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Abstract

We consider rotational hypersurface in the four dimensional Eu-
clidean space. We calculate the mean curvature and the Gaussian cur-
vature, and some relations of the rotational hypersurface. Moreover, we
define the second Laplace-Beltrami operator and apply it to the rota-
tional hypersurface.
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1 Introduction

The notion of finite type immersion of submanifolds of a Euclidean space has
been used in classifying and characterizing well known Riemannian submani-
folds [4]. Chen [4] posed the problem of classifying the finite type surfaces in
the 3-dimensional Euclidean space £3. A Euclidean submanifold is said to be
of Chen finite type if its coordinate functions are a finite sum of eigenfunctions
of its Laplacian A. Further, the notion of finite type can be extended to any
smooth function on a submanifold of a Euclidean space or a pseudo-Euclidean
space. Then the theory of submanifolds of finite type has been studied by
many geometers.

Takahashi [22] states that minimal surfaces and spheres are the only sur-
faces in E? satisfying the condition Ar = Ar, A € R. Ferrandez, Garay and
Lucas [10] prove that the surfaces of E® satisfying AH = AH, A € Mat(3,3)
are either minimal, or an open piece of sphere or of a right circular cylinder.
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Choi and Kim [6] characterize the minimal helicoid in terms of pointwise 1-type
Gauss map of the first kind.

Dillen, Pas and Verstraelen [8] prove that the only surfaces in E? satisfying
Ar = Ar+ B, A € Mat(3,3), B € Mat(3,1) are the minimal surfaces, the
spheres and the circular cylinders. Senoussi and Bekkar [21] study helicoidal
surfaces M? in E® which are of finite type in the sense of Chen with respect
to the fundamental forms I, IT and I11, i.e., their position vector field r(u,v)
satisfies the condition A/r = Ar, J = I, 11,111, where A = (a;;) is a con-
stant 3 x 3 matrix and A’ denotes the Laplace operator with respect to the
fundamental forms I, I'] and I11.

When we focus on the ruled (helicoid) and rotational characters, we see
Bour’s theorem in [3]. About helicoidal surfaces in Euclidean 3-space, do
Carmo and Dajczer [9] prove that, by using a result of Bour [3], there exists
a two-parameter family of helicoidal surfaces isometric to a given helicoidal
surface. Giiler [12] studies on a helicoidal surface with lightlike profile curve
using Bour’s theorem in Minkowski geometry. Also, Hieu and Thang [13]
study helicoidal surfaces by Bour’s theorem in 4-space. Choi et al. [7] study
on helicoidal surfaces and their Gauss map in Minkowski 3-space. Kim and
Turgay [14] classify the helicoidal surfaces with Li-pointwise 1-type Gauss
map.

Lawson [15] gives the general definition of the Laplace-Beltrami operator
in his lecture notes. Magid, Scharlach and Vrancken [16] introduce the affine
umbilical surfaces in 4-space. Vlachos [24] consider hypersurfaces in E* with
harmonic mean curvature vector field. Scharlach [20] studies the affine geom-
etry of surfaces and hypersurfaces in 4-space. Cheng and Wan [5] consider
complete hypersurfaces of 4-space with constant mean curvature.

Arvanitoyeorgos, Kaimakamais and Magid [2] show that if the mean curva-
ture vector field of M} satisfies the equation AH = aH (« a constant), then
M3} has constant mean curvature in Minkowski 4-space E{. This equation is
a natural generalization of the biharmonic submanifold equation AH = 0.

General rotational surfaces as a source of examples of surfaces in the four
dimensional Euclidean space were introduced by Moore [17, 18]. Arslan et
al [1] study on generalized rotation surfaces in E*. Ganchev and Milousheva
[11] consider the analogue of these surfaces in the Minkowski 4-space. They
classify completely the minimal general rotational surfaces and the general
rotational surfaces consisting of parabolic points. Moruz and Munteanu [19]
consider hypersurfaces in the Euclidean space E* defined as the sum of a
curve and a surface whose mean curvature vanishes. They call them minimal
translation hypersurfaces in E* and give a classification of these hypersurfaces.
Verstraelen, Walrave and Yaprak [23] study the minimal translation surfaces
in E™ for arbitrary dimension n.

We consider the rotational hypersurfaces in Euclidean 4-space E* in this
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paper. We give some basic notions of the four dimensional Euclidean geometry
in Section 2. In Section 3, we give the definition of a rotational hypersurface.
We calculate the mean curvature and the Gaussian curvature of the rotational
hypersurface. We introduce the second Laplace-Beltrami operator in Section 4.
Moreover, we calculate the second Laplace-Beltrami operator of the rotational
hypersurface in E* in the last section.

2 Preliminaries

In this section, we will introduce the first and second fundamental forms,
matrix of the shape operator S, Gaussian curvature K, and the mean curvature
H of hypersurface M = M(r,0;,6,) in Euclidean 4-space E*. In the rest of
this work, we shall identify a vector o with its transpose.

