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Abstract

Based on (G’ /G)-expansion method, new traveling and non-traveling
exact solutions of (141)-dimensional Boussinesq equations with variable
coefficients are established. To obtain the traveling wave solution, we
expand £(z,t) = x — Vt to a more general form &(z,t) = f(n), n =
x — Vt. We also suppose the non-traveling wave solution &(z,t) with
variable separation forms, such as £(z,t) = f(z) + g(t) or {(z,t) =
f(x)g(t). Finally, a series of important novel solutions of the equations
are obtained.
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1 Introduction

The investigation of the exact solutions of nonlinear evolution equations (NLEES)
plays a vital role in the study of nonlinear physical phenomena. For example,
the wave phenomena observed in fluid dynamics, elastic media, optical fibers,
etc. In recent decades, many mathematicians devote to find the exact solutions
of nonlinear PDEs. Meanwhile, the development of mathematical softwares
such as Mathematica, Maple and Matlab, provide more effective tools to find
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the exact solutions of nonlinear PDEs. Tools such as Mathematica can be used
to deal with complex calculation.

Recently, a brilliant achievement is that many effective methods have been
established to obtain the exact solutions of NLEESs, such as homogenous bal-
ance method [1], the F-expansion method [2], the exp-function expansion
method [3], the auxiliary equation method [4], the hyperbolic function method
[5], the modified extended Fan sub-equation method [6], the tanh method [7],
the ansatz method [8], the Jacobi elliptic function expansion [9] etc. However,
one needs to be extremely careful to apply these methods since there is a pos-
sibility that blindly applying these techniques could lead to misleading results
as pointed out by Kudryashov [10-12] and Popovych indicated two more com-
mon errors concerning the similarity and linearizability of differential equations
[13]. More recently, the (G’ /G)-expansion method has been proposed to obtain
traveling wave solutions, which is based on the homogenous balance principle
and the linear ordinary differential equation (LODE) theory. By using this
simple and effective method, M.L. Wang, G. Ebadi and others construct the
traveling wave solution of K(m,n) equation, high-order Schédinger equation,
BBM equation etc. [14-23].

Inspired by that, we use (G’ /G)-expansion method to construct a new kind
of exact solutions of the (1+1)-dimensional Boussinesq equations with variable
coefficients (CBEVC):

{ uy + B(t)(uuy + vg) =0 (1.1)

v+ B{[(1 + v)ule + 3Ugar} =0

where B(t) is an arbitrary function of time t, and B(t) # 0,1. If B(t) = 1,
(1.1) can be reduced to the famous (1+41)-dimensional classical Boussinesq
equations, which was originally introduced to describe the propagation of long
waves in the shallow water, see [24] and references therein. Eq.(1.1) appears
in many areas such as waves in the deep water, fluid dynamics etc., and it
seems that the variable coefficients of the nonlinear evolution equations could
make those models realistic, see [25,26] and references therein. Actually, in
Refs.[27], Lax pairs and Darboux transformation have already been introduced
and applied to the variant-coefficient variant Boussinesq (VCVB) Model [28],
which is the general form of CBEVC. However, to our knowledge, no work has
been done on CBEVC by the (G'/G)-expansion method and solutions with
variable separation forms.

The outline of the paper is as follows. In Section 2, we will describe the
(G' /G)-expansion method and provide the main steps of the method. In Sec-
tion 3, we will discuss the (1+1)-dimensional Boussinesq equation with variable
coefficients, and construct the traveling wave solutions (TWS) and two differ-
ent kinds of non-traveling wave solutions (NTWS) for the CBEVC (1) via the
(G' /G)-expansion method. Some conclusions and prospects will be given in
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the last section.

2 (G'/G)-expansion method

The fundamental steps of the (G'/G)-expansion method can be introduced
briefly as follows.

By supposing the given (141)-dimensional nonlinear evolution equation for
u(z,t) as

F(uautauxauttauxtauxxa"') = 0? (21)

where F is a polynomial of u(x,t) and its partial derivatives.
Step 1. Taking u(z,t) = u(f), & = &(x,t), transform partial differential
equation(2.1) to the ordinary differential equation:

Flu,u/,u”,..) =0, (2.2)

Step 2. Supposing the solution of (2.1) can be expressed in (G'/G) as follows:

Z 5) (2.3)

where a; are real constants with ay # 0 and N is a positive integer to be
determined. The function G(§) is the solution of the auxiliary linear ordinary
differential equation:

G (&) +AG () + G (€) =0, (2.4)

where A and p are real constants to be determined.

Step 3. Determining N. Considering homogenous balance between the highest
order derivatives with the highest order nonlinear terms in (2.2).

