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Abstract

In this paper, we investigate the properties of modal, necessity, suf-
ficiency and co-sufficiency operators in a complete residuated lattice.
In particular, we study the relationships between fuzzy relations and
various operators.
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1 Introduction

Wille [9] introduced the structures on lattices by allowing some uncertainty
in data. The structures on lattices are important mathematical tools for
data analysis and knowledge processing [1,2,5-7,9]. Kim [5,6] investigated the
properties of modal, necessity, sufficiency and co-sufficiency operators on sets.
Héjek [3] introduced a complete residuated lattice which is an algebraic struc-
ture for many valued logic. It is an important mathematical tool for algebraic
structure of fuzzy contexts [1,4,8].

In this paper, we investigate the properties of modal, necessity, sufficiency
and co-sufficiency operators in a complete residuated lattice. In particular, we
study the relationships between fuzzy relations and various operators.

2 Preliminaries

Definition 2.1 [3] A triple (L, V,A,®,—,0,1) is called a complete residu-
ated lattice iff it satisfies the following properties:
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(L1) (L, V, A, 1,0) is a complete lattice where 1 is the universal upper bound
and 0 denotes the universal lower bound;

(L2) (L, ®,1) is a commutative monoid;

(L3) It has an adjointness ,i.e.

r<y—ziff Oy <z

A map * : L — L defined by a* = a — 0 is called a strong negation if
b* < a* for a < b and a** = a.

Example 2.2 [1,3,4,8] (1) Each frame (L,V,A\,® = A,—,0,1) is a com-
plete residuated lattice.

(2) The unit interval with a left-continuous t-norm ®, ([0,1],V,A,®, —
,0,1), is a complete residuated lattice.

In this paper, we assume that (L, V,A,®,—,*,0,1) be a complete residu-
ated lattice with strong negation *.

Lemma 2.3 [1,3,4,8] For each x,y, z,x;,y; € L, we define x — y = \{z €
L|z®z<uy}. Then the following properties hold.

) Ify<z,(z0y) <(xr®z)andr—y<zx—>zand z =z <y — .

2)zoy<zAyadze(x—y) <y.

(3> ( iel yz) = \/zel“( © yl)-

(4) 2 = (Nier i) = Nier(x = i)

(5) (Vier i) = y = Nier(@i = ).

(6) ( el yl) > VZEF(z — yl)

(7) ( el xl) — Y= > VZEF(zl - y)

(8> ierYi = (\/zeF yl)* and Vier yi = (/\zeF yl)*-

9) (x@y)—>z—x—>(y—>z)—y—>(x—>z)

(10)1 wz=x andx -y =y* — a*

(1) z<yifft >y=1.

(12) (z =y O (y—2) <z—>=2

(13) (z = y)* =z O y"

3 Various operators and fuzzy relation in
complete residuated lattices

Definition 3.1 A map F : L* — LY s called:
(1) modal operator if F(V;er Ai) = Vier F(A:), F(a® A) = a ©® F(A),
(2) necessity operator if F(Njer Ai) = Nier FI(A), Fla — A) = a — F(A),
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sufficiency operator if F(V;er Ai) = Nier F(Ai), Fla® A) = a —

(

(

5) If F : LX — LX is a map, then its dual operator F? is defined by
FO(A) = F(A*)" where A*(z) = A(z) — 0. Moreover, its complementary
counterpart F*(A) = (F(A))* and F¢(A) = F(A*).

)

£(4),

) co-sufficiency operator if F(Njer Ai) = Vier F(4;), F(a = A) = a ®
F(A).

(
A)

(4
A)

(

Remark 3.2 [2,5,6,7] Let L = {0, 1} be given. We regard L, LY as P(X), P(Y),
respectively. Then a map F : P(X) — P(Y) is called

(1) @ modal operator if F(U;er Ai) = Uier FI(Ai), F(0) = 0.