Let M = M(r, 0, 0,) be an isometric immersion of a hypersurface M? in
the B4

The inner product of 7 = (21, T2, T3, 24), Y = (Y1,Y2,Y3,y4) on E* is
defined by as follows:

7 7 = T1Y1 + T2Y2 + T3Y3 + Tals.

The vector product of 7 = (21, T2, 73, T4), 7 = (Y1, Y2, Y3, Ya), 7 =
(21, 22, 23, 24) on E* is defined by as follows:

€1 €2 €3 €4

TxYxZ=det| TP T2 M
Y Y2 Y3 Ya

21 22 2R3 24

For a hypersurface M(r, 0y, 65) in 4-space, we have

E F A
detI=det | F G B | =(EG— F*)C — A*G +2ABF — B*E, (1)
A B C

and

L M P
detIll=det | M N T | =(LN—-M*)V —P*N+2PTM —T°L, (2)
P T V

where I and IT are the first and the second fundamental form matrices, re-
spectively, £ = M, - M,, FF = M, - My,, G = My, - My,, A = M, - My,,
B:MQI‘MQZ, C:MQQ‘MQZ, L:Mw'e, M:Mr91~e,N:M9191-e,



Erhan Giiler and Omer Kisi

P =M,y -e,T =My, e, V =DMy, e. Here, e is the Gauss map (i.e. the

unit normal vector) defined by
M, xM M
o= o r X Vo X Vo (3)
HMT x My, x M92H

Product matrices
EF A\ "
F G B
A B C

gives the matrix of the shape operator S as follows:

S11 S12 S13
S21 S22 523 ) (4)
831 832 833

B 1
~ detI

where

s;y = ABM — CFM — AGP + BFP + CGL — B*L,

s19= ABN — CFN — AGT + BFT + CGM — B*M,
s13 = ABT — CFT — AGV + BFV + CGP — B*P,
$91 = ABL — CFL+ AFP — BPE + CME — A’M,

S99 = ABM — CFM + AFT — BTE + CNE — A®N,
S93 = ABP — CFP + AFV — BVE + CTFE — AT,

s31 = —AGL + BFL+ AFM — BME + GPE — F?P,

S39 = —AGM + BFM + AFN — BNE + GTE — F*T,
s33 = —AGP + BFP + AFT — BTE + GVE — F*V.

The formulas of the Gaussian and the mean curvatures, respectively as

follow: det I
e
K =det(S) = ——
et(S) = o, o)
and .
H=tr(S), (6)
where

o I[(EN +GL-2FM)C + (EG — F*)V — AN

1
tr(S) = —
—B%L — 2(APG + BTE — ABM — ATF — BPF)].

A hypersurface M is minimal if H = 0 identically on M.
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3 Curvatures of a rotational hypersurface

We define the rotational hypersurface in E*. For an open interval I C R, let
~v: I — Tl be a curve in a plane I in £, and let £ be a straight line in II.
A rotational hypersurface in E* is hypersurface rotating a curve ~ around
a line ¢ (these are called the profile curve and the axis, respectively).
We may suppose that ¢ is the line spanned by the vector (0, 0,0, 1)t. The
orthogonal matrix which fixes the above vector is

cosficosfy —sinf; —cosfysinfy 0O
| sinficosby cost —sinb;sinfy 0

Z(6h,02) = sin 0y 0 cos 0, 0|’ (7)
0 0 0 1

where 61,60 € R. The matrix Z can be found by solving the following equations
simultaneously;

Z0=10, 7'7=077"=1,, detZ=1.

When the axis of rotation is ¢, there is an Euclidean transformation by which
the axis is ¢ transformed to the z4-axis of E*. Parametrization of the profile
curve is given by

() = (r,0,0,¢(r)),

where ¢ (r) : I C R — R is a differentiable function for all » € I. So, the
rotational hypersurface which is spanned by the vector (0, 0,0, 1), is as follows:

R(T, 91,92) = Z(91,92).7(r)t (8)

in B4, where r € I, 01,0, € [0,27]. When 6, = 0, we have rotational surface
in B4

r cos 0y cos b,
7 sin 01 cos 6
r sin 0,

o(r)

R(’T‘, 6’1,82) = (9)

where 7 € R\{0} and 0 < 6;,0, < 27.

Next, we obtain the mean curvature and the Gaussian curvature of the
rotational hypersurface (9).

