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Abstract 

Most of the available works in elastohydrodynamic lubrication (EHL) have been carried 
out considering exponential pressure-viscosity relationship. However, recently, some lubricants 
such as 2, 3-dimethylpentane, pure hydrocarbon, water/glycol solutions etc. are reported to show 
linear piezo-viscous response. The investigations carried out using exponential pressure-viscosity 
relation for such lubricants yield to large errors as they highly overestimate the film thickness 
values. Also, a major aspect of practical EHL behavior i.e. starvation effect still remains largely 
unexplored. Starvation refers to the inadequate filling of the conjunction and has a considerable 
effect on EHL characteristics such as film thickness and coefficient of friction. Therefore, a 
numerical analysis is carried out for lubricants exhibiting linear piezo-viscosity to analyze the 
influence of starvation in EHL line contacts. Starvation effect is modeled by shifting the inlet 
meniscus towards the contact zone. The Reynolds equation is discretized using finite differences 
and solved along with the load balance equation using Newton-Raphson technique.  

Keywords: EHL, Linear piezo-viscosity, Starvation, Line contact. 

 

1. Introduction 

EHL is a form of hydrodynamic lubrication in which elastic deformation of the surfaces 
and pressure dependence of viscosity play a fundamental role in the generation of load carrying 
film, which is thick enough to separate the surfaces completely. The accurate prediction of 
lubricant film thickness and friction coefficient in EHL contacts involved in mechanical 
components such as gears, cams, rolling element bearings etc. has long been the focus of 
attention. Conventionally, EHL studies employed piezo-viscous relationships involving an 
exponential function of lubricant pressure. Dowson and Higginson [1] and Hamrock and Dowson 
[2] presented film thickness equations using exponential piezo-viscous response and Newtonian 
fluid model for EHL line and point contacts, respectively. However, recently, Kumar et al. [3] 
presented examples of some practical situations involving high operating temperatures, low 
viscosity lubricants and water/glycol solutions where the lubricant’s piezo-viscous response is 
more closely described by a linear relationship. Low molecular weight liquids like a pure 
hydrocarbon, 2, 3-dimethylepentane [4], octane and toluene [5] exhibit a linear piezo-viscous 
response. In addition, concentrated contact lubrication using the process liquid of low molecular 
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weight exhibits a linear pressure viscosity relationship and also, same trend is observed for 
ordinary lubricants at very high temperatures [3]. Further, it was reported that the viscosity 
pressure relationship of an aircraft engine lubricants (eg. L7808 and L23699) is linear. In fact, 
Barus’s coefficient ( ) decreases linearly as temperature increases for water/glycol solution. 
However, water/glycol solution forms a thinner film than conventional lubricants under the same 
operating conditions [6]. Furthermore, a substantial difference between the piezo-viscosities (and 
hence, EHL behaviors) represented by a simple exponential and a linear relationship was observed 
[7]. The use of conventional film thickness formulas for such lubricants may lead to large errors in 
the estimation of film thickness values. Therefore, using the linear piezo-viscous relationship of 
Barus [8-9], Kumar et al. offered central film thickness formulas which were validated 
experimentally. Anuradha and Kumar [7] extended their work by developing central and minimum 
film thickness formulas for EHL line contacts using linear piezo-viscosity.  

Most of the above works were accomplished by considering fully flooded conditions. 
However, sometimes contact zone suffers from shortage of lubricant supply which leads to 
thinning of lubricant film. This is known as “starvation”. Moreover, due to inadequate filling of 
the conjunction, the EHL film generated is much thinner as compared to the corresponding fully- 
flooded film and therefore, traction coefficient is also very high. Starvation effect is found to be 
higher at high speeds, using high viscosity lubricants and limited lubricant supply [10]. The 
starved steady state EHL circular contact problem was studied by Chevalier, Lubrecht and Cann 
[10, 11] for grease lubricated contacts. The transient effect in EHL circular contacts was 
investigated by Dumont et al. [12] by introducing the surface feature effects such as micro-pitted 
surface. Venner et al. [13] performed the numerical simulations to study the deformation of 
transverse and isotropic harmonic waviness in EHL circular contacts under pure rolling in relation 
to lubricant supply to the contact. Kumar and Khonsari [14] studied the effect of starvation on 
traction and film thickness in Thermo-EHL line contacts with shear-thinning lubricants. Therefore, 
the present work focuses on the effect of starvation on film thickness and traction coefficient 
using lubricant with linear piezo-viscosity with Newtonian fluid model. 