Step 4. Substituting the general solution of (2.4) together with (2.3) into

Eq.(2.2) yields an algebraic equation involving powers of (&) G(§ ) Collecting the
G'©

coefficients of same power of (Fa ) ) and setting them to zero, we can obtain a
system of algebraic equations for a;, A, u. Solving the system by Matlab, Maple
or Mathematica to determine these constants. Finally, we obtain solutions of
Eq.(2.2) by depending on the sign of the discriminant A = A\? — 4. Then we
will find the exact solutions of Eq.(2.1).

In this paper, when solving the traveling wave solution, we expand £(z,t) =
x — Vit to a more general form £(z,t) = f(n), n = x — Vt. Considering the
non-traveling wave solution, in general, we suppose that &(x,t) is in variable
separation forms, such as {(x,t) = f(x)+g(t) or {(x,t) = f(x)g(t). It is worthy
pointing out that, to our knowledge, the solutions of the (1+1)-dimensional
Boussinesq equations with variable coefficients listed in this paper are not
found in the other papers.
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3 The traveling wave solution
We suppose that the solution is in form of travelling wave solution as follows:

§(a,t) = f(n), n=ux—-Vt, (3.1)

where f(n) is an arbitrary function of the indicated variables.
Considering the homogenous balance between the highest order derivatives
and the non-linear terms, we can obtain

m=1n=2. (3.2)

So (2.3) can be rewritten as follows:

u(x,t) = ag + aq(
v(x,t) = by + by (

QR

) / 3.3
)+ ha(E) .

QR

Substituting (3.3), (2.3) into (1.1), collecting the terms of GGT(;)) with the same
power, then letting each coefficient equals to zero, we can derive a set of over-

determined algebraic equations for a; and b;(which is Eqs.(3.4)):

bVt (n) — apB () f (1) — axbonBO) f () — aghipB(E) f (n) — ~aruB() ' (n)

3
+§a1AuB(t)f/(n)f”(n)—%MB(t)f’(n)[a1A2f'(n)2+2a1uf’(n)2—alkf'(n)] =0,
biVif () —apB@) £ (1) — arbouB(t) f (n) — aobi pB(t) £ (1) — %aluB(t)f” (n)
+§a1AuB(t)f'(n)f”(77)—%MB(t)f'(n)[alsz'(n)2+2a1uf'(?7)2—aMf' (n)] =0,

—3aiby B(t)f (1) — 2a1 B(t) f (n)* = 0,
20V f () = 2a1b1 B(£) f' (1) = 2000 B () = BarboAB(1) f (1)
=2 AB)] )+ 50 BOS 1) (1) =SB0 () Bads )= an ()] =0,
bV £ (n) + 202V (n) = @ B(O)F () — axbo B(t) £ () — aobi B(2)f (1)
—2a1b1 AB(1) f'(n) — 2a0b,AB(t) f (1) — BarbopB(1) f ()
=20 BOf (1) = SABO) S () Bai\ 0 = o ()] = 3 BOS 0l S (n)
F2af () = a\(0)] + SBOaAS ()" (0) = fO ()] =0,

bVAS (n) + 202V i f () — as AB() f () — anboAB(t) f ()

!
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—aoblAB(t)f'(n) - 2a151MB(t)f/(77) - 2a0b2,uB(t)f,(17)
—%uB(t)f'(n) BarAf (n)* —arf (n)] — %AB(t)f' (M]aX’f (n)* + 2a1pf ' (n)?

—aAf ()] + %B(t)@alsz' (M " () + darf () () = A fP ()] = 0,

aVuf (n) — aparpB(t) f () — byuB(t) f (n) = 0,
~ar*B(t)f (n) — 20.B()f () = 0,
)V f () = aoar B) f (n) = ba B(t) f () — ar®AB()f (1) — 20MB(t) f () = 0,
VA (n)—aoan AB(E)f () =0 AB(1)f (n)—a*uB(0)f (n)=2benB(H) f (1) = 0.
Let us take f®(n) = f"(n), then f(n) = l1e" + Iy + l3n, where n = x — Vt.
Using Mathematica to solve Egs.(3.4), we would end up with the explicit
expressions of the constants ag, ai, as, by, b1:

Case 1:
VA )+ B B0 e
v 70 AER
by = ?af;@)?[f”(mz — ) f () = 3 () + Af () f (n)?

ol ) = 2" ) = 2AF ()% b = 2 ()

It is well known that the general solutions of Eq. (2.4) are as follows:

A csinh(s, f)+cycosh(s, ) 2
G'(f) 2 01 clcosh(51 f+Cesinh(s f)’ A 4y >0,
N3/ A + —Clsln(égf)-i-CQC'OS((ng) )\2 . 4[u < 0
(&) 2 P2 C1C08(52f)+CaSIN(21) ’ , ’
2 _ _
2 + C1+C2f(n)’ A 4’“ =0.
where §; = ~ /\22_4“ , 0y = Y 4;;_>\27 C1,Cy are arbitrary constants. The ex-

act solutions are expressed by three types of functions, which are hyperbolic,
trigonometric and rational function solutions, respectively.
Therefore we can get:

