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Abstract

In this work, we give well-known results related to some properties,
dual spaces and matrix transformations of the sequence space bv and
introduce the matrix domain of space bv with arbitrary triangle matrix
A. Afterward, we choose the matrix A as Cesaro mean of order one, gen-
eralized weighted mean and Riesz mean and compute a—, f—, y—duals
of these spaces. And also, we characterize the matrix classes of the new
spaces.
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1 Introduction

The set of all sequences denotes with w := CN := {z = (2;) : 2 : N = C,k —
xy = x(k)}, where C denotes the complex field and N = {0,1,2,...}. Each
linear subspace of w (with the induced addition and scalar multiplication) is
called a sequence space. We will write ¢, ., c and ¢y for the sets of all finite,
bounded, convergent and null sequences, respectively. It obviously that these
sets are subsets of w.

A sequence, whose k — th term is zy, is denoted by x or (x;). By e and
e™ (n=0,1,2,...), we denote the sequences such that e, = 1 fork =0,1,2, ...,

and e\’ = 1 and ! =0 for k # n.

A coordinate space (or K—space) is a vector space of numerical sequences,
where addition and scalar multiplication are defined pointwise. That is, a
sequence space X with a linear topology is called a K-space provided each
of the maps p; : X — C defined by p;(x) = z; is continuous for all i € N.
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A BK—space is a K—space, which is also a Banach space with continuous
coordinate functionals fy(x) = zx, (k = 1,2,...). A K—space K is called an
F K —space provided X is a complete linear metric space. An F' K —space whose
topology is normable is called a BK— space. A sequence (b,),(n =0,1,2,...)
in a linear metric X is called a Schauder basis if for each x € X there exists
a unique sequence (ay,), (n = 0,1,2,...) of scalars such that © = >~ a,by,.
An FK—space X is said to have AK property, if ¢ C X and {e(™} is a basis
for X and ¢ = span{e™}, the set of all finitely non-zero sequences.

The series Y agbr which has the sum z is then called the expansion of x
with respect to (b,), and written as © = > agby. An FK—space X is said to
have AK property, if ¢ C X and {e*} is a basis for X, where € is a sequence
whose only non-zero term is a 1 in &% place for each k € N and ¢ = span{e*},
the set of all finitely non-zero sequences.

Let X is a sequence space and A is an infinite matrix. The sequence space
Xag={r= () ew: Az € X} (1)

is called the matrix domain of X which is a sequence space(for several examples
of matrix domains, see [6] p. 49-176).

We write U for the set of all sequences u = (uy) such that uy # 0 for all £ € N.
For w € U, let 1/u = (1/ug). Let u,v € U, (tx) be a sequence of positive
and write T,, = Y _;_, tx. Now, we define the difference matrix A = (d,4), the
matrix C' = (¢,,) of the Cesaro mean of order one, the generalized weighted
mean or factorable matriz G(u,v) = (gnx) and the matrix R' = (rf,) of the
Riesz mean by

F — (_1)n—k ) (n—lgkgn) (2)
nk 0 ., (0<k<n-—1 or k>n)

¢ | /T, . (0<k<n)
T 0, (k>n)

for all k,n € N; where u,, depends only on n and v, only on k.
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In this work, we give well-known results related to some properties, dual
spaces and matrix transformations of the sequence space bv and introduce the
matrix domain of space bv with arbitrary triangle matrix A. Afterward, we
choose the matrix A as Cesaro mean of order one, generalized weighted mean
and Riesz mean and compute a—, § — y—duals of these spaces. And also, we
characterize the matrix classes of the spaces bu(C), bv(G), bv(R).

2 Well-Known Results

In this section, we will give some well-known results and will define a new form
of the sequence space bv with arbitrary triangle A.
The space of all sequences of bounded variation defined by

bv:{x:(xk)Ew:Z|xk—xk_1|<oo},

k=1

which is a BK —space under the norm ||z|ly, = |zo| + Y poy |2k — 2g—1| for
x € bv. The space by denotes bug = bv N ¢y. It is clear that bv = byy + {e}.
Also the inclusions ¢; C bvy C bv = byg + {e} C c are strict.

