
Mathematica Aeterna, Vol. 4, 2014, no. 4, 377 - 379

Weak Monotonicity for Weak Solutions to

Elliptic Equations with Degenerate Coercivity

GAO Hongya

College of Mathematics and Computer Science,
Hebei University, Baoding, 071002, China

LIANG Shuang

College of Mathematics and Computer Science,
Hebei University, Baoding, 071002, China

CUI Yi

College of Mathematics and Computer Science,
Hebei University, Baoding, 071002, China

Abstract

Weak monotonicity result is obtained for weak solutions to elliptic
equations of the type

−div(a(x, u)|Du|p−2Du) = 0, x ∈ Ω, p > 1,

where a(x, s) : Ω× R → R satisfies

α

(1 + |s|)θ
≤ a(x, s) ≤ β, α ≤ β < ∞, 0 < θ < 1.
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1 Introduction and Statement of Result.

Let Ω be a bounded open subset of RN , N ≥ 2. Consider the elliptic equation

−div(a(x, u)|Du|p−2Du) = 0, x ∈ Ω, p > 1, (1.1)
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where a(x, s) : Ω× R → R is a measurable Carathéodory function satisfying

α

(1 + |s|)θ
≤ a(x, s) ≤ β, 0 < θ < 1, (1.2)

where 0 < α ≤ β <∞.

Definition 1.1 A function u ∈ W
1,p
loc (Ω) is called a weak solution to (1.1)

if
∫

Ω

a(x, u)|Du|p−2DuDψdx = 0 (1.3)

holds true for any ψ ∈ W 1,p(Ω) with compact support.

Some regularity properties for weak solutions to equation (1.1) with con-
dition (1.2) have been obtained in [1].

Definition 1.2 A real valued function u ∈ W
1,1
loc (Ω) is said to be weakly

monotone if for every ball B ⊂ Ω and all constants m ≤M such that

ϕ = (u−M)+ − (m− u)+ ∈ W
1,1
0 (B), (1.4)

we have
m ≤ u(x) ≤M (1.5)

for almost every x ∈ B.

The concept of weakly monotone function was introduced by Manfredi
in 1994, see [2]. For continuous functions (1.4) holds if and only if m ≤
u(x) ≤ M on ∂B. Then (1.5) says we want the same condition in B, that
is the maximum and minimum principles. For some results related to weakly
monotone functions, see [3-4].

This paper deals with weak monotonicity property for weak solutions to
(1.1) with a(x, s) satisfying the degenerate coercivity condition (1.2). The
main result of this paper is the following theorem.

Theorem 1.3 Under the condition (1.2), any weak solution u ∈ W
1,p
loc (Ω)

to (1.1) is weakly monotone.

2 Proof of Theorem 1.3.

Let u ∈ W
1,p
loc (Ω) be a weak solution to (1.1), B ⊂ Ω and (1.4) holds true. Take

ψ = (u−M)+ ∈ W
1,p
0 (B) as a test function in (1.3), and notice that

Dψ =

{

Du, u < M,

0, u ≥ M
(2.1)
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we arrive at ∫

B∩{u<M}
a(x, u)|Du|p−2DuDudx = 0. (2.2)

Note that condition (1.2) ensures the integrability of the integrand of (2.2).
Condition (1.2) implies

∫

B∩{u<M}

α

(1 + |u|)θ
|Du|pdx = 0,

from which we derive

|Du| = 0, a.e. B ∩ {u < M}.

This result together with (2.1) implies Dψ = 0 a.e. B. Since ψ ∈ W
1,p
0 (B),

then ψ = 0 a.e. B. That is, u(x) ≤M a.e. B.
The same reasoning applies to ψ = (m − u)+ implies m ≤ u(x) a.e. B,

completing the proof of Theorem 1.3.
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