(2) a necessity operator if F(Nier Ai) = Mier F'(4;), F(X) =

(3) a sufficiency operator if F(U;er A;) = ﬂler‘ F(A;), F(0)=

(4) a co-sufficiency operator if F(Nicr Ai) = Uier F(4;), FI(X )

(5) a dual operator F? is defined by F?(A) = F(A®)¢. Moreover, zts com-
plementary counterpart F*(A) = (F(A))¢ and F¢(A) = F(A°).
Definition 3.3 Let R € L**Y be a fuzzy relation. For each A € LX,
we define operations R™'(y,z) = R(z,y) and [R], [[R]], (R), ((R)), [R]%, (R)* :
L* — LY as follows:

[RI(A)(y) = A (R(z,y) = A@x)), [B(A)@w) = A (Alx) = R(z,y)),

zeX zeX

(R)(A)(y) =V (R(z,y) © Alx)), (B))(A)(y) =V (B"(z,y) © A"(x)),

[RI*(A)(y) = /\X(R(x,y) = A(z)), (R)(A)(y) = \/X(R(x,y)GA*(x))-

Theorem 3.4 (1) A map F : LX — L* is a modal operator iff F? : LX —
L is a necessity operator.

(2) A map F : L — L~ is a sufficiency operator iff FO : LX — LX is a
co-sufficiency operator operator.

(3) A map F : L* — L* is a modal operator iff F¢ : L* — L* is a
sufficient operator.

(4) A map F : L — LY is a sufficiency operator iff F¢: LX — L is a
necessity operator operator.

(5) A map F : L* — L* is a modal operator iff F* : L* — L* is a
cosufficient operator.

(6) A map F : LY — L* is a sufficiency operator iff F* : LX — L is a
necessity operator operator.
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Proof. (1) Let F: L* — L* be a modal operator.

FO(Ner Ai) = (F(Vier A7) = (Vier F(AD))
= Ner(F(A])" = Nier FO(A)

Fola — A) (F a— A)* ) ( a® A*))* (by Lemma 2.3 (13))
= (a0 F(A") =a = F(A")" = a — F(A).
Conversely, (F?)2(A) = (F2(A*))* = F(A).

F(\/iEFA ( ZEF A* ) ( ZEF ;k))*
= Vie (Fa(A* )" = Vier F(Ai)

Fla®A) = (Fa®A)) = (Fa— A7)
= (0> FA) = a0 FAY) = a0 F(A)

(4) Let F: L* — L be a sufficiency operator.

Fc(/\iel“ Ai) = F((/\iel“ AZ)*) == F(Viel“ A:)
= Nier F(A;k) = Nier FC(Ai)

F(a— A) =F((a— A)¥)
=a— F(A*) =

= Flao A7)
a— F¢(A).

Conversely,

F(\/ief‘ Ai) = FC(/\ieF AZ) = /\iEI‘ FC(A}k)
= /\ieF F(AZ)

Fla®A) =F(a®A)*) =F(a— A%)
=a— F(A*) =a— F(A).

Other cases are similarly proved.

Theorem 3.5 Let F,G : LX — LY be operators. Then the following prop-
erties hold:

(1) (F9)? = (F*)* =F and (F°)°=F.

(2) (F?) = (F*), (F?)° = (F*)? and (F*)° = (F¥)" = F°.

(3) (FVv@G)? Fa/\G8 (FVG)*=F*ANG* and (FV G)* = FeV Ge.
(4) F,G : L* — LY are modal operators, then F'\ G is a model operator

and it’s dual operator FO N G? is a necessity operator.
(5) F,G : L — LY are necessity operators, then ' A G is a necessity
operator and it’s dual operator F? Vv G2 is a model operator.
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Proof. (1) (F?)?(A) = (F?(A"))" = F(A).

(2) (FO)*(A) = (FO(A))" = F(A") = F*(A) = (F*(A"))*

(3) (FVG)?(A) = ((FVG)(AM))" = (F(A))*A(F(A))*

(4) Since F, G are modal operators, then (F'V G)(V;er 4;) =
G(Vier Ai) = Vier F(4i)VVier G(Ai) = Vier(FVG)(4;) and (F'v G)(O@A) =
a® (FVG)(A). Hence F V G is a model operator.

