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Abstract

In the present paper, a quasilinear elliptic problem with singular cylindrical potential and critical exponent, is
considered. By using the Nehari manifold and mountain pass theorem, the existence of at least four distinct solutions
is obtained. The result depends crucially on the parameters a, b, m, s, L and p.
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Introduction

In this paper, we consider the multiplicity results of nontrivial
nonnegative solutions of the following problem (7, ,)
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where each point x in R¥ is written as a pair (y,z)eR"xR"™"
where m and N are integers such that N>3 and m belongs to
(L., N} > —e<a<ym, with 7 =(m-2)/4, a<b<a+l1<s<2,
p=2N/ (N —2+2(b—a)) is the critical Caffarelli-Kohn-Nirenberg
exponent, 0<c=s(a+1)+N(1-5/2), —oo<y<(\/a—a)2, A is a real
parameter.

In recent years, many auteurs have paid much attention (t% the

Dot

following singular elliptic problem, i.e., the case a=b=c=0,s=2 in )
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where Q is a smooth bounded domain in RY (N23),
0eQ,A>0,0< u<fy = (N_z)z /4 and 2* =2N/(N-2) is the critical
Sobolev exponent, see [1-3] and references therein. The quasilinear
form of (1.2) is discussed in [4]. Some results are already available for
(P,,.) in the case m=N. Wang and Zhou [5] proved that there exist
at least two solutions for (7, ,) with a=0, 0<u<pm, =(N-2) /4,
Bouchekif and Matallah [6] showed the existence of two solutions
of (P,,) under certain conditions on a weighted function h, when
0<u<hy, Ae(0,A,)> —o0<ag<(N-2)/2 and a<b<a+1, with A,
a positive constant.

Concerning existence results in the case m<N, we cite [7-9]
and the references therein. Musina [9] considered (Pm) with -a/2
instead of a and 1=0, also (sz) with a=0, b=0,A=0 and a#2—-m. She
established the existence of a ground state solution when 2<m<N
and 0<u<p,,=((m-2+a)/ 2)2 for (P,,) with -a/2 instead of a and
A=0. She also showed that (Pm) with a=0, b=0,A=0 does not admit
ground state solutions. Badiale et al. [10] studied (pw) with a=0,
b=0,A=0. They proved the existence of at least a nonzero nonnegative
weak solution y, satisfying u(y,z)= u(\y ,Z) when 2<m<nN and pu<0
Bouchekif and El Mokhtar [11] proved that (77;#) admits two distinct
solutions when 2<, <y, b=N-p(N-2)/2 with pe (2,2*],

u<m,,>and 1e(0,A,) where A, is a positive constant. Terracini

[12] proved that there is no positive solutions of (7, ) with b=0, A=0
when a#0 and p<0. The regular problem corresponding to a= b=p=0
has been considered on a regular bounded domain ¢ by Tarantello
[13]. She proved that, with a nonhomogeneous term f e H™'(Q), the

dual of H;(Q), not identically zero and satisfying a suitable condition,
the problem considered admits two distinct solutions.

Before formulating our results, we give some definitions and
notations.

We denote by 1 = D*(R"\{0}xk"") and H, =1, (R"\{0}xR""). the
closure of c7 (Rm \{0} x RN’”) with respect to the norms
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and
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respectively, with /1<(\/[Tm—a)2=((m—2(a+1))/2)2 for m#2(a+1).
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From the Hardy-Sobolev-Maz’ya inequality, it is easy to see that the

norm H”

.. is equivalent to ||u[,, . More explicitly, we have
o 12 o 12
(1-WE ~a) " w) il =l <(1-(J ~a) a ) [,

with #" =max(x,0) and g =min(y,0) forall ue™,.
We list here a few integral inequalities.