A ) R VR
o 37 )cs‘ h(s, f)+cacoshs: )
! A 151111 (61 f)+Co 1
_ 2f m)l=35 +a clcosh(élf)Jrczsinh(élf)]
1 V8 |
e YO ) = £ ) f () = 3F () + Af" () (n)* = 20 ()]
2 2 I 01[Cacosh(fdy) + Cysinh(fdy)]
ter ) =3/ y ]{“ Cycosh(f8,) 4+ Cosinh(f6,) !
2 g )2{_5 N 51[Cgcosh(f51) + Clsinh(fél)]}2
37 AT T T 0 cosh(f6y) + Cosinh(f6,)
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VBF" () + 2L /BN ()2
e 37 (n) |
2/ ({3 + e )
) 1 " ”\/3 / / | " / /
vi2 = 3 L) = £ ) () = 3F ()" + Af () f (n)* = 2f (n)"]
2 2 A 52 CQCOS 52 C'lsin 52
+[§f (n) - g f ) ]{__ écos(i‘é))—k C'gsm(;é))]}
_gf'(n)z{ %+ 52[C2COS(f52) Cisin(fdy)]

2.
Cicos(fdg) + Cosin(fdy) s

A3+ o) () VB () + 2 BN f ()
U1z = — +

BO)
5 ) \/30 3f"(n) 7
vz = 3(—5 + m)zf (n)?
A s 2, 2 .,
+(—§ + m)[gf (n) — §>\f (n)7]
el 00 = £ )= 37 0 + A8 () 0 = 20 ()]
Case 2:
o V31" () + 3”5)" +V3BAf (n)? o 2f)
0 — ( ) , W1 — \/g )
by = !

W[f" ) = £ () f () =3f )+ Af (n)f (n)?
—2uf ()", by

IO = A )b =~ ()

Using the same method mentioned in Result 1, we will get three types of
solutions as follows:

~VBS ) 2

o +L 10 VIS ()2
a1 = 3f" (n) b -
' ), éicecosh(gen)+eisinh(re))
+2f (i 2 T cicosh(rs)+cesinh(rs) t
V3 ’
Vo1 =

sl 2 = £ ) f o) = 3F )+ Af (n).f (n)?

2 f ()] [2F ) — oAf )2+ DEOSUT0) + Crsub0,)

Chcosh(fé1) + Cosinh(f6;) !
_g)‘f, (77)2{—é N 91[Cacosh(fd1) + Cysinh(fo)]

2,
2 Cicosh(fo7) + Cosinh(fdy) s
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LTV + L0 4 A ()
e 3f()

2 -3+ e e
1 V3 ’
s = o0 = 1 0 ) =3 4T @) 0

92[Cacos(foe) — Cysin(fds)]

_l_

—2uf ()] + 3/ ) - M ) H=3 C1cos(fd2) + Cosin(fd2)
——Af/( P A | 05[Cocos(fds) — Cisin(f0y)] 12,
3 " 2 Cicos(fdy) + Cosin(fdy) ~ 7

A2+ ol () —V3f () + 3Vf;§" +VBAS ()2

Ugg = + ,
“ V3 37/
2 )\ CQ ’ )\ 2 2 "

Ugg = —52(—5 + m)zf () + (- 5 C1 T Cof(n)'3
I () + n)Q[f )= () f (n)
)f (m)? = 2uf (n)").

3 37
=3f' (n)* + \f (n

4 Non-traveling wave solution

In this section, we will study two kinds of non-traveling wave solutions and
then use the variable separation approach to get some of their solutions.

4.1 &(x,t) = flz)g(t)
Assuming (1.1) has the following form of non-traveling wave solution:
§a,t) = fx)g(t), (4.1)

where f(x) and g(t) are arbitrary functions of the indicated variables.
Hereby the general solutions of Eq.(2.4) are as follows:

cisinh(s, fg)+czcosh(s fg) 22

_A -
G (€) 2+ 0, C1cosh (s, fg)+CoSInN (s fg)’ 4p > 0,
Z _2A 4 —C1811(32.£9)+C2COS(32.f9) N2 — 4y <0
ClCOS(62fg +Clen(52fg) )

2 T 02 I
CrrCh I p=0.

A/ \2 A/ 2
where 0; = /\2 e , 0p = 4” A , C1,Cy are arbitrary constants.
Considering the homogenous balance between the highest order derivatives

and the non-linear terms we have:

m=1n=2, (4.2)
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So (2.3) can be written as follows (where ag, ay, bg, by, by are all constants):

