.
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Figure 6: Temporal evolution of bubble distribution and vortex ring expressed 
by iso-surface of . ( )4 2

0 0/ / 0.01Q D G = .

Figure 7: Temporal evolution for 2D distribution of vorticity and bubble.

Figure 8: Change in convection velocity of vortex ring.

Figure 9: Change in diameter of vortex ring.

Figure 10: Change in bubble volume around vortex ring.

Figure 11: Temporal evolution for 2D distributions of water velocity and bubble.
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Conclusions
The control of the motion of small gas bubbles by a vortex ring 

is explored through numerical simulation. Hydrogen bubbles with 
a diameter of 0.2 mm are arranged in quiescent water, and a vortex 
ring is launched toward the bubbles. The behaviors of the vortex ring 
and bubble motion are analyzed by the VIC method developed by the 
authors. The diameter of the vortex ring at launch D0 is 42.5 mm and 
the bubble volume fraction at launch αgo is less than 0.04. The results 
are summarized as follows:

(1)	 The vortex ring convects through the bubble cluster, displacing 
and entraining the bubbles. After passing through the cluster, 
the bubbles are involved in the vortex core. The volume of the 
bubbles transported by the vortex ring remains unaltered when 
the displacement of the vortex ring zv is larger than 7D0.

(2)	 The convection velocity of the vortex ring at αgo = 0.02 is higher 
than that at αgo = 0 with a displacement of zv  /D0 ≤ 4.3 . This 
is caused by the fact that the falling density of the two-phase 
mixtures, which reduces the inertia of the fluid, lowers the 
reduction of the vorticity. However, the velocity falls at zv  /D0 > 
4.3. This is attributable to the increase in viscous diffusion, and 
also because of the reduction of the vorticity.

(3)	 The diameter of the vortex ring increases with convection. The 
increment becomes greater as αgo increases.

(4)	 The volume of bubbles transported by the vortex ring is larger at 
lower Re values, reflecting the fall in the convection velocity of 
the vortex ring.αgo
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