  

2. EHL Model 

Reynolds Equation 

The Reynolds equation which governs the generation of pressure in the EHL line contacts with 
compressible fluid in dimensionless form is:  
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Film Thickness Equation 

The film thickness equation in dimensionless form is: 
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where ijD  are the influence coefficients for a uniform mesh size X : 
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Boundary Conditions 

The boundary conditions applicable are:  

P  0  at inXX                                                                                                ---- (4) 

P P
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Density-Pressure Relationship 

The following Tait’s equation of state is used to describe density-pressure relationship:   
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The constants oK  and oK   for the present analysis are taken as 10'
0 K  and 0.10 K GPa (same 

as used in Ref [7]). 

Viscosity-Pressure Relationship 

The present analysis uses linear form of piezo-viscous relation as given by Barus: 

 pB  10                                                                                                 ---- (7)  

where, αB=linear pressure viscosity coefficient. 

Load Equilibrium Equation 

The load equilibrium equation in dimensionless form is: 
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Percentage of Starvation 
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Percentage of starvation is the ratio of difference between film thickness in fully flooded condition 
and starved condition to the film thickness in fully flooded condition. Percentage of starvation is 
given as:  

FloodedFully

StarvedFloodedFully

ThicknessFilm
ThicknessFilmThicknessFilm 

                                         ---- (9)   

Coefficient of Friction 

Coefficient of friction is the ratio of shear force of lubricant over whole surface to the applied 
normal load. This is expressed in non-dimensional form as: 
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where   is the non-dimensional shear stress. 

 

3. Solution Procedure 

The solution procedure consists of following steps as given below.  

1. The solution begins by assuming an initial guess for the pressure distribution iP , offset film 
thickness oH and outlet boundary coordinate  oX . 

2. The film profile  iH  is calculated using the pressure distribution  iP  in the film thickness 
Eq. (2).  

3. The fluid properties (   and  ) are computed using Eqs. (6) and (7). 

4. The Reynolds Equation (1) is discretized using a mixed second order central and first order 
backward differencing scheme to obtain the equations 0if (i=2 to N ) as follows: 
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5. The load equilibrium Equation (8) is written in the following discrete form using Simpson’s 
coefficients: 
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6. The simultaneous system of N equations represented by discretized Reynolds Equation (11) 
and load equilibrium Equation (12) are solved using the Newton-Raphson technique similar to 
that illustrated by Kumar and Khonsari [15]. The N system unknowns are 2P , 3P , 4P ,……, 

NP and 0H . The matrix equation of this system is  
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7. The pressure distribution  iP  and offset film thickness are updated using the correction 
calculated above. 

8. The steps 2-7 are repeated until the following convergence criteria are satisfied: 
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4. Results and Discussion 

When inlet conjunction does not fill adequately with lubricant then there is shortage of 
supply of lubricant in contact area which leads to film thinning and even breakdown takes place. 
This is called starvation effect. In the present analysis, the starvation effect is investigated by 
shifting the position of inlet meniscus towards contact zone. The effect of starvation is observed 
at different value of loads, velocities, pressure-viscosity coefficients and equivalent radii.  