{ u(wt)=ata(G) (43)
(l’ t) —bo+b1( )‘Fbg( )

Substituting (4.3), (2.3) into equations (1.1) we have: (Eqgs.(4.4))

—arpB(t)g(t) f (2) — arbopB(t)g(t)f (x) — aobinB(t)g(t) f () — bipf(2)g (t)

F2aABOg(07 S ()f (2) - SuBOG) f ()Xot f (e +2anpg (0 (27
—adg()f (@)] — 2auB(t)g(t) O () = 0

3
—3arb:B(t)g(1)f (z) — 2 B(1)g(t)*f (x)* = 0,
—2a,01 B(t)g(1) f (%) — 2a0b2 B(1)g (1) f () — BarbaAB(8)g(t) f ()

2 AB(H)g(1)*F (x)® — 2baf(2)g ()+§alg(t) Bt)f (z)f ()

—gB(t)g( )f (@) darg(D)? f (2)° = arg(t) [ ()] = 0,

)
~aB(t)g(t)f (z) — aboB()g(t) [ (z) — ach B(t)g(t) f (x) — 20101 Ag(t) f (x)
~2a0bsAB(t)g(t) f (2)=3arbonB(t)g(t) f (2)—2a1nB(t)g(t)* f (2)° by f (x)g (2)
(

()9 (1) — SABO(O)f (2)danhg (02 F () — arg(t) ()]
L BOIOF (@)@ g(07f (2 + 2apg(07F () ~ adg(0)f' ()

FLBGa g1 () (r) — mg() 7O () = 0

—aAB(t)g(t) ' (2)=a1boAB(t)g(t) f (x)—aoch AB(t)g(1) f () —2a:b1uB(t)g(t) f ()
~2a0bopB()g (1) f (x) = biAf(2)g (t) — 2b2paf (2)g (t)

~2uB(1)g(1) (0)anrg (0 ()  arg(t)f (2
— B0 (@l N gV F (@) + 2090 F (1)~ akg (1) (0)

+%B(t)[—alkg(t)f” () + 2a g () (2) " (2) + dar®g () f (2) f (2)] = O,

—aga1puB(t)g(t) f (x) — bipB(t)g(t) f () — arpf(2)g (t) =0,
—a*B(t)g(t)f (x) — 26 B(t)g(t) f (x) = 0,
—apar B(1)g(t) f (x) = biB(1)g(t) f () — a’AB(t)g (1) f ()
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—20:AB(1)g (1) f () — a1 f(2)g (1) = 0,
—apam AB(t)g(t)f () = biAB(t)g(t)f () — ar*uB(t)g(t) f (x)
—2b2uB(t)g(t) f (x) — A f(x)g (t) =0,

By using the Mathematica software, Eqgs.(4.4) can be solved. Since g(t) #
0, letting:

__&d%ﬂgﬁff%xffﬁx)+8MW%OQUPf%foWx)
3V3 3V3

which can be reduced as follows:

=0,

1"

(1" = p) f (z) = 0.

Then

fx)=0o0r p=0 or p=1.

When p = 0, to ensure solutions of the equations were existed,

A=0 or f(z)—fP)=0

while = 1, we have

A=0 or f(z)—fO@)=0

Therefore, this section is partitioned into the five different parts to discuss
solutions in different types:

L f'(z) =

L pu=0A=0

L =0, () - @ (x) =0
IV. u=1,A=0

Vop=1,f"(z) = fOx) =0

Type I: When f"(z) = 0, then f(z) = Csz + b, we get:
Case 1:

—4V3AB(t)g(t)*Cs* — 9(Csz + b)g (t) 29()Cs
9B(t)g(t)Cs

ag =

Iy = (2T TN (1O 189 (1°C?), by = — Ag(1V°C5, by = g1’
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By means of the same method as above, novel solutions can be constructed as
follows:

Case

A, 8i[cscoshs fg)+Cisinh(s £g))
2C39(){—5 + crcosh(s, fg§+c2sinh(51 fg§7 }
V3 ,

N —4y/3C3*AB(t)g(t)> — 9(b + Csx)g (1)
. 9C3B(t)g(t) ’
ﬁ[—w + 7052 N?g(t)? — 18C5%ug(t)?]

8 o o A 61[Cycosh(d, fg) + Cisinh(d, fg)]
_Co2na(1)2f 2
903 JOn 2 + Cicosh(d1fg) + Cosinh (51 fg) }
2 A 01[Cocosh(dy fg) + Cysinh(d; fg)] 2.