(5) Since F, G are necessity operators, then (FAG)(Ajer 4i) = F(Nier 4i) A
G(Nier 4i) = Nier F(Ai) A Nier G(Ai) = Nier(F' A G)(A;) and (F A G)(a —
A)=Fla—= ANGla— A)=(a— F(A)AN(a— G(A) =a— (FAG)(A).
Hence F' A G is a necessity operator.

Other cases are similarly proved.

We denote a function 1, defined by 1,(x) =1 and 1,(y) = 0 for = # y.

Theorem 3.6 Let R € LY be a fuzzy relation.

(1) (R) is a modal operator and [R] is a necessity operator with (R)(A) =
([R](A*))* = [R]°(A), for each A € L~

(2) If F: L — LY is a modal operator on LX, there exists a unique fuzzy
relation Rp € LX*Y such that (Rp) = F and [Rp] = F° where Rp(z,y) =

F(1a)(y)-
(3) Riry = R.
Proof. (1) By Lemma 2.3, since

[R](/\z'er Az‘) i ﬁxex[gf((jaf) — Nier Az(v@’)) = Nier /\xeX(R<xv y) — Al(:c))
Bl = A)(y) = Asex (Bla,y) > (@ — A)y) = a - [RIA) ).

then [R] is a necessity operator. We easily show (R) is a modal operator. We
have (R) = [R]? from:

(Ase ) — A*(:c)))
( xy@A(W)
Vae (R(:c y) © Alx)) = (R)(A)(y).
(2) Since A = V,ex A(z) ® 1, and F is a modal operator, then F'(A) =
F(Veex(A(z) ©15)) = Vaex (A(z) © F(1;)). Thus

(Rr)(A)(y) = Viex(Re(r,y) © A(x)) = Viex (F(12)(y) © A(z))
= F(Viex 1. © A(2))(y) = F(A)(y).
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(3) Riry(w,y) = (R)(1:)(y) = V.ex(R(z,y) © 12(2)) = R(z,y).

Theorem 3.7 Let R € LY be a fuzzy relation.
(1) ((R))€ is a modal operator and [[R]]® is a necessity operator with ((R))¢(A) =

([[R)(A))" = [[R]]°(A) for each A € L*.
(2) If F : LY — LY is a modal operator on L, there exists a unique
fuzzy relation Rp € LX*Y such that ((Rp))¢ = F and [[Rp]]® = F? where

Rp(x,y) = F(1:)"(y)-
(3) Bymye = R

Proof. (1) Since [[R]*(Aser A1)(y) = Ave ( Nier Ai(@))* %ny))

Nier Noex (A (x) = R(x,y)) = /\zeF[[RH (Ai)(y) and [R](a = A)(y) = Azex((a
A)(x) = R(z,y))) = Neex(R(z,y)" — (a —> A)(@)) = a = [[R](A)(y),
[R]] is a necessity operator. We easily show ((R))¢ is a modal operator. We

have ((R))*(A) = ([[R]}(A*))* = [[R]]’(A) from:

(1A (Asex(A(@) = R(x,y)))"
(Avex (B (z,9) © A(z))")
Vaex (R*(2,9) © A(x)) = ((R))*(4)(v).

(2) Since A = V,ex A(z) © 1, and F(A) = Vyex A(z) © F(1,), we have

(Br)(A)(y) = Veex(Bp(z,y) © A(z))

= Vaex (F(12)(y) © A(z))
F(Viex 12 © A(2))(y)
F(A)(y).

Theorem 3.8 Let R € LX*Y be a fuzzy relation.

(1) [[R]] is a sufficiency operator and ((R)) is a co-sufficiency operator with
((R)(A) = (([R]|(A")* = [[R]|°(A) for each A € L*.

(2) If F: LX — LY is a sufficiency operator on L, there exists a unique
fuzzy relation Rp € LX*Y such that [[Rp]] = F and ((Rr)) = F? where
Rp(x,y) = F(1.)(y).