Let X be a sequence space and A denotes the matrix as defined by (2). The
matrix domain Xa for X = {/, ¢, co} is called the difference sequence spaces,
which was firstly defined and studied by Kizmaz [22]. If we choose X = /4,
the space ¢1(A) is called the space of all sequences of bounded variation and
denote by bv. In [8], Bagar and Altay have defined the sequence space bv, for
1 < p < oo which consists of all sequences such that A-transforms of them are
in £, and have studied several properties of these spaces. Basgar and Altay|§]
proved that the space bv, is a BK — space with the norm ||z, = [|Az||,, and
linearly isomorphic to ¢, for 1 < p < oco. The inclusion relations for the space
bu, are given in [8] as below:

(i) The inclusion ¢, C bu, strictly holds for 1 < p < co.

(ii) Neither of the spaces bv, and /., includes the other one, where 1 < p <
0.

(ili) If 1 <p < s, then bu, C bu,.

Define a sequence b*) = {bgk)}neN of elements of the space bv, for every
fixed k € N by 0 for n < k and 1 for n > k. Then the sequence {b,(f)}neN is
a Schauder basis for the space bv, and every sequence x € bv, has a unique
representation x = ), (Ax) 0¥ for all k € N. The space bus has no Schauder
basis[8].
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Let X and Y be two sequence spaces, and A = (a,;) be an infinite matrix
of complex numbers a,;,, where k,n € N. Then, we say that A defines a matriz
mapping from X into Y, and we denote it by writing A : X — Y if for every
sequence x = (x) € X. The sequence Az = {(Ax),}, the A-transform of z,
is in Y'; where

(Az), = Z anrxr for each n € N. (3)
k

For simplicity in notation, here and in what follows, the summation without
limits runs from 0 to co. By (X : Y), we denote the class of all matrices
A such that A : X — Y. Thus, A € (X :Y) if and only if the series on
the right side of (3) converges for each n € N and each x € X and we have
Ax = {(Ax)p}neny € Y for all x € X. A sequence z is said to be A-summable
to | if Az converges to [ which is called the A-limit of x.

If XY C wand z any sequence, we can write 27! x X = {z = (1) € w :
zz € X} and M(X,Y) = N,ex 2~ * Y. If we choose Y = {4, ¢s, bs, then we
obtain the a—, f—,vy—duals of X, respectively as

XY = M(X,t)=A{a
X = M(X,cs) = {a
X7 = M(X,bs)={a

(ar) € w:ax = (agzy) € £y for all z € X}
(ar) € w: ax = (arxy) € cs for all z € X}
(ag) € w: ax = (agzy) € bs for all x € X}.

The a—, f—,v—duals of classical sequence spaces are defined by

cog = c* =L, =14, ] =L, cs® =bs”" = =bvy =4,
cg = =0 =, Ef =Ly, cs®=bv, bs®=bvy, WP =cs, bvg = bs
=7 =101 =1, =l cs? =bs” =bv, b =by] = bs.

The continuous dual of X is the space of all continuous linear functionals
on X and is denote by X*. The continuous dual X* with the norm ||.||* defined

by [[f][* = sup {|f(x)] : ||z = 1} for f € X~.

The spaces ¢* and ¢ are norm isomorphic with ¢;. Also, ||al/g = ||a||¢, for
all a € (2.

The following theorem is the most important result in the theory of matrix
transformations:

Theorem 2.1. [38, Theorem 4.2.8] Matriz transformations between BK —spaces
are continuous.
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In [5], Bagsar and Altay developed very useful tools for duals and matrix
transformations of sequence spaces as below:

Theorem 2.2. [8, Lemma 5.3] Let X,Y be any two sequence spaces, A be
an infinite matriz and U a triangle matriz matric. Then, A € (X : Yy) if and
only if UA € (X :Y).