202,20 A
;79O —5 + Cicosh(3, fg) + Cosinh(3, fg)

U = —

V11 =

X | 52]C5COS(82£g)—CiSIN(S2 fg)]
Qng(t){ 2+ C1COS(82 fg)+Ca2SIN (52 fg) }

V3
N —4V/3C5*AB(t)g(t)?> — 9(b + Cs2)g (1)
. 9C3B(t)g(t) ’
vio = o [=27 + TC5*Ng(1)" — 18Cy%ug (1)’]
8 5 A 02[Cacos(d2fg) — Cisin(d2fg)]
—5032)\9(15) {_5 * Cicos(d2fg) + Cosin(dafg) }

U2 = —

U3 =

2 5 o A 0a[Cocos(dafg) — Cisin(dafg)] .
303 g()*{ B + C1cos(8yfg) + Cosin(da fg) s
2055 + gmfem 0]
V3 ,
. —4v/3C52AB(t)g(t)2 — 9(b + Csz)g (t)
9CEO0 .
i )
o = ~5CMN3 el ~ 55+ e g 0
+2i7[—27 + 7C3*N2g(t)? — 18C5% g (t)?).
2:
ABABMC - 9 b () 29,
0= 01 =

9B(t)g(t)Cs

2
by = i[—27—|—7)\29(t)2032—18#9(15)2032], by = §>\9(t)20327 by = —§g(t)2032.

27

79
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Calculating Case 2 with aforementioned method, we get:

837

Type II: If A =0, u = 0, we can yield:

Case 1:
o J@g) (@) ) ()
T B @ VEF@ T VB
by = 2 @O P 9L D) 2 e, = 2 ggep )

271" (x)? ’

A, &1[cecosh(s fg)+Cisinhs £g)]
U9y = 2039(t){ 2 ClCOSh(51fg§+C2Sinh(51fg§ }
V3
+4\/§ng)\B(t) g(t)? = 9(b+ Csz)g (1)
' 9C3B(t)g(t) ’
Vg = 2—7[—27 + 7032)\29(t)2 — 18032ug(t)2]
—§C 2y (t)2{—é 01[Cacosh(dy fg) + Clsinh(élfg)]}
g 2 Cicosh(61fg) + Casinh(6y fg)
_20 9 (t)z{—i N 91 [Cacosh(dy fg) + Cysinh(d1 fg)] )2,
339 2 Cicosh(d1fg) + Casinh(dy fg) '
A | 02[C2COS(52fg)—CiSIN (52 fg)]
Ly — 205913 + ZG costato)romsintonte) |
V3
| AVBCAB(g(1)* — 9(b+ Cyr)g (1)
NI
Vgg = —[ 27+ 7C3° N g(1) —[1803 étg( ))] (6afa)]
A 09|Cscos(dafg) — Cisin(da fg
8 A 020y 2
903 Ag(D* 2 + Cicos(d2fg) + Cosin(da fg) }
_20 2g(t)2{_é + 52 [C2COS(52fg> - ClSin(52fg>] }2,
373 2 Cicos(0afg) + Casin(da fg) ’
L 2005 + e e
23 =
V3
zM 3C*AB(t)g(t)” — 9(b + Csz)g (1)
9C3B(t)g(t) ’
v = —SO N7 + 2272 +
C1+ Cof(x)g(t)” 3 2
27[ 27—|— 7032)\2 ( ) — 18032,ug(t)2]
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In this situation, we can obtain the NTWS for rational functions:

S 2Co9(t) f () f(x)g (t) /()
B f[01+02 [@g®] B (@) V3 ()
oo 209 () 2C59(t)f" ()
H [Cl+02 ( )g(0)]? [01+C2 ( )g(t)]
+—27f() 9f"(x)2 = 9f () f¢ ()
27f" ()2
Case 2:
o flwg' ) [ u _2g(t)f/(ﬂ7)
" Bl @) VBf () NG
—27f (x)? ()2 = 9F () F®)(x "
b(): 27f( ) +9f ( ) 9f( )f ( ) b o 2g(t)f (1,)’62:_29@)2]0 (1’)2

271 ()2 1T 3

In this situation, A\ — 4y = 0, we can obtain the NTWS for rational
functions:

g = 2000 (@) J@g ) [(x)
S VBIG Gof()g(] B9 (@) VB[ (x)’
2Cy2g(t)2f (x)? 2Co9(t)f (2)

(
T TSI+ G @) Mt (e

(
| =20f @)+ 9F ()~ 9f @)f®

271" (x)?
Type III: When =0, " (x) = f®)(z), we have:
Case 1:
o B @D @) g ®) _2f @l
’ 337 (@) BOI@e® "~ V3
by = el @) = 0 @) (@) - 217 @)°
3 (@)f (@Pg(t) + TR (@)'g(07),
b = —Sg)[=31"(0) + NS (@Pg0)]. b = —3 1 (Pgl0)
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3 (@) H AN (@)?g(t)  flx)g'(2)