(3) Bymy) = R.
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Proof. (1) Since ((R))¢ is a modal operator and [[R]]° is a necessity oper-
]

{
ator, by Theorem, [[R]] is a sufficiency operator and ((R)> is a co-sufficiency
rO

[[R]]
operator. We have ((R))(A) = ([[R]](A"))* = [[R]]*(A) £

Nyex(A*(y) = R(z,y)))’
Nyex (R (2,y) © A*(y))")
yex (R (2,9) © A*()) = ((R))(A)(x)

(2) Since F'(V,ex(A(z) © 1)) = Apex (A(z) = F(1,), we have

[Re][(A)(Y) = Aeex(A(z) = Rp(z,y)) = Apex(Alz) = F(12)(y))
= Neex(F(A(z) © 12)(y)) = F(Viex (A(z) © 12))(y) = F(A)(y).
UREN(A)() = Vaex (Rp(2,y) © A™(2)) = Vaex (F(1:)"(y) © A*(2))
1

Theorem 3.9 Let R € LX*Y be a fuzzy relation.

(1) [R]¢ is a sufficiency operator and (R)° is a co-sufficiency operator with
[R]°(A) = ((R)°(A7))".

(2) If F : LX — LY s a sufficiency operator on L, there exists a unique
fuzzy relation Rp € L**Y such that [Rp]° = F and (Rp)¢ = F? where
Rp(z,y) = F(1.)"(y).

(3) Rige = R.

Proof. (1) Since [R] is a necessity operator and (R) is a modal operator,
by Theorem , [R]¢ is a sufficiency operator and (R)€ is a co-sufficiency operator.
We have [R]¢(A) = ((R)°(A*))* from

(R)*(A))* (@) = (Vaex(A(x) ® R(z,y)))’

= Nyex (R(z,y) = A*(x))
= [R]*(A)(x)

[Re]*(A)(y)
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(3) Rimpe(z,y) = [RI(L)" (1) = (Acex(R(2,y) = 13(2)))" = R(x,y).

Theorem 3.10 Let R € LY be a fuzzy relation.

(1) If F : L* — LY is a necessity operator on L™, there exists a unique
fuzzy relation Rp € LX*Y such that [Rp] = F and (Rp) = F? where Rp(x,y) =
F(13)"(y)-

(2) Rig = R.

Proof. (1)

(3) Ruy(w.y) = [RI12)" (W) = (Aeex (B(z,y) = 13(2)))" = R(z,v).

Theorem 3.11 Let R € L**Y be a fuzzy relation.

(1) If F : LY — LY is a co-sufficiency operator on L™, there exists a
unique fuzzy relation Rp € L**Y such that ((Rp)) = F and [[Rp]] = F?
where Rp(z,y) = F(1%)*(y).

(2) Ryrpy = R
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Proof. (1)
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Theorem 3.12 Let R € LY be a fuzzy relation.
(1) If F : L* — LY is a necessity operator on L, there exists a unique
fuzzy relation Rp € LX*Y such that [[Rr]]® = F and ((Rp))¢ = F? where

Rp(z,y) = F(13;)(y).
Proof. (1) Since A = A,cx(A*(z) — 1%), we have:

[Re]1“(A)(y)
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Theorem 3.13 Let R € L**Y be a fuzzy relation.

(1) If F : LY — LY is a co-sufficiency operator on L, there exists a
unique fuzzy relation Rp € L**Y such that (Rp)° = F and [Rp]¢ = F? where
Rp(z,y) = F(17)(y).

(2) Rippye = R.

Proof. (1)

Example 3.14 Let X = {a,b,c} and Y = {x,y} be a set and (L =
0,1],®) with a ® b = max{0,a + b — 1} and @ — b = min{l,1 — a + b}.
Define F,.G : LX — LY as

F(1,)(z) = 0.6, F(1,)(z) = 0.2, F(1.)(z) = 0.7
F(1,)(y) = 0.5, F(L)(y) = 1.0, F(1.)(y) = 0.9
G(1)"(2) = 0.8, G(1])"(x) = 0.6, G(12)" (x) = 0.5

(
G(13)"(y) = 0.7,G(15)"(y) = 0.9, G(17)"(y) = 0.4
(1) If F is a modal operator, then, by Theorem 3.6,

0.6 0.5
Rp=1 02 1.0
0.7 0.9

0.6 A(a) V020 A(B) V0.7 ® A(c)
(Rr)(A) = F(4) = ( 05 A(a) v A(D) V0.9 Alc) )

(Re](A) = F2(A) = ( (0.6 — A(a)) A (0.2 — A(b)) A (0.7 — A

(c))
(0.5 — A(a)) A (1.0 — A(D)) A (0.9 — A(c)) )
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(2) If F'is a modal operator, then, by Theorem 3.7,

