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Abstract

This paper studies three classes of 3-Lie algebras which are realized
by bilinear functions on vector spaces. The solvability, nilpotency and
metric structures of 3-Lie algebras are discussed. And structures of
inner derivation algebras and derivation algebras are investigated. The
results can be used in the realization of 3-Lie algebras.
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1 Introduction

3-Lie algebras [1] are very important ternary algebraic system since the wide
applications in many fields on mathematics, mathematical physics and string
theory (cf. [2, 3]). In the papers [4, 5], the 3-Lie algebras are realized by
Lie algebras, linear functions and cubic matrices. And in paper [6], three
classes of 3-Lie algebras (V,[,,]s.x) are constructed by bilinear functions f on
a vector spaces V. In this paper we study the solvability, nilpotency and metric
structures of the 3-Lie algebras (V,[,,]s), and their derivation algebras.
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In this paper we suppose that F'is a field of characteristic zero. And the
multiplications of basis vectors which are not listed in the multiplication table
are assumed to be zero.

A 3-Lie algebra is a vector space L over a field F' endowed with a 3-ary
multi-linear skew-symmetric operation [z1, xq, x3] satisfying the 3-Jacobi iden-
tity

3
[[Il, 952,153], y2>y3] = Z[Il, S [$i>y2, y3], M) 933], Vi, w0, 23 € L. (1)
i=1

A derivation of a 3-Lie algebra L is a linear map D : L — L, such that for
any elements x1, xo, r3 of L

3
D([xlvx%xii]) :Z[Ilv T D(xl)v T (L’3]. (2>
i=1
The set of all derivations of L is a subalgebra of Lie algebra gl(L). This
subalgebra is called the derivation algebra of A, and is denoted by Der(L). The
map ad(xy,2) : L — L defined by ad(z1, x2)(z) = [21, 29, x] for 21,29, € L
is called a left multiplication. It follows from (2) that ad(xq,x2) is a derivation.
The set of all finite linear combinations of left multiplications is an ideal of
Der(L) and is denoted by ad(L). Every element in ad(L) is by definition an
inner derivation, and for V xq, 2o, y1, y2 of L,

lad(z1, z2),ad(y1, y2)] = ad([z1, 22, y1], y2) + ad(ys, (21, T2, Ya)).

A metric on a 3-Lie algebra L is a non-degenerate symmetric bilinear form
B : L x L — F satisfying

B([z,y, z],u) + B(z, [z,y,u]) = 0,Vz,y, z,u € L. (3)

Lemma 1.1 © Let V' be a linear space over a field F with dimV =n > 6,
¢ be a fived nonzero vector of V, f,g,h: V@V - F, A\:VVV — F.
Define the 3-ary multiplication on V' as follows: for arbitrary x,y,z € V,

[, y, 2 pa = f(y, 2)x + g(z,2)y + h(z,y)2 + Az, 9, 2)c. (4)

Then (V. [,,]sa) is a 3-Lie algebra if and only if

(1) c€ Kerf, and f = g = h, [ is a bilinear skew-symmetric form on V
satisfying f(xa, x3)x1 + f(x3,21)x2 + f(21, 2) 23 € Kerf, Vo, x9, x5 € V.

(2) X is a ternary linear skew-symmetric function on V' and for arbitrary
x1,%2,T3,Y2,Ys € V, X satisfies

M1, @2, 23] 400 Y2, ¥3) — A1, @2, 23) (f + Ac) (Y2, 3)

= M1, 22, 23] 5, Y2, y3) — M[21, Y2, 3]y, T2, 23) — M@0, [72, Yo, y3] s, 3)

— (@1, 22, [23, Y2, Y3l f),
where A\.(z,y) = N, x,y), [T1, T2, 3] and [x1, T2, T3] 15, are defined as

[LL’, Y, Z]f = f(yv Z)SL’ + g(Z, LL’)y + h(l’, y)Z
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Lemma 1.2 % Let (V,],,];.) be a 3-Lie algebra in Lemma 1.1 with a basis
{z1, ", 2}, n > 6. If \ satisfies
= M[21, 22, 23] 1, Y2, Y3)

= M[®1, yo, ysl s, T2, 23) + A1, [02, Y2, ys]y, 23) + A(w1, T2, [73, Y2, Y3]r)
then (V,[,,]s.) is isomorphic to one and only one of the following: for every

ae F a0,
(a)[z1, 22, 23] p 0 = 23, [21, 22, Zi) g = 23, 3 <1 < m;
(b)[21, 22, 23] f.0 = Quz3, [21, 22, 2] pn = 2at23, [21, 22,2550 = 2,0 < j <m;

(c)[z1, 22, 23 0 = 0, [21, 22, Zi] g0 = 23, 3 <@ < n.