Fully-flooded condition is considered to be at the position of inlet meniscus where 
negligible change in film thickness is observed. In Table 1, central film thickness (nm) at three 
different loads is shown with change in inlet meniscus position from Xin=-7 to Xin=-2. Percentage 
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of starvation is calculated at each position of inlet by assuming next value a fully-flooded 
condition. For example, percentage of starvation at Xin =-6 is calculated by assuming Xin =-7 as 
fully-flooded position. It can be seen that the percentage of starvation decreases as inlet is taken 
away from the contact zone. It is observed from Table 1 that after Xin =-4, there is a negligible 
change in percentage of starvation i.e. below one percent for all the three loads considered. 
Hence, Xin =-5 is considered as a fully flooded condition beyond which there is negligible change 
in percentage of starvation. Similarly, fully-flooded condition is checked at different speeds as 
shown in Table 2.  

Table 1 Percentage of starvation at different loads 

 

Table 2 Percentage of starvation at different rolling speeds 
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It is observed that Xin =-5 ensures the fully-flooded condition for different operating 
conditions. At this position, it is assumed that the effect of starvation is zero and inlet meniscus 
occupies enough lubricating oil. So, effect of starvation is studied by shifting the inlet meniscus 
position from Xin=-5 to Xin =-1.06 toward contact zone which starts from X=-1. Starved 
characteristics for pressure, film thickness, and coefficient of friction are investigated within this 
range. 

 

4.1. Percentage of Starvation 

Percentage of starvation is defined as the ratio of difference of film thickness in fully-
flooded and starved condition to the fully-flooded conditions. In this section, starvation effect is 
investigated considering different loads, rolling speeds, pressure viscosity coefficients and 
equivalent radii. The range of input parameters used in the simulations is shown in Table 3.  

Table 3 Range of Input Parameters 

Parameter Unit Value 

W - 3x10-5 - 5.2x10-4 

U - 10-12 – 10-10 

 GPa-1 10 

R m 0.01 

E’ GPa 210 

0K  GPa 1 

'
0K  - 10 

 

The variation of percentage of starvation is shown in fig. 1 for three different loads 
(W=3x10-5, 1x10-4, 5.2x10-4). Percentage of starvation varies with the position of inlet meniscus 
(Xin). As apparent from fig 1, the percentage of starvation at Xin=-5 is zero for all the three loads 
which corresponds to the fully flooded condition. As position of inlet meniscus shifts towards 
contact zone (Xin =-1), an increase in percentage of starvation is observed. Further, at lower 
loads, an abrupt increase in percentage starvation is noticed however, with the increase in load, 
percentage of starvation decreases. For the highest load considered here (W=5.2x10-4), starvation 
is noticed too late with a small value close to the contact zone. This is due to the fact that at high 
loads pressure distribution approaches the Hertzian pressure profile and therefore, the pressure 
builds up very near the contact zone which results in the reduction of the inlet zone. 

Fig. 2 shows the variation of percentage of starvation with the position of inlet meniscus at 
different rolling speeds (U=10-12, U=10-11, U=10-10). The starvation is zero at Xin=-5 due to the 
fully-flooded condition. Unlike the load, as inlet meniscus position is shifts towards contact zone a 
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rapid increase in starvation is found for higher speed (U=10-10). This can be attributed to the fact 
that at higher speeds, excess amount of lubricant is dragged within conjunction which leads to 
thicker fluid film. When there is an inadequate lubricant supply, the contacts get starved to a high 
level which leads to the thinning of lubricant film and ultimately the breakdown of film can occur. 

 

Fig. 1 Variation of percentage of starvation with the position of inlet meniscus for different loads 
at U=10-11, =10 GPa-1, R=0.01 m. 

 

Fig. 2 Variation of percentage of starvation with the position of inlet meniscus for different rolling 
speeds at W=10-4, =10 GPa-1, R=0.01 m. 
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4.2. Pressure Profile 

Pressure distribution for two different inlet meniscus positions is shown in figures 3 and 4 
for two different loads W=3x10-5 and W=5.2x10-4 respectively. One of inlet meniscus position is at 
fully-flooded condition (Xin=-5) and second (Xin =-1.06) is near the contact zone.  