Theorem 2.3. [5, Theorem 3.1] B = (bn) be defined via a sequence
a = (a) € w and inverse of the triangle matriz U = (u,x) by

n
bnk: E a;iUVjk
=k

for all k,n € N. Then,
Ay={a=(a) €w:BY ¢ (\:¢)}
and
MN={a=(a) €Ew:BY € (\: L)}
The following theorem proved by Zeller [39]:

Theorem 2.4. Let X be an F K—space whose topology is given by means

of the seminorms {q,}>2, and let A be an infinite matriz. Then X4 is an

F K —space when topologized by

x —>sup|Za,-jxj| (1=1,2,...)

r — ¢, (Ax) (n=1,2,...).
Following theorems are given by Bennet [19].

Theorem 2.5. An FK—space X contains €1 if and only if {eV) : j =
1,2,...} is a bounded subsets of X.

Theorem 2.6. Let A be a matrix and X an FFK—sace. Then A maps {1
into X if and only if the columns of A belong to X and form a bounded subset
there.

Theorem 2.7. An FK—space contains bvy(bv) if and only if (e € E) and
{Z?Zl el :j=1,2,...} is a bounded subsets of X.
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Theorem 2.8. Let A be a matrixz and X an FK—sace. Then A maps bu
into X if and only if the columns of A belong to X and their partial sums form
a bounded subset there.

The important class of co-null F'K —space was introduced by Snyder [36]:
An FK—space X containing pU{e} is said to be co-null if Zj‘;l e/ = e weakly
in X.

Therefore, using the definition of co-null and Theorem 2.7, we have:

Corollary 2.9. [19] Any co-null F K —space must contain bv.

Theorem 2.10. [38, Theorem 4.3.2] Let (X, ||.||) be a BK—space. Then
XP is a BK—space with ||a||g = sup {sup,, | >_p_o axzi| : |z| = 1}.

Theorem 2.11. [38, Theorem 7.2.9] The inclusion X? C X* holds in the
following sense: Let the™: XP — X* be defined byTa) =a: X — C,(a € XP)
where a(z) = Y- g axxy for all x € X. Then™ is an isomorphism into X*. If
X has AK, then the map™ is onto X*.

Now, we define the space bv with a lower triangle matrix A = (a,;) for all
k,n € N as below:

bu(A) ={z = (vx) € w: Ax € bv}. (4)

The space bv is BK —space with the norm ||z, = ||Az]l,, and A is a tri-
angle matrix. Then, from Theorem 4.3.2 in [38], we say that the space bv(A)
is a BK —space with the norm ||z||pya) = [|AZ||p0.

If A is a triangle, then one can easily observe that the sequence X4 and X
are linearly isomorphic,i.e., X4 = X. Therefore, the spaces bv and bv(A)are
norm isomorphic to the spaced ¢; and bv, respectively.

Now we give some results:

Lemma 2.12. Let A = (ank) be an infinite matriz. Then, the following
statements hold:

(i) A€ ({y:ly) if and only if

SUp |ank| < oo. (5)
k,neN
(i) A € (4 :c) if and only if (5) holds, and there are ay, € C such that
lim a,; = oy for each k € N. (6)
n—o0

(i1i) A € (1 : 4y) if and only if
supz || < 0. (7)

keN
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3 Applications

In this section, we give some results related to the space bv(A) as choose well-
known matrices instead of arbitrary matrix A.

3.1 The space bv(C)

We give the matrix C} = (c,) instead of the matrix A = (a,x), in (4). Then,
we obtain the space bv(C') as below:
} (8)

bv(C’)I{SE:(xk)EW:Z k:%l—lz j_%z

J=
Using the notation (1), we can denotes the space bv(C') as bv(C) =
(¢1)a.c,, where ® = ¢, = A.C) defined by ¢ = —— (0 < k < n);

(n+1).n
Gy == (k=mn)and ¢y =0 (k> n) for all n.

