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Abstract

In this paper, we prove weak (p,q) inequalities for fractional integral
operators on generalized non-homogeneous Morrey spaces for 1 < p <
q < oo. The proof involves an inequality for the modified Hardy-
Littlewood maximal operator and the Chebyshev inequality. Our results
generalize those obtained by Garcia-Cuerva and Gatto [1] and also ex-
tend those by Sihwaningrum et al. [5].
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1 Introduction

Let 1 be a positive Borel measure on RY. We say that the space (R?, i) is
non-homogeneous if p satisfies the growth condition of order n with 0 < n <d,
that is, there exists a constant C' > 0 such that

w(B(a,r)) < Cr"
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for any ball B(a,r) centered at a € R? with radius 7 > 0. When 0 < n < d,
we define the fractional integral operator I, for 0 < o < n, by

amwzé—;&i—wwxafRﬂ

a v — gyl

for any suitable function f on R?. Note that when n = d and p = m being
the Lebesgue measure on RY, I, is the classical fractional integral operator
introduced by Hardy and Littlewood [3] and Sobolev [6].

One of the important results about the classical fractional integral operator
1, is the Hardy-Littlewood-Sobolev inequality, which amounts to the bound-
edness of I, from LP(R?) to LI(R?) for 1 < p < £ and % = % — 4. Meanwhile,
for p = 1, we have a weak type inequality for /,,: if % = 1— %, then there exists
a constant C' > 0 such that

m ({x € R?: [Lf(z)] > +}) < C (W”L%)

for every v > 0 (see [7]).
Next, for 1 < p < oo, we define the non-homogeneous Lebesgue space
LP(p) = LP(RY, 1) to be the set of all measurable functions f such that

Wl = ([ 15w <

In [1], Garcia-Cuerva and Gatto proved a weak type inequality for I, on these
spaces, as in the following theorem.

Theorem 1.1 [I]If1<p<=Z and% =
C > 0 such that

% — 2 then there exists a constant

p({z e R |1 f(2)] > 7)) gc(”f”%(“’) (1)

for every v > 0.

Note that, by using Theorem 1.1 and Marcinkiewicz interpolation theorem,

one may obtain the boundedness of I, from LP(u) to L(u) for 1 < p < % and
1_1_@a

q pn’

Now, for 1 < p < oo and a function ¢ : (0,00) — (0, 00), let us consider
the generalized non-homogeneous Morrey space LP¢(p) = LP** (R?, 11), which
consists of all functions f € LY (u) such that

loc

1 1

1/p
1 f |l oroo(y = Bs(li,pr) o) (T—n /B(a’r) If(y)l”du(y)) < 00.
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Note that, if ¢(r) = r~™/?, then we get LP?(u) = LP(p).

In this paper, we shall always assume that ¢ satisfies the so-called doubling
condition, that is, there exists a constant C' > 0 such that é < 28 < C
whenever % < £ < 2. One may observe that for any function ¢ that satisfies
the doubling condition, we have

27+ 1y
sorn < [ MWa < ooy
C 2ir
for every j € Z and r > 0 (see [2]).
A generalization of Theorem 1.1 on generalized non-homogeneous Morrey
spaces is given in the following theorem.

Theorem 1.2 [5] Suppose that froo @dt < Co(r) for every r > 0 and for
some X € [0,n — «) we have

/ L (t)dt < Cr Mt e >0,

]f L —1— 2 then there exists a constant C > 0 such that for any function
f 6 LY (p ) and any ball B(a,r) C R we have
n 1f 1 Ero0 )
o € Blar) s 1 f(0)] > 1) < Crar) (7 2

for every v > 0.

Note that, if ¢(r) = r~™ and X\ = 0, then this result reduces to the previous
inequality (1) for p = 1.

In this paper, we will prove weak type inequalities for I, on generalized non-
homogeneous Morrey spaces which extend (2). We shall use some inequality
involving the modified Hardy-Littlewood maximal operator M", which is given
by

M) =sp— [ 1 @)duy).

r>0 " JB(a,r)

In addition, we shall also invoke the Chebyshev inequality, which is presented
in the following theorem.

Theorem 1.3 [/] Let p be a positive Borel measure on R? and E be a
measurable subset of R?. If f is an integrable function on E, then for every
v > 0 we have

p({r € B2 1@ > 1) < = [ 1f@)]duta

Throughout the paper, C' denotes a positive constant which is independent
of the function f and the variable x, and may have different values from line
to line.
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2 Main Results

In the proof of Theorem 1.1, Garcia-Cuerva and Gatto [1] use the following
inequality — which will also be useful for us here.

Lemma 2.1 [1] For any ball B(x, R) C R, we have

1
———du(y) < C R". 3
/B(x,R) |z — y[m— ) )

In addition, to prove weak type inequalities for I,,, we also need the following
lemmas.