 

Fig. 3 Comparison of pressure profile at two different positions of inlet meniscus for U=10-12, 
W=10-4, =10 GPa-1, R=0.01 m. 

 

Fig. 4 Comparison of pressure profile at two different positions of inlet meniscus for U=10-10, 
W=10-4, =10 GPa-1, R=0.01 m. 
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It can be seen from fig. 3 that significant pressure builds up in the inlet zone for fully-
flooded inlet meniscus position. However, only a marginal difference is observed in the central 
pressure values. On the other hand, the pressure profiles almost coincide at the higher value of 
load as seen in fig. 4.  

Figures 5 and 6 show the effect of rolling speed on pressure distribution. It can be seen 
that at the lower speed (U=10-12), the pressure profiles are almost coincident while at higher speed 
(U=10-10), the pressure build up starts early for the fully flooded condition. 

 

Fig. 5 Comparison of pressure profiles at two different positions of inlet meniscus for =10 
GPa-1, W=10-4, U=10-11, R=0.01 m. 

 

4.3. Film Profile 

Figures 7 and 8 show the film profiles at two different positions of inlet meniscus keeping 
other variables constant, at two different loads W=3x10-5 and W=5.2x10-4 respectively. It can be 
observed from both these figures that the film thickness obtained at Xin =-5 is greater than the film 
thickness at Xin =-1.06. 

This is due to the starvation effect which is much more near the contact zone. However, it 
can be seen from fig. 10 that at higher value of load, the film thickness profile at two different 
position of inlet meniscus has a little difference. This shows that the effect of starvation is less 
pronounced at higher load at both inlet meniscus positions. This is due to the fact that the pressure 
distribution in contact zone approaches to Hertzian pressure and shrinkage of inlet zone takes place 
which minimize the effect of starvation.  
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Fig. 6 Comparison of pressure profile at two different positions of inlet meniscus for =10 GPa-

1, W=10-4, U=10-11, R=0.01 m. 

 

 

Fig. 7 Comparison of film profile at two different positions of inlet meniscus for W=3x10-5, U=10-

11, =10 GPa-1, R=0.01 m. 
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Fig. 8 Comparison of film profiles at two different positions of inlet meniscus for W=5.2x10-4, 
U=10-11, =10 GPa-1, R=0.01 m. 

The effect of rolling speed on the film profile is shown in fig. 9 and 10 for two different 
positions of inlet meniscus at U=10-12 and U=10-10 respectively. It can be observed that unlike the 
load, the effect of starvation is more pronounced at higher rolling speed. Film thickness is much 
thinner at Xin =-1.06 in comparison with the film thickness at Xin =-5.  

 

Fig. 9 Comparison of film profiles at two different positions of inlet meniscus for U=10-12, W=10-

4, αB=10 GPa-1, R=0.01 m. 
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Fig. 10 Comparison of film profiles at two different positions of inlet meniscus for U=10-10, W=10-

4, αB=10 GPa-1, R=0.01 m. 

As the lubricating film needs to be thicker at such high speeds, excess lubricant needs to be 
supplied which lead to shortage of lubricant at inlet zone. 

 

4.4. Coefficient of Friction 

Fig. 11 shows the variation in COFStarved/COFFully-Flooded with the percentage of starvation 
(φ) at three different loads, W=3x10-5, W=1x10-4, W=5.2x10-4. Coefficient of friction rises with 
rise in percentage of starvation. It can be seen from the figure that there is a steep increase in the 
friction value at lower load (W=3x10-5) in comparison with other two loads. This is because high 
starvation at lower load, the film gets thinner and offers much friction to the moving surfaces 
which increase the coefficient of friction.  

