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Abstract

Based on the TAH scheme, we construct the generalized (241)-
dimensional S-mKdv hierarchy and the generalized (2+1)-dimensional
Levi hierarchy, and we also generate their Hamiltonian structures. At
last, we also obtain the Darboux transformations of the generalized
(2+1)-dimensional Levi hierarchy.
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1 Introduction

Based on Lax pairs, a large number of (1+1)-dimensional integrable systems
have been obtained [1-3]. Tu Guizhang et al.[4] presented a new method for
generating (2+1)-dimensional hierarchies of evolution equations, which was
called TAH scheme. The main idea of TAH scheme as follows [4].

Let A be an associative algebra over the field = R or C. We intro-
duce a residue operator on an associative algebra A[¢] which consists of all

N .
pseudodifferential operators 3> @;§', where £ stands for an operator defined
by -
§f=fE+(9,f), feA (1)
By repeatedly applying the above formula, that will get

er=x (1 )onenez, 2)

1>0
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where Z is the set of integers, and T; = w, 1 >0, neZ.

Then, fix a matrix operator U = U(X + &,u) € A[¢] which depends
on a parameter A and a vector function w = (uy,---,u,)T. Solving the
equation V, = [U,V], where V. = > V,A™". By solving the recursion re-

lation among g(") = (g, .., (), where g™ comes from the expansion

(V, aT> > gl A", where (a,b) =tr(R(ab)), a,be Al].

Next, we try to ﬁnd an operator J and form the hierarchy u,, = Jg™. At
last, by using the trace identity %(V, Uy = A‘V%)\V(V, g—g), i=1,2,---,p,
the Hamiltonian structure of the above equation will be obtained.

Searching for Darboux transformations of soliton equations becomes more
and more meaningful. There are some ways for generating Darboux transfor-
mations of soliton equations by starting from isospectral problems [5,6].

2 The generalized (241)-dimensional S-mKdv
hierarchy and its Hamiltonian structure

We consider the isospectral problems

B [ A€ g+

(3)
A B Am Bm —m
Solving the stationary matrix V, = [U, V] gives rise to
Anx = Any + (q + T)Cn - Bn(q - T),
By =2Bp41 + 2B + By + (¢ +1)Dy — An(qg+ 1),
Chz = —26’n+1 20,6 — Cpy + (¢ —1)A, — Dy(qg — 1),

Drny = —Dyy + (q - T)Bn - Cn(q + T)» (4)
By = (q+7“)€ L Co=(q —7’)5‘1

- Ag=(q+r)(g—7),§>+0(£7),

4Dy = (q—7)(q+ 1), +0(E7?).

By using (1), (2) and from (4), we can get

Av= =5+ ) - e Di= (g +rg— e,

By =g {l(a+7)e— (a4 1)y~ (0 +r)2a— e —2q + 1) + O},

¢y = %{[—(q —1r)e—(qg—71)y— (=7 (¢ + )" =2(g—r)+ 0>}
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Based on (3) and the TAH scheme, we are easy to have the following (2+1)-
dimensional hierarchy of evolution equations

U = q — QR(BVH-I) — Jl R<Bn+1 + Cn-l—l) (5)
"o\ ), \ “2R(Cun) R(=Bui1 +Cui1) )

1 —1

-1 -1 )

When n = 1, the hierarchy (5) can be written as

= ( a ) _ ( ff}%)) ) _ ( L0_[(g + 1) — (g + 1)y — (g +7)2(q )]

where J; =

This is the generalized (2+1)-dimensional Schrédinger equation.
Next, we need to consider the spectral matrices U, V in (3). Therefore, we
have
ou ou ou

<M55>:MB+®,<M5;>:M—B+®,<M5X

Substituting the above results into the trace identity, we have

R(Bn + Cn) i Dn+1 - An+l o 5H7(L1) H(l) _ Dn+1 B An—i—l
R(—-B,+ C,) n N ’

>= R(A—- D).

B 5u< n ) ou -’ " n
So the above S-mKdv hierarchy (5) has the following Hamiltonian form

1)
_ R(Bpy1 + Cpi1) L o0H
e Jl < R(_Bn—l—l + Cn+1) B Jl ou .

3 The generalized (2+1)-dimensional Levi hi-
erarchy and Dardoux transformations

3.1 The generalized (2+1)-dimensional Levi hierarchy

We consider the following Lax matrices

0 —q A B A B \ .,
U—<—1 ()\+§)—r>’ V_<C’ D>_mz>:0<0m Dm>A - (©)
Substituting the above matrices U and V into the equation V, = [U, V],
we find that
Anx = Bn - an>
B,, =—Bn1 — B.§ —qD, + A,q + By,
Chyw =Chi1 +8C, — A, —1C,, + D, (7)
Dyy = Dypy — B, —7rD,, + D,,r + C,q,
By=Co=0, Ag=¢7"1, Dy=0, B =g,
Cr=¢" A=-0""¢?+0(§7), D1 =0.

—304[5(a =) + (g =)y + (g =) (g +7)]

)
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Note V™ = 5" _ (Ame1(0) + Dinez(0) + Bpes(0)+ Croea (0))A~™ = A"V —
V™ we have by tedious computation that —Vg) + [U,V™] = B, 1e3(0) —
Cn+164(0).