Lemma 2.2 Let 1 < p < co. If ¢ satisfies ffo @pdt < Co(r)? for every
r > 0, then for any function f € LP®(u) and any ball B(a,r) C R? we have

y WM™ X o) (y)du(y) < Cro(r) || F s, (4)

Proof. The proof is adapted from [5]. Since u satisfies the growth condition,
we have M"xp@n(y) < C for y € B(a,2r) and M"xpn(y) < C277" for
y € B(a,2*'r)\B(a,2’r) where j € N. By using the definition of || f| s,
and the doubling condition of ¢, we have

/R d\f (WP M"X B(ar) (y)dp(y)

S/BW)' )P M s (4)duly)

[e.e]

+ | )P M" X Bar) (v)dp(y)

1 /B(a,2j+1r)\B(a,2j )

(e ¢}

IN

fW)P du(y))

j=
0< [ iwra+ > [ L
B(a,2r) —1 Y B(a,29+1r)\B(a,297)
1100

s0<(2r> S2r)P I f 1170, +Z )" (2 ) T)

J

< Cr[fll7pe, Z G2 r)P

od+1,
<IN, Z/

<N / 2lt)
< OISV

which is the desired inequality. m
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Lemma 2.3 Let B(y, R) be a ball centered at y € RY with radius R > 0,
then for any ball B(a,r) C R? we have

X a,r xr feY n
/ B(i)fl_)adlu(l’) < CR*M XB(a,r)(y)' (5)
By.R) [T =Yl

Proof. By using the definition of the maximal operator M"™, we get

-1

XB a,r (I) XB a,r (I)
/ S () = ) / S ()
B(y,R) [z —y| B(y,29+1R)\B(y,27 R) [z — |

j=—o00

-1
el
< — XB(ar) (@) dp(x
j;oo (2R)"™ Joganm ) )

-1
< 2nRaMnXB(a,r)(y> Z 2ja

j=—o00

S C RaMnXB(a,r) (y)>

as desired. =

With Theorem 1.3 and Lemmas 2.1-2.3, we are now ready to prove weak
type inequalities for I, on generalized non-homogeneous Morrey spaces.

Theorem 2.4 Let 1 < p < g < oo. Suppose that igg o(r) =0, sup o(r) =
r r>0
0o, and ¢ satisfies

/OO ¢(;)P dt <Co(r)? and r¢(r)+ /oo t* " o(t)dt < C p(r)P/

for every v > 0, then for any function f € LP?(u) and any ball B(a,r) C RY
we have

ulf € Blor) : af(0)] > 7h) < Cray (L1222

for every v > 0.

Proof. For every x € B(a,r), write I, f(z) = I(x) + I2(x) where

he - [ W 4y) and L) = / IO,

(@.R) [T =y R\ B(z,R) 1T — Y[
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By using Holder’s inequality and the definition of || f{|1r.e(,, We get

(o)) < / %mw

d\B(z,R) |z —y

S )

\B(z.2iR) |T — Y[

<Y G Loy VON0)
_rE@tae
= 5D T o gy OO
00 (2]+1R>a ( ) )l/p - .
=¢ Z (2j+1R)n /B(m 2i+1R) |f(y)| d,u(y) (/L(B(x,Q R)))
< C ey 3 R G2 R).
7=0

Since t — t*¢(t) satisfies the doubling condition, we have

[ee] 2i+1R
L) <O fllmogn Y / () dt
‘=0 JUR

= Ol / 1 (1) dt
R
< Co | f Il proguyd (R)P!.

/
Let 4 = <m>q p. By our assumptions on ¢, we can find R > 0 such
LP:?(p)
that ¢(R) <7 < ¢(R/2). For this R, we obtain
i
1I(x)] < Co|| f]l ronA™® < 5

Define E, = {x € B(a,r) : |Iof(x)| > ~v}. Since |I,f(x)| < |Li(z)| + |I2(2)],

we have
u(B) < p({zeBar:n@>1}).

By using Holder’s inequality and the inequality (3), we get

< ¢, R°(-3) (/B(%R) %du(y))%,
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By using the last inequality, the Chebyshev inequality, the inequalities (4) and
(5), together with the condition r®¢(r) < Cp(r)P/4, we get

| f )P v ’
p(Ey) <p ({x € B(a,r) : /B(LR) z _y|n_adu(y) > <201 R‘*(l‘i>> })

2PCpR°‘p (1-3)

LTOR T / P )

B(a,r) B(wR |Zl§' |
< € pot-1 / / VW @ duty)du()
R4 J B(z,R) |$ - y|

C _ XB(ar)(x)

= — RV [f(y)] S dp () dply
~ Rd\ ()| o |2 — gl (z)du(y)

< %Rap / | FWIPM™ X B o) (y)dp(y)

< —<Z>(R/2)”p "SI s

C"’*_ n
ik G (WA P

< ooy (1)

This completes the proof. m

Remark 2.5
(a) Note that ¢(r) =

2.4. Here LP(p)

r~» and % = % — & satisfy the hypotheses in Theorem
LP(u), and so we obtain

w({e € Blar): Lf@) > 1)) < C (”f ”“’“‘)) ,

v

for every v > 0. This inequality holds for any ball B(a,r) C R? and so we
have

({:L’E]Rd L f(2)] > })<C<||f||;7’(u))q’

for every v > 0, which is the inequality in Theorem 1.1.
(b) By substituting % =1— -2 for some X € [0,n — ) to r*¢(r) < Co(r)"/4,
we have

¢(r) < Cr' 7,

for every r > 0. Hence, ffo t*lo(t)dt < Cr Mo for every r > 0, which is
one of the hypotheses in Theorem 1.2.

(¢) In [5], the weak type inequality for I, on generalized non-homogeneous
Morrey space is obtained as a consequence of the weak type inequality for M"
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on generalized non-homogeneous Morrey spaces and a Hedberg type inequality

for

I,. In this paper, we use Chebyshev inequality and mild conditions on ¢,

namely igg ¢(r) = 0 and sup ¢(r) = oo, in addition to the doubling condition.

r>0
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