The starting point for studying (PM), is the Hardy-Sobolev-
Maz’ya inequality that is particular to the cylindrical case m<nN and
that was proved by Maz’ya in [8]. It states that there exists positive
constant C,, such that

. 2/p
Co (b )" <[

for any ve C7(R"\{0})xR"™) .
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W 9 = v (1)

The second one that we need is the Hardy inequality with cylindrical
weights [9]. It states that

(\/,TTm—a)Z J.Rw‘y‘iz(m) Vide < o

It is easy to see that (1) hold for any u e X, in the sense
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Vv‘z dx,for allve'H,, (2)
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where C,, positive constant, 1<r<2N/(N-2), c<r(a+1)+N(1-r/2),
and in [14], if r<2N/(N-2) the embedding ¥, HL,(RN,y"') is
compact, where L,,(RN, y\") is the weighted L. space with norm

i = (b )

Since our approach is variational, we define the functional Jon 7, by
J ()= (1 2)|ul}, = F ()= G w),

with

F ()= o™ e

A point u €M, isaweak solution of the equation (7, ) ifit satisfies

—c

u

u

" dx,G(u)=(1/ S)IRN D Al dx.

<J' (u),(p> =R(u)p-S(u)p—T(u)p=0,forallp e H,
with

R(w)g:=[ (D™ (Vuv ) - uly

~2(a+1) (u(p))
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Here (- denotes the product in the duality 7—{; , H, (H;dualofH#) .
Let
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From [15], S, is achieved.
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In our work, we research the critical points as the minimizers of the
energy functional associated to the problem (7, ﬂ) on the constraint

A,

defined by the Nehari manifold, which are solutions of our system.

Let A, be positive number such that

(p-2) ) 1/(2-5) ) 1(p-2)
- p/2(p- - -
A0 ::(Ca,s) (Sﬂ) (ifs] [[p(p?)ﬂ )

Now we can state our main results.

Theorem 1

Assume that —w<a<(m-2)/2, 0<c=s(a+1)+N(1-5/2),
—0< <( /n, 7a)2 and A verifying 0< 4 < A,, then the system (7, ,)
has at least one positive solution.

Theorem 2

In addition to the assumptions of the Theorem 1, if A satisfying
0<A<(1/2)A, then (Pm) has at least two positive solutions.

Theorem 3

In addition to the assumptions of the Theorem 2, assuming
Nzmax(3,6(a-b+1))s there exists a positive real A, such that, if A
satisfy 0<2<min((1/2)A,A,), then (7,,) has at least two positive
solution and two opposite solutions.

This paper is organized as follows. In Section 2, we give some
preliminaries. Section 3 and 4 are devoted to the proofs of Theorems 1

and 2 In the last Section, we prove the Theorem 3.

Preliminaries
Definition 1 Let c€R, E a Banach space and 1€ C'(E,R).

i) (u,), is a Palais-Smale sequence at level C (in short (PS),) in E
for I'if

1(u,)=c+o, (1)andl (1,)=o,(1),
where o, (1) tends to o as n goes at infinity.

ii) We say that I satisfies the (PS), condition if any (PS)
in E for I has a convergent subsequence.

sequence

c

Lemma 1 Let X Banach space, and JeC'(X,R) verifying the
Palais -Smale condition. Suppose that 7(0)=0 and that:

i) there exist g, >0 such thatif [¢|=R. then J(u)2r;

ii) there exist (u,)e X such that |ju,|>R and J(u,)<0;

let C=infmax(f(7(t))) where

er o]
r= {;/ € C([O,l];X)suchthaty(O) =0Oety(1)= uo},
then C is critical value of J such that c=7 .
Nehari manifold

It is well known that J is of class C' in H, and the solutions of
(77“) are the critical points of J which is not bounded below on ¥, .
Consider the following Nehari manifold

N={uer\{0}:<J'(u),u>:O},
Thus, ue N if and only if
—F(u)-G(u)=0. (4)

2

u

p.a

Note that N contains every nontrivial solution of the problem
(P,,.) - Moreover, we have the following results.

Lemma 2 J is coercive and bounded from below on N.