The ®—transform of the sequence x = (xy) defined by

k
T 1
_ _ 5 9
e r T k(k+1);xj )

Theorem 3.1. Define a sequence t*) = {t }neN of elements of the space
bu(C) for every fizred k € N by

(k+1) , (n=k)
th) = 1 , (n < k)
0 , (n>k)

Therefore, the sequence {t*™)}ren is a basis for the space bu(C) and any x €
bu(C') has a unique representation of the form

T = Z(@x)kt(k).

k

This theorem can be proved as Theorem 3.1 in [8], we omit details.

Theorem 3.2. The a—dual of the space bu(C) is the set

dy = {a = (ay) Ew: supz |bnie| < oo}

keN

where the matriv B = (buk) is defined via the sequence a = (a,) € w by
(n+1a, (n=k),a (k<n)and0 (k>n).
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Proof. Let a = (a,) € w. Using the relation (9), we obtain

ATy = E

n

n—1

k=0

an = (By)n (10)

It follows from (10) that ax = (a,z,) € ¢1; whenever x € bv(C) if and only if
By € ¢, whenever y € {;. We obtain that a € [bv(C)]" whenever z € bu(C)
if and only if B € (¢, : ¢;). Therefore, we get by Lemma 2.12 (iii) with B
instead of A that a € [bv(C)]" if and only if sup,cn Y., [bnk| < 0o. This gives
us the result that [bv(C)]* = d;. O

Theorem 3.3. Define the sets by

dy = {a = (ag) Ew: 1i1£n dni. exists for each k € N}

ds = a=(ay) € w:su dni| < 00
3 { (ax) kpzn:\ K| }

where the matriv D = (d,;) is defined via the sequence a = (a,) € w b
(n+1a, (n==k), " a; (k>n)and0 (k<mn). Then, [bo(C)]" =
dy N ds.

<

Proof. Consider the equation

Zakxk Zak [Zyj ]{3—'—1
k=0 J

Therefore, we deduce from Lemma 2.12 (ii) with (11) that az = (a,x,) € cs
whenever z € bv(C) if and only if Dy € ¢ whenever y € ¢;. From (5) and (6),
we have

= (Dy)n (n € N). (11)

limd,r, = a; and sup dpi| < 00

which shows that [bv(C)]” = dy N ds. O
Theorem 3.4. [bv(C)]" = dj.

Proof. We obtain from Lemma 2.12 (i) with (11) that ax = (a,z,) € bs
whenever x € bv(C) if and only if Dy € ¢, whenever y € ¢;. Then, we see
from (5) that [bv(C)]” = ds.

U
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In this subsection to use, we define the matrices for brevity that

~ Ap e
ank—Zam + (k+ 1)an and by, = il n+1 Zaﬁk

for all k,n € N.

Theorem 3.5. Suppose that the entries of the infinite matrices A = (any)
and E = (e,r) are connected with the relation

for all k,n € N and Y be any given sequence space. Then, A € (bv(C) :Y) if
and only if {ank }ren € [bv(C))? for alln € N and E € (¢, :Y).

Proof. Let Y be any given sequence space. Suppose that (12) holds between
A = (anx) and E = (e,;), and take into account that the spaces bv(C') and ¢4
are norm isomorphic.

Let A € (bv(C) : Y) and take any y = (yx) € ¢;. Then ®F exists and
{a,i}wen € {bv(C)}? which yields that (12) is necessary and {e,; tren € (£1)°
for each n € N. Hence, Ey exists for each y € ¢; and thus

Z enklYr = Z ankTr forall n € N,
k k
we obtain that Ey = Az which leads us to the consequence E € (¢, :Y).
Conversely, let {au }ren € {bv(C)}? for each n € Nand E € (¢, : Y) hold,

and take any x = (xx) € bv(C). Then, Az exists. Therefore, we obtain from
the equality

Z Ap )y = Z A, [Z y; +(k+1)y
k=0

for all m,n € N as m — oo that Az = Ey and this shows that £ € (¢; : V).
This completes the proof.