0.4 0.5
Rrp=1 0.8 0.0
0.3 0.1

0.6 A(a vO2®A(b)vO.7®A(c)
((Fr ( O5®A A(b) V0.9 ® A(c) )
Since [[Rr]](A)(y) = Aaex (R (z,y) — Alx )) we have

. ) (0.6 = A(a)) A (0.2 — A(D)) A (0.7 — A(c))
[Rp]](A) = F7(A) = < (0.5 — A(a)) A (1.0 = A(D)) A (0.9 = A(c)) )

(3) If F' is a sufficiency operator, then, by Theorem 3.8,

0.6 0.5
Rp=1 02 1.0
(0.7 0.9)
B [ (A(a) = 0.6) A (A(b) = 0.2) A (A(c) — 0.7)
HRF]](A)—F(A)_< (A()—)O5) (()_> 9) )
)

0.4 A*(a) V0.8 ® A*(b) V 0.3 ® A*(c)
<<RF>><A>:F8<A):( 0.5 A*(a) V0.1 ® A*(c) )

(4) If F' is a sufficiency operator, then, by Theorem 3.9,

0.4 0.5
Rp=1] 08 00
( 0.3 0.1 )
(A(a) — 0.6) A (A(b) = 0.2) A (A(c) — 0.7) )

[Rp]*(4) = F(A) = ( (A(a) — 0.5) A (A(e) — 0.9)

. 0.4 A*(a) V 0.8 ® A*(b) V 0.3 ® A*(c)
(Rr)(4) = F(4) :( 05® A*(a) V0.1 ® A*(c) )

(5) If G is a necessity operator, then, by Theorem 3.10,

0.8 0.7
Re=| 06 0.9
( 05 04 )
(08— A@) A (06— A(B) A (0.5 — Ac))
[Hel(4) = G(4) = < (0.7 = A(a)) A (0.9 — A(b)) A (0.4 — A(c)) )
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0.80 A(a) v 0.40 A(b) v 0.50 A(c)
(Ra)(4) = G7(4) = ( 0.70 Ala) V0.9 A(b) vV 0.4 ® A(c) )

(6) If G is a necessity operator, then, by Theorem 3.12,

0.2 0.3
Re=1| 04 0.1
0.5 0.6

o (0.8 A(@) A (0.6 — A(B)) A (0.5 — A(c))
[Re](A) = G(A) = ( (0.7 — A(a)) A (0.9 — A(D)) A (0.4 — A(c)) )

. 0.80 A(a) V0.4® A(b) V0.5 0 Ac)
<<RG>>(A):G8(A):< 0.7 Ala) V 0.9 ® A(b) v04®Ac)>

(7) If G is a co-sufficiency operator, then G(A) = G(Aex(A*(x) — 1)
Vaeex (A*(z) © G(1%). By Theorem 3.11, we have:

0.8 0.7
Re=1 06 09
05 04

(0.20 A*(a)) V (04 A*(b) V (0.5 ® A*(c))
<<RG>>(A>:G<A):( (030 A%(a)) V (0.1® A*(b) V (0.6 & (c))>
) (Ala) = 0.8) A (A(b) — 0.6) A (A(c) — 0.5)
“RG”(A>:G(A):< (Ala) — 0.7) A (A ()—>09)/\(A()—>0.4)>

(8) If G is a co-sufficiency operator, then by Theorem 3.13, we have:

0.2 0.3
Re=1| 04 0.1
0.5 0.6

o [ (020 4%(a) V(0.4 ® A% (D) V (0.5 A*(c))
(Ra) (A>—G<A>—( (0.3 A*(a)) V (0.1 A(b))\/(O.G@A*(c)))
ey i an [ (Ala) = 0.8) A (A(b) = 0.6) A (A(c) — 0.5)
[Rel"(4) =& (A)—< (A(a) = 0.7) A (A (b)—>0.9)/\(A(c)—>0.4)>
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