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Abstract

In this paper, we present three inequalities for the incomplete polygamma

function.
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1 Introduction

The polygamma function of order n ∈ N is defined by

Ψn(x) =
dn+1

dxn+1
ln Γ(x),

where Γ is the gamma function and x > 0.
The polygamma function may be represented as

Ψn(x) = (−1)n+1

∫

∞

0

tne−xt

1− e−t
dt,

where n ∈ N and x > 0.
The incomplete polygamma function of order n ∈ N is defined by

Ψn(a, b, x) = (−1)n+1

∫ b

a

tne−xt

1− e−t
dt,

where a, b, x > 0.
In 2006, Laforgia and Natalini [1] showed that
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Ψm(x)Ψn(x) ≥ Ψ2
m+n

2

(x)

where m,n, m+n
2

∈ N and x > 0.
In 2011, Sulaiman [3] gave the inequalities as follows.

Ψ1/p
m (x)Ψ1/q

n (x) ≥ Ψm

p
+n

q

(x) (1)

where m,n, m
p
+ n

q
∈ N, x > 0, p > 1 and 1

p
+ 1

q
= 1.

Ψ1/p
n (px)Ψ1/q

n (qy) ≥ Ψn

(

xp

p
+

yq

q

)

(2)

where n is a positive odd integer, x, y > 1, 1
x
+ 1

y
≤ 1, p > 1 and 1

p
+ 1

q
= 1.

−Ψ1/p
n (px)Ψ1/q

n (qy) ≤ Ψn

(

xp

p
+

yq

q

)

(3)

where n is a positive even integer, x, y > 1, 1
x
+ 1

y
≤ 1, p > 1 and 1

p
+ 1

q
= 1.

In 2013, Sroysang [2] presented the generalizations for the inequalities (1),
(2) and (3).

In this paper, we present three inequalities for the incomplete polygamma
function similar to the inequalities (1), (2) and (3).

2 Results

Theorem 2.1. Let m,n ∈ N, a, b, x > 0 and p, q > 1 be such that m
p
+ n

q
∈ N

and 1
p
+ 1

q
= 1. Then

Ψ1/p
m (a, b, x)Ψ1/q

n (a, b, x) ≥ Ψm

p
+n

q

(a, b, x).

Proof. By the generalized Hölder inequality,

Ψm

p
+n

q

(a, b, x) = (−1)
m

p
+n

q
+1

∫ b

a

t
m

p
+n

q e−xt

1− e−t
dt

= (−1)
m+1

p
+n+1

q

∫ b

a

(

t
m

p e
−

x

p
t

(1− e−t)1/p

)(

t
n

q e
−

x

q
t

(1− e−t)1/q

)

dt

≤ (−1)
m+1

p
+n+1

q

(
∫ b

a

tme−xt

1− e−t
dt

)1/p(∫ b

a

tne−xt

1− e−t
dt

)1/q

= Ψ1/p
m (a, b, x)Ψ1/q

n (a, b, x).
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Corollary 2.2. Let m,n ∈ N and a, b, x > 0 . Then

Ψm(a, b, x)Ψn(a, b, x) ≥ Ψ2
m+n

2

(a, b, x).

Theorem 2.3. Let n be a positive odd integer, and let x, y > 1 and p, q > 1
be such that x+ y ≤ xy and 1

p
+ 1

q
= 1. Then

Ψ1/p
n (a, b, px)Ψ1/q

n (a, b, qy) ≥ Ψn

(

a, b,
xp

p
+

yq

q

)

.

Proof. Note that xy ≤
xp

p
+

yq

q
. By the generalized Hölder inequality,

Ψn

(

a, b,
xp

p
+

yq

q

)

=

∫ b

a

tne
−t

(

x
p

p
+ y

q

q

)

1− e−t
dt

≤

∫ b

a

tne−txy

1− e−t
dt

≤

∫ b

a

tne−t(x+y)

1− e−t
dt

=

∫ b

a

(

t
n

p e−xt

(1− e−t)1/p

)(

t
n

q e−yt

(1− e−t)1/q

)

dt

≤

(
∫ b

a

tne−pxt

1− e−t
dt

)1/p(∫ b

a

tne−qyt

1− e−t
dt

)1/q

= Ψ1/p
n (a, b, px)Ψ1/q

n (a, b, qy).

Corollary 2.4. Let n be a positive odd integer, and let x, y > 1 be such that

x+ y ≤ xy. Then

Ψn(a, b, 2x)Ψn(a, b, 2y) ≥ Ψ2
n

(

a, b,
x2 + y2

2

)

.

Theorem 2.5. Let n be a positive even integer, and let x, y > 1 and p, q > 1
be such that x+ y ≤ xy and 1

p
+ 1

q
= 1. Then

−Ψ1/p
n (a, b, px)Ψ1/q

n (a, b, qy) ≤ Ψn

(

a, b,
xp

p
+

yq

q

)

.
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Proof. Note that xy ≤
xp

p
+

yq

q
. By the generalized Hölder inequality,

Ψn

(

a, b,
xp

p
+

yq

q

)

= −

∫ b

a

tne
−t

(

x
p

p
+ y

q

q

)

1− e−t
dt

≥ −

∫ b

a

tne−txy

1− e−t
dt

≥ −

∫ b

a

tne−t(x+y)

1− e−t
dt

= −

∫ b

a

(

t
n

p e−xt

(1− e−t)1/p

)(

t
n

q e−yt

(1− e−t)1/q

)

dt

≥ −

(
∫ b

a

tne−pxt

1− e−t
dt

)1/p(∫ b

a

tne−qyt

1− e−t
dt

)1/q

= −Ψ1/p
n (a, b, px)Ψ1/q

n (a, b, qy).
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