Z <2_: anjyk) + (m + 1)anmym

k=0 \ j=k

O

Theorem 3.6. Suppose that the entries of the infinite matrices B = (b,y)
and F = (fur) are connected with the relation

for all k,n € N and Y be any given sequence space. Then, B € (Y : bu(C)) if
and only if F € (Y : {y).
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Proof. Let z = (z;) € Y and consider the following equality

n—1

mo m - 1
S b= > - 3, for all, m,n € N
2 L2k 2 1 n(n+ 1) Ak | 2k or a m,n

=0

J
which yields that as m — oo that (F'z),, = {®(Bz)}, for all n € N. Therefore,
one can observe from here that Bz € bu(C') whenever z € Y if and only if
Fz €l whenever z € Y.
U

3.2 The space bv(G)

In (4), if we choose the matrix G = G(u,v) = (gnx) instead of the matrix
A = (auk), then, we obtain the space bv(G) as below:

k k—1
b(G) = {x = (2p) €Ew: Z Zukvjxj — Zuk_lvjxj
=0 =0

k
Using the notation (1), we can denotes the space bv(G) as bv(G) = (bv) G, =
(01)A.Guw), Where I' = v, = A.G(u,v) defined by v = (Un — Un—1)vp (1 <
k<n); Yok = unpvy, (k=mn)and 7, =0 (k> n) for all n.

< oo} . (14)

The I'—transform of the sequence x = (x}) defined by

Y = (uk — uk_l) VX5 + UL VT . (15)

(16)

The Theorem 3.7 and Theorem 3.8 can be proved as Theorem 2.8 in [3],[4]
and Theorem 3.6 in [25], respectively.

Theorem 3.7. Define a sequence s*) = {sgﬂ)}neN of elements of the space
bu(QG) for every fized k € N by

L (i - -1 ) ,  (Il<k<n)
(k) Un Uk Uk —1
Sn = unll)n 5 (n - k)
0 ) (k> n)

Therefore, the sequence {5} ey is a basis for the space bu(G) and any x €
bu(G) has a unique representation of the form

T = Z(Fz)ks(k).

k
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Theorem 3.8. We define the matriz H = (h,i) as

i(ﬂ_lk_%{l)an ., (1<k<n)
i, = o . (k=n) (17)
0 ., (k>n)

for all k,n € N, where u,v € U,a = (ax) € w. The a—dual of the space bv(G)
15 the set

NeF Lk

dg,:{a:(ak)ewzsupZ|hnk|<oo}.

Using the Theorem 2.3 and the matrix (17), we can give f— and y—duals
of the space bu(G) as below:

Corollary 3.9. Let u,v € U for all k € N. Then,

{bv(G)}P = {a = (a) €Ew: {Uik (uik — u:_l) ak} €ty and (uzzn) € c}

and

{bv(G)} = {z =(2) Ew: {Uik (uik — u:_l) ak} €y and (uzzn) € 600}.

Following theorems can be proved as Theorem 4.2 and 4.3 in [25].

Theorem 3.10. Suppose that the entries of the infinite matrices A = (any)
and B = (byx) are connected with the relation

oo 1 /1 1
g = ]Z;(ug' — Uj—1)Ubn; or buk = Uk (u_k B E> o

for all k,n € N and Y be any given sequence space. Then A € (bv(G) :Y) if
and only if {anx }ren € {bv(G)}? for alln € N and B € ({1 :Y).

Theorem 3.11. Suppose that the entries of the infinite matrices A = (any)
and T = (t,) are connected with the relation
ok = Z (Un, — Up—1) Vg

J=0

for all k,n € N and Y be any given sequence space. Then, A € (Y : bu(G)) if
and only if T € (Y : £y).
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3.3 The space bv(R)

If we choose u,, = 1/Q,, vx = g in the space bv(G) defined by (14), we obtain
the space bu(R):

bv(R):{:c— Ew: Z

k

< oo} . (18)

k k—1
Z %/Qk Z %/Qk 1)Zj
j=0 j=0

we can denotes the space bv(R) as bv(R) = (bv)grr = ({1)a.rt as the spaces
b(G), where ¥ = 0, = A.R! defined by 0, = (1/Qn —1/Qn_1)gx (1< k <
n); Ok = ¢u/Qn (k=n)and o, =0 (k> n) for all n.