2 Structures on 3-Lie Algebras (V,[,,]s.)

In this section we first discuss the metric structures on the 3-Lie algebras
(V.[,,]fa). For the simplicity, in the following the multiplication [,,]s is
denoted by |[,,].

Theorem 2.1 There does not exist metric structures on the 3-Lie algebras
in Lemma 1.2.

Proof. Let B : V xV — F be a bilinear symmetric form on V' which
satisfies Eq (4). Then by Lemma 1.2, if (V,[,,]s) is a 3-Lie algebra of the
case (a), we have

B(Zg,Zl) ([21,22,23],21) B( ]
B( 3,22) ([Z 21,22],ZQ> = B(Zg, [21,22,22]
B(z3, 23) = B([21, 22, 23], 23) = B( 23]) =
B(z3, 2;) = Bz, [21, 22, ]) = B( 1) =

Therefore, B(z3, V) = 0, that is, B is degenerated. Therefore, there does
not exist metric structures on the 3-Lie algebra of the case (a).

By the similar discussion, there do not exist metric structures on the 3-Lie
algebras of the case (b) and (¢). The proof is completed.

Theorem 2.2 The 3-Lie algebras (V,[,,]s) in Lemma 1.2 are two-step
solvable, but non-nilpotent.

Proof. By Lemma 1.2, for the 3-Lie algebras of the cases (a) and (b), we
have

VU = [V, V,V] = ZFZ,, =[VO VO VI = Fz,) Fz, V)=
1=3 i=
In the case (c),

VO = [V,V,V] = ZFzz, = VO VO V] = [} Fa, Y Fz, V] =
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Therefore, the 3-Lie algebras are two-step solvable.

Since the left multiplication ad(z1, 29) has the eigenvalue 1, ad(z, z9) is
non-nilpotent. Therefore, the 3-Lie algebras in Lemma 1.2 are non-nilpotent.
The proof is completed.

In the following we study the derivation algebras of 3-Lie algebras in Lemma
1.2. Let D : V — V be any derivation of V', and let the matrix form of D

in the basis {21, -+, 2,} be A = (a;;), 1 <14,j < n, that is, D(z;) = i a7
j=1

Then D = i a;jE;;, where I;; is the matrix unit with the number 1 in the
ij=1

h

position i*-row and j**-column, 1 < i,j < n.

Theorem 2.3 For 3-Lie algebras in Lemma 1.2, we have the following re-

sult:
1) If (V. [,,]ra) is the case (a), then dimad(V) = 2n — 3 and

ad(V) = F(aEss + > Ew) + Y (FEu + FBy). (5)
k=4 k=3
2) If (V,[,,1f) is the case (b), then dimad(V) =2n — 3 and
ad(V) = F(aEss+ Bis + > Ew) + Y (FEw + FEx). (6)
k=3 k=3

3) If (V,[,,]f) is the case (c), then dimad(V) = 2n —5 and

ad(V) = F( zn: Ey) + zn: (FEw + FEy). (7)

k=4 k=4

Proof. If (V,[,,];) is the case (a), by the direct computation by Lemma
1.2, the matrix form of left multiplications ad(z;, z;) are as follows:

ad(zy, z2) = aFs3 + Z Exy,ad(z1, 23) = —akFas,ad(z1, 21) = —FEor, 4 < k < n,
k=4
CLd(Zg, Z3) = OéElg, CLd(Zg, Zk) = Elku 4 S k S n.
Therefore, {ad(z1, z1.),ad(z2,2),2 < k <n,3 <1 <n} is a basis of ad(V), we
obtain Eq.(5) and dimad(V') = 2n — 3.
If (V,[,,]s) is the case (a), by Lemma 1.2, the matrix form of left multi-
plications ad(z;, z;) are as follows:

ad(z1, z2) = aFs3+ Fy3+ Z Ekk,ad(z1, 23) = —aFas, ad(z1, 24) = —Fay — Eos,
k=4

ad(21, Zk) = _E2k7 5 S k S n, ad(227 Z3) = aE137 ad(227 Z4) = E14 + E137
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ad(zg, zx) = E1, 5 < k < n.