3V3f'(z) N hBM(‘t)f’(w)g(il) R
2f (2)g(){— + ZCep IOt ol
1 . ’
o= W[9f”<x>2 —9f (@) f () = 27/ (2)® +3Xf" () f (x)°g(t)
+TNf () (1)) — gg(t)[—i%f"(w) +ANf () g(t)]
Y %[C&cosh(‘—;"fg) + Clsinh(%fg)]}

{_5 + Clcosh(%fg) + C’gcosh(%'fg)
Y DY N
2 g0~ + CaeohCG o) & Conb (/)

Cicosh(Blfg) + Cysinh (Bl £g)

U1 =

)%

iy — Aerefmgn @90 -3f@x)  f@)g @)

V3 Waf () BOF @)
2 Cy

vz = =5l E G @)e )
+ 9f" (x)? = 9f " () f (z) — 27f (x)*]*.

27 (0)?

Case 2:
o =37 (x) + AN (2)g(t)  flx)g () o — 2f (x)g(t)
’ 3V3f'(z) B(t)f (x)g(t) 3
! ") = 9f (2)f (z) — "(2)?
b = gl (@ -9 @)f (@) - 27 (@

3N () f (2)29(t) + TA2F () g(t)?],

b=~ g(0)[-3F"(2) + AN (@)g(0], by = 2 ()9 1)
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Using the same procedure as Result 1, we have,

—3f"(2) + 4N (2)’9(t)  f2)g (1)

T A ITASTIONN
2f ()g(){—3 + ZCng‘;ﬁ \&\f;”i;f;f;ﬁ (ol

1 ve ’
U = S 31907 (2)? =9 (@) f (x) = 27f (2)* + 3N [ (2) f (x)?g(t)

+TAf () g ()] — gg(t)[—i%f”(x) +ANf (2)?g(1)]
{_é N A ‘[C’gcosh(‘ Lf9) —I—C’lsmh(l fg)]}
2 Ccosh (4! Ifg) —I— Cysinh(2L7¢)
2 . A [C cosh |’\%fg )+ C’gsmh(‘)"fg)]

—f (@903 Clcosh(|A\fg)+cgs1nh(' fg)

+

¥

w2 lorefeal (9 - 3f"@)  f@g'®)
P BN
__= 2 2 £ ()2 2 29t

sle T a)e®)

+W[9f ()" =9f (z)f (z) = 27f (2)°]".
Type IV: Substituting = 1, A = 0 into Eq. (4.4), we have:
Case 1:
o J@g (1) f"(l") " _ 29t f (x)
" By f (x) \ff( ) V3o
p. = =30 (@ =290 (@) + [*(2)* = [ (2) [P ()
= 3] |
b= 20(0)f (2),by = —Sg(0f ()"

In this condition, A>—4p = —4 < 0, we can obtain the NTWS for trigonometric
functions:

e 200)[Crcos(fg) — Cisin(fo f (1) fla)a'(®) , f'(x)
! V3[Ccos(fg) + Chsin(fg)) B(t)g())f (x) * V3f (x)’ )
o = 20(t)[Cocos(fg) — Cisin(fg)l*'(2)? | 29()[Cacos(fg) ~ Cosin(fg)]f" (x)
: 3[Crcos(fg) + Cosin(fg)P? 3[Cicos(fg) + Cosin(fg)
3@ = 290 (@) + [ (@)~ [ (@) O a)
3/ (x)?
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Case 2:
o @ @ %0f )
B(t)g()f ()  V3f (z)’ V3
y 23 (@) =29 f (@) + f7(2)° = £ (@) [P ()
’ 3f'(x)? ’
b= (1) (). br = —Sg(0)2f (2]
Since A2 — 4y = —4 < 0, we can obtain the NTWS for trigonometric
functions:
29(t)[Cicos(fg) — Cisin(fg)]f (z) ng )  f(=)

L
V3Creos(fg) + Cosin(fg)]  BOa)f @  V3f@)
29(1) Cacos(fg) — Crsin(Fg)2f (@)* . 29(1)[Cacos(fg) — Cosin(fg)lf" (x)
2 |

e Crcos(fo) § Czsm(fg)] T 3[Creos(fg) + Casin(f)
L3 (@) = 2007 () + £ (@) — £ (@) O (w)
3f (x)?