Proof. If ue NV, then by (4) and the Hoélder inequality, we deduce
that

J(w)=((p=2)/2p)|u

>((p=2)/2p)|ul:,

,((P —S)J,ll (e, )

ps

2

. ~((p=5)/ ps)G(u) (5)

s

pa”

Thus, ] is coercive and bounded from below on N.

Define

$(u)=(J (u).u).

Then, for y e N/

(¢ ().} =2}, - p*F ()56 () (©)
=2=9)ull, ~p(p=5)F ()

=(p=9)G(u)=(p=2)ul;
Now, we split N in three parts:
N* :{ue/\/’:<¢'(u),u>>0}

pa”
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N°={ue/\/:<¢' (u),u>=0} _ (p-2))| (2-9) 2/(%2)(5, )p/(pfz)+
, ((#Ps) fl@ﬁy?)f) V. !
N’Z{ue/\/:<¢ (u),u><0}‘ ps o
We have the following results. Proof. i) Let u ¢ A" . By (6), we have
Lemma 3 [(2=s5)/ p(p=1)]ulf,, > F ()
Suppose that u, is a local minimizer for ] on N. Then, if u, € N, u, and so
is a critical point of J.
() =(=1/2)[ulf,, +(p=1)F (u)
Proof. If u, is a local minimizer for J on N, then #, is a solution of
the optimization problem < 7{]’(1’*5)*2(17*1)(2*5)}“” d
min J (u). 2p(p-s) u.a
{ulda)-0} .
Hence, there exists a Lagrange multipliers g e R such that We conclude that ¢<c” <0.
J (uy)=64 (u,)inH i) Let 4 e A7 . By (6), we get
Thus, [(2=5)/ p(p=5)]lul;,, < F (u).
<J' (”U)’uo> _ 9<¢' (”u)’u0>' Moreover, bijobolev embedding theorem, we have
. F(u)S(Sy)ip' ul” .
But <¢ (uo),u0>¢ 0, since u, ¢ N*. Hence 0=0. This completes o
the proof. This implies
5 -1(p-2)
Lemma 4 H” - (S ),1/2(/172) ( —S) } Sorallu e N~ (10)
u.a H p— S)

There exists a positive number A, such that for all A, verifying
0<A<A,,

we have V=@ .

Proof. Let us reason by contradiction.

Suppose N° =@ suchthat 0< 4 <A, . Then, by (6)andfor u € N, we
have

W, = p(p=5)/(2-)F (w) )
~((p-)/(p-2))Glu)

Moreover, by the Holder inequality and the Sobolev embedding
theorem, we obtain

2

lel,., > (5,)" " [(2=5)/ p(p-5)]""" (8)
and

e o .
Hu » S{[;’_;] (A'( ))(Ca,.\') } 9)

From (8) and (9), we obtain A>A,, which contradicts an
hypothesis.

Thus N =N"UN"  Define

c= lilggJ(u),c* = Mi:}gJ(u)andc’ = ulel}\t: (u).

For the sequel, we need the following Lemma.
Lemma 5

i) Forall A such that 0<A<A,,onehas c<c* <0.
ii) For all A such that 0<A<(1/2)A, , one has

¢ >C,=Cy)(1.8,)

By (5), we get

J()=((p-2)/2p)lul;,, +

_[@] 20, )

ps

s

wa’

Thus, for all A such that 0< 4 <(1/2)A, , we have J(u)2C, .

—bp

u|” dx %0, we write

(2-5)/p(p-s)
2 _ 2
(2-5), 1 o

p(p=5) [ " Jul” ax

For each ueH with IRN\y

by =t (1) =

Lemma 6

Let A real parameters such that 0<A<A,. For each ue® with
j']PN ‘y""” lu|" dx =0 , one has the following:

There exist unique ¢ and + such that 0< ¢ <s <, (ru)en,
tueN >

J(tu)= inf J(tu)andJ (£ u)=supJ (tu).

(1) = jnf J (s)ands () =sup ()

Proof. With minor modifications, we refer to [16].
Proposition 1 [16]

i) Forall A such that 0 <A <A, , there existsa (PS )C+ sequence in N

ii) For all A such that 0<A<(1/2)A,, there exists
sequencein A~ .

a (PS).-
Proof of Theorems 1

Now, taking as a starting point the work of Tarantello [13], we
establish the existence of a local minimum for Jon A/+.