Therefore, {ad(z1, z1.),ad(z2,2),2 < k <n,3 <1 <n} is a basis of ad(V), we
obtain Eq.(6) and dimad(V') = 2n — 3.
f (V,[,,]s) is the case (c), by Lemma 1.2,

ad(21, Z2) = Z Ekk7 ad(zl7 Zk) = _E2k7 ad(227 Zk) = E1k7 4 S k S n.
k=4

Therefore, {ad(z1, z;), ad(22,2j),2 < k < n,3 # k,4 < j < n} is a basis of
ad(V'), we obtain Eq.(7) and dimad(V') = 2n — 5. The proof is completed.

Theorem 2.4 For 3-Lie algebras in Lemma 1.2, the derivation algebras are

as follows:

1) For the case (a), if « =1, dim Der(V) = n? — 2n + 3,

DET(V) = F(Ell — EQQ) + ,;_:2 FElk + Z FEgk + Z FE]k

If a # 1, dim Der(V) = n? — 4n + 8,

DET(V) = F(Ell — EQQ) + E FElk + E FEgk + Z FE]k
k=2 k£2 k=1 k=

2) For the case (b), dim Der(V) =n?—5n+ 13,

DET(V) F(Ell — EQQ) —|— Z FElj —|— Z FE2]+ F(E33 —I—E44)

J#2,j=1

+F(E43+(04—1)E44)+ZF( Ejs + (1 —a)Ej) + ;
] fnd
3) For the case (c), dlmDer(V) =n? —4dn + 11,
n n 3 n
Der(V) = F(E11 — EQQ) -+ kz_:2 FElk _'_k;é; FEgk -+ E FE3k —+ %; FE]k

5

k=1 k=1 J,k=4

Proof. If (V,[,,]s) is the case (a), by Lemma 1.2 and D([21, 22, 23]) =
[D(z21), 29, 23] + [21, D(22), 23] + [21, 22, D(23)] = aeD(23), we have

n n

o Z aspzr = @11 + age + ass)zs + Z a3k 2k,
k=1 k=4

then we have
az = azgy = aiy + az = 0, aaz, = azp, 4 <k < n.
From D([z1, 22, 2;]) = [D(21), 22, 2j]+ 21, D(22), 5]+ [21, 22, D(25)] = D(z;),
fOI'4<j < n, we have
kzl ajrze = (a1 + ag + aajz)zs + 24 k2
then we have a;1 = ajo = 0,a11 + a2 + (v — 1)aj3 = 0,4 < j < n.
Summarizing above discussions, we have the matrix form of D is in the
case a = 1,

D = a1y (B — Ex) + a12E15 + ag1 Ey + kz_:g(alkElk + a9 Eor,) + a;pFjp.

3

=

J
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In the case a # 1, D = a1 (B — Ex) + apBp + anEa + Y (L +
k=3

asy Eor) + %: ajxEji. The result 1) is follows.

7,k=4
If (V,[,,]f.) is the case (b), from D([z1, 29, 23]) = aD(23), we have

n n
(07 Z skl — (Oéan + aagg + aasz + CL34)23 + Z A3k 2k
k=1 k=4
then ag; = azs = a(a11 + ag) + azs = 0, aag, = asg, 4 < k < n.
Since D([z1, 22, 24]) = D(z3 + 24), we get

n n

(CLH “+ a9y + CL44)(Z4 + 23) + Q4323 -+ Z Q4R = Z(cuk + a3k)2k.
k=5 k=1

Then we have Aq1 = Ay = 0, a1 + Qo2 +ayq4 = Qg4 + A34, A3 = 0,5 < k < n,
a11 + a9 + a4y +Qay3 = ag3 + ass.
From D([z1, 29, 2j]) = D(%;), for 5 < j < n, we have

n

n
> ajze = (a1 + ax)zj + (aajs + aju)zs + > ark.
k=1 k=4

Summarizing above discussions, we have
aiy +azg =0,a;; =aj=az =0,4<k<n,3<j<n;
Q44 + (Oé — 1)&43 = as3, j4 = (1 — Oé)ajg, 5 S j S n.

D = all(Ell — E22) + 22 alelj + '7&22:‘ 1CL2jE2j—|— CL33(E33 +E44)
J= JIF4)=

—|—CL43(E43 + (Oé — 1)E44) + 25 CLj3(Ej3 + (1 — Oé)Ej4) +
J= J

The result 2) is follows.
By the completely similar discussions to above, for the case (c),

n
> ajkEjk-
k=4

n
Z ajkEjk.
k=5

n

n 3
D =ay (B —Exp)+ Y aigEiu+ X awEo+ X asgkEs,+
k=2 k£2. k=1 k=1

j
The proof is completed.
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