The Y—transform of the sequence x = (x}) defined by

k—1

qk
Z (Qk O 1) q;r; + @xk (19)

Jj=0

Following theorems can be proved by Theorem 2.9, Theorem 2.7 in [1],
respectively.

Theorem 3.12. Define a sequence p*) = {pgg)}neN of elements of the space
bu(R) for every fivred k € N by

(Qe—Qr—1) (1 <k< n)
) = L, (n=k)
0 : (k> n)

Therefore, the sequence {p™}ren is a basis for the space bu(R) and any x €
bu(R) has a unique representation of the form

T = Z(Ex)kp(k).

k

Theorem 3.13. We define the matrizc M = (myy) as

7@"_?”*1)&” , (1<k<n)
mu=4 e, (k=n) (20)
0 , (k>mn)

for all k,n € N. The a—dual of the space bv(R) is the set

dg = {a = (ar) € w: sup Z M| < oo}

NeF
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Using the Theorem 2.3 and the matrix (20), we can give f— and y—duals
of the space bu(R) as below:

Corollary 3.14.
{bv(R)}’ = {a = (a) Ew: {Man} €/l and <%an) € c}

gk qn
and
{bw(R)} = {z = () Ew: {%an} el and (Q—a) € em}.

Theorem 3.15. Suppose that the entries of the infinite matrices A = (any)
and B = (bux) are connected with the relation

- 1 1 (Qn - Qn—l)
Ank = —_ — bn or bn = -y
g Z < Qn—l) 4ng g qk g

for all k,n € N and Y be any given sequence space. Then A € (bv(R) : YY) if
and only if {ank }ren € {bv(R)}’ for allm € N and B € (¢, :Y).

Theorem 3.16. Suppose that the entries of the infinite matrices A = (any)
and W = (wpy) are connected with the relation

(1 1
g kZ:O (Qn Qn—l) qj i
for all k,n € N and Y be any given sequence space. Then, A € (Y : bv(R)) if
and only if W € (Y : £y).

4 Conclusion

The matrix domain Xa for X = {l,c,co} is called the difference sequence
spaces, which was firstly defined and studied by Kizmaz [22]. If we choose
X = /4, the space £1(A) is called the space of all sequences of bounded variation
and denote by bv. The space bu, consisting of all sequences whose differences
are in the space ¢,,. The space bv, was introduced by Baar and Altay [8]. More
recently, the sequence spaces bv are studied in [8], [9], [19], [20], [21], [26], [31].

Several authors studied deal with the sequence spaces which obtained with
the domain of the triangle matrices. It can be seen that the matrix domains
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for the matrix C which known as Cesaro mean of order one in [7], [24], [33],
[35]; for the generalized weighted mean in [3], [4], [14], [15] , [23], [25], [29],
[32], [34]; for the Riesz mean in [1], [2], [10], [11], [13], [16], [17], [18], [27], [28].
Further, different works related to the matrix domain of the sequence spaces
can be seen in [6].

In this work, we give well-known results related to some properties, dual
spaces and matrix transformations of the sequence space bv and introduce the
matrix domain of space bv with arbitrary triangle matrix A. Afterward, we
choose the matrix A as Cesaro mean of order one, generalized weighted mean
and Riesz mean and compute a—, f—, y—duals of those spaces. And also, we
characterize the matrix classes of the spaces bu(C), bv(G), bv(R).

As a natural continuation of this paper, one can study the domain of dif-
ferent matrices instead of A. Additionally, sequence spaces in this paper can
be defined by a index p for 1 < p < oo and a bounded sequence of strictly
positive real numbers (p;) for 0 < pp < 1 and 1 < p; < 0o and the concept
almost convergence. And also it may be characterized several classes of ma-
trix transformations between new sequence spaces in this work and sequence
spaces which obtained with the domain of different matrices.
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