Proposition 2 For all A such that 0<A <A, , the functional ] has a
minimizer "€ * and it satisfies:
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(1) J(u(j) =c=c, u, —> uystronglyinl’ (R"V, yic)
(i1) (ug ) is a nontrivial solution of (7’,#) . u, = uja.einR”
Proof. If 0<A<A,, then by Proposition 1(i) there exists a (u,), This implies
(PS). sequence in A+, thus it bounded by Lemma 2. Then, there .
) ) ) F(u,)—> F(u0 ),asngoestooo.
exists u; e H and we can extract a subsequence which will denoted by
(u,), such that Moreover, by (6) we obtain
2
u, — uy weaklyinH (11) F(u”)>A(p,s) Ul > (12)

u, — uy weaklyinL? (]R‘V,

y\’h”)

.

u, — u;stronglyinL’ (R“V ,

J’

s N
u, —> uya.einR

Thus, by (11), 4 is a weak nontrivial solution of (77“) . Now, we

show that u, converges to u;, strongly in 7{ . Suppose otherwise. By

the lower semi-continuity of the norm, then either Hug H” , < liminf
and we obtain

c<J(u;)=((p=2)/2p) ], ~((p=5)/ p5)G ;)

<liminfJ (u, ) =c.

n—»

url

na

We get a contradiction. Therefore, u, converge to u; strongly
in H . Moreover, we have u; e N*. If not, then by Lemma 6, there
are two numbers ¢; and ¢, uniquely defined so that (IJ uy ) €N and

(fu';) e N~ . In particular, we have # < ¢, =1. Since

d ., . LT
) = 0and = () >0,

there exists #; <¢ <t, such that J (to+ u; ) <J (t’uo* ) . By Lemma 6, we get
J(toug ) < T (tug ) < J (toug ) = J (ug),

which contradicts the fact that J (ug ) =c". Since J (ug) =J (

) and

e N'*, then by Lemma [3], we may assume that u; is a nontrivial

.
Uy

Uy
nonnegative solution of (77,) . By the Harnack inequality, we conclude
that «; >0 and v; >0, see for exanmple (7).

Proof of Theorem 2

Next, we establish the existence of a local minimum for Jon A .
For this, we require the following Lemma.

Lemma 7

For all 4 such that 0<a<(1/2)A,, the functional J has a
minimizer #, in A~ and it satisfies:

(i) J(u’)=c’ >0,

(i) u; is a nontrivial solution of (73”) in H.

Proof. If 0<A<(1/2)A,, then by Proposition 1 i) there exists a
(u, )n , (PS ): sequence in A/, thus it bounded by Lemma 2. Then,
there exists u, e H and we can extract a subsequence which will
denoted by (u,), such that

n

u, — u, weaklyinH

u, — uy weaklyinZ” (RN, y‘ibp)

where, 4(p,s)=(2-s)/p(p-s).By (8) and (12) there exists a positive
number

C=[4(p.s)]"" (s,

such that

F(u,)>C. (13)
This implies that

Fluy)=C,.

Now, we prove that (u,) convergesto u, stronglyin 7{.Suppose

otherwise. Then, either H”UH <liminf
ua now

), - By Lemma (6) there is a
unique ¢, such that (fu,)e A"~ . Since

u, e N, J (u,)=J(tu,),for all £ >0,

we have

J(tyuy ) < },iigj(t‘;u")s han(u) =c,
and this is a contradiction. Hence,
(u,), = ugstronglyin™.

Thus,

J (u, ) convergestoJ (u,; ) = ¢ asntendsto + oo,

Since J(ul}) = J(‘ul}‘) and u, e N, then by (13) and Lemma 3, we
may assume that », is a nontrivial nonnegative solution of (P.u). By
the maximum principle, we conclude that u, >0.