Type V: When =1, f"(z) = f®(z), we have:

o= — fl@)  A@)g(t)  f@)g (1)

V31 (x) 3v/3 B(t)f ()g(t)’

(
- 2f’(x)g(t) RN 7 2 2
“=-—7 oo = gAf (@)g(t) + 5-A f(@)?g(t)

HOS (@) — 9f"(@)f (@) — 21 (@) — 187 ()9 (07127 ()7
b= 21" (@)g(t) = A (@Pglt b =~ f (2)g(0)

Similarly, we have:

=37 (x) + 4N (2)’g(t)  f(2)g' (t)
3V3f(x) B(t)f (x)g(t)

/ A, &ijcecoshs fg)+cisinh(s f9))
2f (2)g(t){ 2 cycosh(s, fg)+Cesinh(s, £g) }

var = [9f (2)* = 9f (2)f (x) = 27f (2)* + 3Af (2) f (x)’g(t)

—128f’(w)4g(t)2+7A2f’(x)4g(t)2]/[27f'(9f5)2]0 s (s

—59O=3F"(2) + A (@) g (B)]{ -3 2([;1z22f1<§1}£§) :02;3;1}11(((51}];/)]

2 gy 4 22lCocosh(8,f9) + Crsinh(01fg)],,
g WY 2 " Cicosh(0 fg) + Chsinh(d, fg)

U1 =
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_ 3 (@) + AN (@)?g(t)  fl2)g' ()

U2 = !
3V3f () B(t)f'(x)g(t)
( ) ( ){ A 62 [C2COS(62f9)— Clsln(ézfg)}}
C1COS(82 fg)+C2SM (82 fg)

- ,
o = [9f" (@) —9f"(@)f () — 271 (@)* + BAS" (&) ()P ()
185 (a) g (1) + TN (@) (1)) 27f (o))

_gg(t)[—g £ (@) + 4 f (2)%g(t)]{~ %+ 52[001222?((53}‘5]LE?QE?S;@?H}
2 0 9 g A [CQCOS(62 g9) — Cisin(02f9g)] 5
—3/ (@) gt i35 +9 ? Cheos(02fg) + Cosin(dafg)
When \ = 42,
(A =2:
A et (@)g(t) L 3@ 8 @?t) )y (1)
23 V3 3V3f'(x) B(t)f'(z)g(t)’
vy = o[ (@) 2g(1)?
5= g
—5l-1+ Gt Cof ()9 >]9(t)[—3f () +8f (x)*g(t)]
[91;( )/—9f () f (2 ) = 27f (2)*
+6f () f (2)%g(t) +10f () g(t)*)/127f (x)?];
(ii)A = —2
o 201+ s fanm | (@)g(1) N =3 (x) =8f (x)°9(t)  flx)g'(1)
2 NG 3V3f () B(t)f (z)g(t)’
o= 21+ 2 ]2f’<x>2g<t>2
2 32 Ch+ Gy f(x)g(t)
+[9f ()—9f() ()—7 ()
—6f" () f (z)°g(t) + 10 ()" g(1)’]/[27f (x)°]

4.2 {(x,t) = f(x) +9(t)

We can assume that (1.1) has the solution in the form of NTWS:

§(x,t) = fx) +9(t), (4.5)

where f(x) and g(t) are arbitrary functions of the indicated variables.
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Therefore the general solutions of Eq. (2.4) are as follows:

_A Cisinh (61 (f4+9)+CoCOSh(G1(f+9) 2

G'(ﬁ) > T 1ClCOSh(61(f+g))+czsinh(61(f+g))’ A 4p >0,
— 2 =1 2 4 5, =S (f+g)+CaCOSGa(f19) N2 _ 4y, < ()
G(&) 2 T °2 C1CO8(32(f+9))+CaSIG (f+9)) K<Y,

2 _
3+ o o
where §; = Y /\22_4”, 0y = Y 4’;_/\2, C4, Cy are arbitrary constants.

Substituting (4.5), (2.3) into equations (1.1), we have (Egs.(4.6)):
~bug () = arf (£)puB(t) = arbof (x)uB(t) — ashyf () pB(t)

o f @MB) — o fPNuB(E) — Sanf (00 B(H) =0,

—3ayby f () B(t) — 2a1 f ()2 B(t) = 0,
—2byg (t) — 2a1by f () B(t) — 2a0ba f (2) B(t) + gal £ (x)B(t)
—3arbof (2)AB(t) — 4ay f (z)*AB(t) =0,
—2byg (t) — 2a1by f () B(t) — 2aoby f () B(t) + gal £ (x)B(t)
—3arby f (£)AB(t) — 4ay f'(2)*AB(t) = 0,
—big ()X = 2bag (£t — ar f () AB(t) — arbof (x)AB(t)
—aohy f () AB(t) + %alf"(x)AQB( )~ —alf (@) A*B(t) = 2a1by f () B(t)

—aghf (@)uB(t) + gal £ (@)uB(t) — gal £ ()2 AuB(t) =0,

—arg (Op — agar f (2)uB(t) = bi f (x)uB(t) = 0,
—a,2f (2)B(t) — 2bo f (2)B(t) = 0,
—arg (t) — aar f (2) B(t) — by f (2) B(t) — ar* f () AB(t)
—szf (@)AB(t) =0,
—arg (HA—aoar f (@) AB(t)=bi f (2)AB(t)—ar*f () uB(t)=2bs f (x)uB(t) = 0.
Eqgs.(4.6) have solutions if and only if it satisfies the following:

L\ BBOf (@) 4B(t)f’(rv)4] _4f ( g (t) 4AB)f (2)f (x)
J3f () V3 f(x)3? 3f(x) 3v3\/f(x)
2f @ f (@) 2f(x)" Af () Af (x)* =

3V3 3\/_F WF V3 f(a)¥?