Fig. 12 compares the ratio of coefficient of friction with the percentage of starvation at 
three different speeds, U=10-12, U=10-11, U=10-10. There is continuous rise in coefficient of friction 
with the increase in percentage of starvation at all speeds. However, a huge rise in coefficient of 
friction is noticed for higher speed, U=10-10. This is attributed to high starvation effect at high 
rolling speed as discussed in previous sections. Due to high starvation, contact zone suffers from 
shortage of lubricant supply and film gets thinner to large extent and rubbing of surface takes 
place which increase the coefficient of friction. 
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Fig.11 Comparison of factor by which coefficient of friction increases with the percentage of 
starvation for different loads at U=10-11, =10 GPa-1, R=0.01 m. 

 

 

Fig. 12 Comparison of factor by which coefficient of friction increases with the percentage of 
starvation for different speeds at W=10-4, =10 GPa-1, R=0.01 m. 
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5. Conclusions 

A comprehensive EHL analysis is carried out to study the starvation effect on pressure 
distribution, film profile and coefficient of friction by changing the position of inlet meniscus for a 
lubricant exhibiting linear piezo-viscosity. It is found that starvation has a great influence on the 
film thickness and coefficient of friction. Starvation is largely influenced by rolling speed and 
viscosity of lubricant. Following are some of the salient conclusions:  

1. Starvation is negligible in fully-flooded conditions and increases continuously while 
shifting inlet meniscus toward contact zone. It has been observed that it has maximum 
value near contact zone.  

2. Starvation increases rapidly with increase in rolling speed. However, starvation effect 
decreases with increase in load. It is due to the fact that the pressure distribution in 
contact zone approaches to Hertzian pressure and shrinkage of inlet zone takes place 
which minimize the effect of starvation.  

3. It has been observed that both pressure distribution and film profile are not affected by 
starvation at high load and low velocity. However, pressure profile has a significant 
difference for fully-flooded conditions and starved conditions at low load and high 
velocity, which is attributed to lower starvation at high load and low speed. 

4. Coefficient of friction increases rapidly with increase in rolling speed. This is due to the 
fact that starvation is higher at high rolling speeds. Due to high value of starvation the 
contact zone suffers from lack of lubricant supply and thus, film gets thinner to a large 
extent and rubbing of surfaces takes place which lead to high value of coefficient of 
friction.  

 

Nomenclature 

Dimensional Parameters 

b           : half width of Hertzian contact zone, 2/4 WRb  , (m) 

E         : effective elastic modulus of rollers,     2
2
21

2
1 /1/1/2 EEE    (Pa). 

h           : film thickness (m) 

ch          : central film thickness (m) 

minh        : minimum film thickness (m) 

p           : pressure (Pa)  

Hp         : maximum Hertzian pressure, RbEpH 4/ , (Pa) 
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R           : equivalent radius of contact (m). 

ou          : average rolling speed,   2/21 uuuo  , (m/s) 

1u , 2u    : velocities of lower and upper surfaces, respectively (m/s)  

w         : applied load per unit length (N/m) 

 

Greek Symbols 

        : Bridgman (exponential) piezo-viscous coefficient (Pa-1) 

B        : Barus (linear) piezo-viscous coefficient (Pa-1) 

o        : inlet density of the lubricant (kg/m3) 

         : lubricant density at the local pressure and temperature (kg/m3) 

o        : low-shear viscosity at p=0 (Pa.s) 

         : limiting low-shear viscosity at local pressure (Pa.s) 

 

Dimensionless Parameters 

G  : classical dimensionless load parameter, EG   

BG  : dimensionless load parameter, EG B   

H         : dimensionless film thickness, 2/bhRH   

oH       : dimensionless offset film thickness 

0K   : isothermal bulk modulus at p = 0 (Pa) 

0K    : pressure rate of change of isothermal bulk modulus at p = 0 

P        : dimensionless pressure, hppP /  

U         : dimensionless speed parameter, 
RE
uU oo



  

W        : dimensionless load parameter, 
RE

wW



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X  : coordinate in the direction of surface velocity (m), bxX /  

 

Greek Symbols 

        : dimensionless fluid density, o /  

        : dimensionless viscosity, o /  
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