Now, we complete the proof of Theorem 2. By Propositions 2 and
Lemma 7, we obtain that (7’“) has two positive solutions #, € N™ and
uy e N~ -Since N* NN~ =, this implies that u; and u, are distinct
[17,18].

Proof of Theorem 3

In this section, we consider the following Nehari submanifold of V'

N, = {u e H\{0} :<J' (u),u>=03ndHu > p>0}.

Thus, u e N, if and only if

s

2
i

o ~PF (u)=G(u)= OandHuHM > p>0.
Firsly, we need the following Lemmas
Lemma 8

Under the hypothesis of theorem 3, there exist p,, A, >0 such that
N, is nonempty for any 1¢(0,A,) and pe(0,p,).

Proof. Fix u, € H\{0} and let
g(t):<J, (tuo),tu0>

;a —pt”F(uﬂ)—tG(un).

— 42
=t Hun
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Clearly g(O) =0 and g(r)—>

pF(”o) G(u,)

u,||” }+
i

- as n— +o . Moreover, we have

g(1)=

2{ll;
(2 )HO

p/z

,a

4

pa

If o], 2 >0 for 0<p<p,=(p(p-1))"""(s,)""”, then there exists
M)
A, = [(p(p—l))(Sﬂ) p/z] ' —OxD,
where
2
0= ([7(]7 _1))114 (S#) ()12
and
-U(p-2)

i

o=[(p(r-1)(5,)"]
and there exists 7, >0 such that g(%,)=0. Thus, (4%,)€N, and N, is
nonempty for any 1¢(0,A,) .

Lemma 9

There exist V', A, positive reals such that
<¢’ (u),u> <-V <0forue N,

and any A verifying
0<A<min((1/2)A,.A,).

Proof.Let ue NV,
us to write

<¢'<u>,u>
(2 B(ps)-(p-2) .
-2 Thus, if

then by (4), (6) and the Holder inequality, allows

where B(p,s):= (p—l)(CW)x o

0<A<A, 2[(p—2)/B(p,s)],
and choosing A, :==min(A,,A;) with A, defined in Lemma 8, then we
obtain that
<¢' (u),u><0,foranyue/\f/,. (14)
Lemma 10
" dx >0 . Then, there

Suppose N> max(3,6(g —b+1)) and J.R"V y‘—bp u

exist r and # positive constants such that
i) we have

J(u)=1> 0 for|u

=r.

1,a

such that

ii) there exists €N, when

J(0)<0-

Proof. We can suppose that the minima of J are realized by (uo* )
and u, . The geometric conditions of the mountain pass theorem are
satisfied. Indeed, we have

.7 with r=[u

a2

i) By (6), (14) and the fact that F(u)< (S,J )"’/2 o > we get

I ()2 [(172)=(p=2)/ (=), =(5,) "
Exploiting the function /(x)=x(p-~) and if N >max(3,6(a-b+1)), we
obtain that [(1/2)-(p-2)/(p-s)s]>0 for 1<s<2. Thus, there exist 7,

P

pa’

»>0 such that
J(u)=n>Owhenr = HMHM small.
ii) Let ¢>0, then we have for all ge N,
J(19)=(212)|g (") F (9)~(¢ /)G ().

Letting  ~ 9 for t large enough. Since

F(g)=[ "

we obtain J (o) < 0. For ¢ large enough we can ensure [of >r

¢‘p dx>0,

Let I'and ¢ defined by

={7:[0.1] > N,:7(0) = uyandy (1) = u; |
and
c=infmax(J(7(1))).

eIl if0.1]

Proof of Theorem 4
If
A<min((1/2)A,.A,),

then, by the Lemmas 2 and Proposition 1 (ii), J verifying the Palais
-Smale condition in N, . Moreover, from the Lemmas 3, 9 and 10,
there exists “ such that

J(u,)=candu, e N,

Thus u, is the third solution of our system such that u, #ug and
u, #u, . Since (P,,,) is odd with respect u, we obtain that —u, is also a

c

solution of (7P, ( ) y) .
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