Set V(") = VJE") — Chy162(0), one infers that
—Vf;) + [U, V(n)] = Cn+1,x€2(0) + (Cn+1q - Bn+1)€3(0)-

So we have the generalized (2+1)-dimensional Levi hierarchy

q _R(Dn+1 w) _R(Cn+1)
= = ’ =J , 8
e ( r ) ( “R(Cyr) ) =\ “R(D.) ®)
0 0
o 0 )
Next, we need to consider the spectral matrices U, V in (6). Therefore, we
have

where Jy; =

>= R(_D)7 < Ma—U

oU
>=R(-C), <V,— o

ou
<V,— o

a4 >= R(D).

Substituting the above results into the trace identity, we are easy to get

R-C)\ 8 Duu, 6H® o D
(R(—D,»)‘ auln )T a '

ou' n ou " n

The above Levi hierarchy (8) can be written as the Hamiltonian form

g TRCan) ) _ i
w= (T ) =

3.2 The Dardoux transformations of (9)

Let n = 2, the hierarchy (8) reduces to a new equation as follows

Gty = =020~ (—Qua + 20ay + 2027 + 2974 + 2qry — 2q,7 — 207" q,q), 9)
Ty = —(re + 1y + 7% —2q) 4,

whose Lax pair matrices present that

e = Uryp,
‘Py = U290a (10)

oy =V,

— 2 _ -1 —

A+7r q

)
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Based on the spectral problem (10), we consider the Darboux transforma-
tion [7] ¢’ = T'p, and require ¢ satisfying the spectral problem

v = Ur¢,

w0y, = Uy, (11)
/ N

gpt = V )

where 7' is a 2 x 2 matrix, U], U}, V' have the same forms as U, Uy, V
expect replacing ¢, r by ¢, r’. It is easy to see that T" meets T, + TU; =
Uur, T,+TU,=UT, T,+TV =V'T.

Assume that ¢ = (¢1,¢2)T and ¢ = (¥1,9)T are two fundamental solu-
tions of the spectral problem (10), so one defines the matrix [7,8]

o (6 0 N[ A By \_ (04 0B,
T‘“”‘(oaA)(—55u+aﬁ>_<—1A+m>’

where 6By = —0A¢%, Dy =2 — A\;. When 4y = 1, then 6By = —2L.

Next, we set the matrix U] decided by (11) has the same form as Uy, where

_ A
Uy = < _01 \ —qr’ ), and wish to find the relations of the potentials ¢, r and

q/ T/.
So, we need to set T~ = T*/detT,

o= (16 120)) 12

It is easy to see that fi11(A), fi2(A), fa1(N), faa(A) are second-order polynomials
on A. So (12) can be written as

T, +TU, = POV, (13)

—1 A+phy
From (13), we have

(0)
where P(\) = ( 0 Piz )

8, Ao + 6 Aoy — 6By = —p\7,

8,80 + 6By — 6Agq + 6BoA — 6Byr = (A + Dy)p'y,
~A— Dy = —0Ag — A—p),

Dos + ¢+ (A + Do) A — 1) = 6By + (A + Do)\ + p9).

(14)

Comparing the coefficients of M(j = 0,1) in (14), we have the following
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relations
p12 =08y = _q,7
pg;) = —-Tr= _T/>
0,A0 + 0Ap, =0, choose dAg =1,
(630)32 —q — (5307’ = (SB(]D(), (15>
r—+ D(] = 1,
Dy, + q = —0 By,
Dy = —0By.

Next we set the matrix V' decided by (11) has the same form as V', where
v (N d+0T g A g+
A+ q
tions of the potentials ¢, r and ¢/, 7.
We note T—1 = T /detT,

(T +TV)T* = < 911(A)  g12(N) ) . (16)

), and we wish to find the rela-

g21(A)  g2(N)

It is easy to see that g11(A), g12(A), g21(N), g22(A) are second-order polynomials
on A. So (16) can be written as

T, + TV = QWNT, (17)

N 4q) gyA+ql)
where Q(\) = < q(%l) > © )q :
A+ g2 o2

Solving (17), we have
(6A0), + 0 AgN? + 8 Ag(—q + 871q,) + IBo(A + 1) = GAN2 + 5401y — a3\ — ¢19,(18)

(6Bo)y + 6A0(gh — o + gy + qr) + 6Bog = 6Bo(A2 + ¢{0) + (A + Do) (¢{P A + ¢9)(19)
A2 = (=g + 07 + A+ )M+ Do) = 3Ag(A + ¢)) — a5, (20)

o = 0\ = (o + gy +ar) + (A + Do)g = 0Bs(A+ait)) + (A + Do)aly - (21)
Comparing the coefficients of M(j = 0,1,2) in (18-21), we have

g1y = —0Bo = ¢,

T+ D() = 5140,
qgg - _630 - q )
Q12) = 0Apq + 6By Dy, (22)

Chl) =0 IQy + 0By,
qé?) = -0~ 1q +q+ Dor — 6By =1/,

0 0 0
_Q§1) + Q§2) = qgl) - CI§2)
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