~— ~—

N [—

)
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which is:
DB @ ABOF @ FW0d 0, BOIrW
V3 V3f(x) 3f(x) 3¢§ flx)
e L o+ 2 o

In order to make sure g (t) and B(t) must be only for ¢, the ratios of the B(t),
g (t) must be functions of t.

B(t)
g'(t)

That’s to say, the following constrained conditions are satisfied:

[6AF (2) f () + 3Af (@) + f (2)] = V3[ (2)

6Af (x)f(x) +3Nf (z)P+1=C

Hereby we get, B(t) = ?g/ (t).
Substituting B(t) into Eq.(**), we have three different solutions:

A2 ,\\/,\2 2(=A2—2V/22—24y) (=22 4222 —24p)
f(l') = C3em7 f(.flf) C37 f( ) € 12p 03’
s(=A2-2/A2-245) (=224 2/ 22 -24p)

(1) Substituting f(z) =€ 1240 Cs, f(x) =e 1240 (3 into the
Eq.(4.6), we yield by = 0, which is not valid according to the constraints above.
(2) Substituting f(z) = Cse” into the equations(4.6), we get:

INC5%e* +1=C.
The equation is tenable only if A = 0. Therefore,

/ V3

g (1) =2 Bl1)
Solving the Eq.(4.6), we can derive the following result:
Case 1:
e e~ (V/3VCe? — 3/3) . _2\/565”/2
0 — 9C' s W1l — \/g ’
b —27C' + e™* — 18C%e% - 2 b _2Ce"
0 — 270 V1 — 97 2 — 3 .
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we can obtain the following solutions:

2/2 { VAIC2COS(VR(f+9)~CiSIN(V/A(f+9))]
2\/66 { ClCos(\/—(f+g))+0281n(\/_(f+9)) }

U1 =

V3
e " (V3V/Ce/? — 3f)

9C )
- _27C + e=* — 18C2%¢" ", {\f[@cos(\/ﬁ( f+9)) — Cisin(\/a(f + g))]}
27C, 9 Clcos(f(f +9)) + Cosin(\/i(f + g))
__Cem{\/ﬁ[CZCOS(\/ﬁ(f+g)) - ClSIH(\/E(f+g))]}2
3 Creos(a(f +9)) + Cosin(a(f +9))  ~

o Q@Qx/Z{W} . e~ (v/3v/Tet’? — 31/3)
12 = /3 9C 7
b “2C 4 e —18C%e 2 % )
12 = 270, 9°C1+ Colf(z) + g(1)]

2 T 02 2
I EeAT S o

Case 2:
et (VEIVTe? £ 3Y3) 2Tl

ap = — 90 , 1 = \/g 3
—27C' + e™* — 18C%e% ; 2 ; _2Ce"
27C g 3

by =
Similarly, we have

2\/56x/2{\/_[02005 VE(f+9))— Clslﬂ(\/_(f-i-g))]}

C1COS(Va(f+9))+C2SIN(\/E(f+9))

U1 = \/—

e (VBVTe? + 3V5)

9C
oy — —27C +e™* — 18026x,u {\/’[C’gcos(\/ﬁ(f +9)) — Cisin(/u(f + 9))]}
27CY 9 Clcos(\/’(f +9)) + Cosin(/uu(f + 9))
_20 x{\/ﬁ[CQCOS(\/ﬁ(f—kg)) Clsln(f(f-irg }2
3 C1COS(R(f+9))+C2SIN(VE(f+9))

Qﬁex/z{m} _ €_m(\/§\/5€x/2 + 3\/§>

U929 = \/é 90 ’
b “2C e S 18C% 2 C )
22 = 270, 9°C1+ Colf(z) + g(1)]
__Cex{ CZ }2'

C + Colf(x) + g(t)]
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5 Conclusion

With (G'/G)-expansion method, we have successfully constructed three types
of traveling wave solutions in terms of hyperbolic, trigometric, and rational
functions for the (141)-dimensional Boussinesq equations with variable coeffi-
cients. Moreover, the non-traveling wave solutions in variable separation form
are also successfully established. Especially, the solutions in variable sepa-
ration form we constructed have many potential applications in physics and
engineering. These methods can also be applied in obtaining exact solutions
of other kinds of equations.
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