The first differentials of (9) with respect to r, 01, 02, respectively, we get the
first quantities of (9) as follow:

1+ ¢? 0 0
I= 0  7r2cos’fy 0 |. (10)
0 0 r?
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We also have
det I = r*(1 4 ¢'?) cos? 0y,

where ¢ = ¢(r), ¢ = djf. Using (3), we get the Gauss map of the rotational
hypersurface (9) as follows

r2¢’ cos 0, cos? O,

1 r2¢’ sin 0; cos? 0y (1)
C Vdet1 | ¢’ sinfy cos b,
—1r2 cos Oy

The second differentials of (9) with respect to r, 61, 02, respectively, we get

0 —1r cos 6 cos O, —7rcos b, cos b,
- 0 - —1rsin 01 cos 0 - —7rsin 8, cos 0,
R = 0o |’ Rowon = 0 » Rozo, = —rsin b,
g0// O 0

Using the second differentials above and the Gauss map (11) of the rotational
hypersurface (9), we have the second quantities as follow:

1 —r2p" cos 0, 0 0
I1 = 0 —13¢’ cos® Oy 0 (12)
VdetI 0 0 —r3¢ cos Oy
So, we have
det T — T‘QQDIQQOH COS2 02

(1 + 90/2)3/2
We calculate the shape operator matrix of the rotational hypersurface (9),
using (4) , as follows:

1

) 0 ’
! Y e

Finally, using (5) and (6), respectively, we calculate the Gaussian curvature
and the mean curvature of the rotational hypersurface (9) as follow:

12, .11 " 2/3 2/
Py and H - ¢ 20T+ 20

K=——— %% .
r2 (1 +g&’2)5/2 3r(1 +<,0’2)3/2

Corollary 1. Let R : M3 — E* be an isometric immersion given by
(9). Then M? has constant Gaussian curvature if and only if

901480”2 2 (1 + g0'2)5 —0.
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Corollary 2. Let R : M3 — E* be an isometric immersion given by
(9). Then M? has constant mean curvature (CMC) if and only if

(re"” +2¢" + 2@0’)2 —9Cr* (1+ g0’2)3 = 0.

Corollary 3. Let R : M3 — E* be an isometric immersion given by
(9). Then M? has zero Gaussian curvature if and only if

o(r) = cr + co.

12,1

Proof. Solving the 2nd order differential eq. K = 0, i.e. ¢=¢" = 0, we
get the solution.

Corollary 4. Let R : M3 — E* be an isometric immersion given by
(9). Then M? has zero mean curvature if and only if

dr
(p(T) = i\/C_l/\/TfCl—FCQ
= FEllipticF(Ir,I),
where EllipticF (Ir,I) is incomplete elliptic integral of the first kind.

Proof. When we solve the 2nd order differential eq. H = 0, i.e. r¢” +
20" +2¢' = 0, we get the solution.

4 The second Laplace-Beltrami operator

The inverse of the matrix

hii hia has
(hij) = | har ha hos
hsi hsy  hs3

is as follows:

h22h33 - h23h32 - (h12h33 - h13h32) h12h23 - h13h22

1
nl - (ho1hss — haihas) hi1hss — highs, — (h11923 — haihas) |,
haihsa — haghsy — (h11hsa — hiohsy) hi1hea — highoy
where
h = det (h”)

= h11h22h33 - h11h23h32 + h12h31h23
_h12h21h33 + h21h13h32 - h13h22h31-
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The second Laplace-Beltrami operator of a smooth function ¢ = ¢(z!, 22, 2%) |p
(D C R3) of class C? with respect to the second fundamental form of hyper-
surface M is the operator A which is defined by as follows:

3
N0 (00
ATg = 7 Zaxi (\/Eh J@) . (13)

i.j=1

where (h¥) = (hy) ™" and h = det (hy;) .
Clearly, we write A" as follows:

0 09 0 09 0 09

2 (VIR 28 ) = 2 (VARG ) + o2 (Vinis )
— 3% (VR %) + 5 (VR 55 ) — & (VRR® 55 ) | . (14)
525 (VAR 2% ) — 05 (VRR®2 2% ) + 25 (VRRhP 2%

-

So, using more clear notation, we get,

NV —-T%* PT—-MV MT—-NP
PT-MV LV -P> MP-LT |,
MT - NP MP—LT LN — M?

1
I =
det I1

where
detII = (LN — M?)V — P’N + 2PTM — T*L.

Hence, using more transparent notation we get the second Laplace-Beltrami
operator of a smooth function ¢ = ¢(r, 0y, 02) as follow:

[ o [ (NV=T2)¢,—(PT—MV)@y, +(MT—NP)g0,
! or /Idet 11|
- -— - P2 MP—LT)¢g
Ally _ 9 [ PT-MV)ér—(LV—P?)gg, +( ) 15
¢ /| det II] o V/ldetT| (15)
Lo (MT—NP)¢,—(MP—LT)¢g, +(LN—M?) g,
i 002 \/|det 11| |

We continue our calculations to find the second Laplace-Beltrami operator
AR of the rotational hypersurface R using (15) to the (9).

The second Laplace-Beltrami operator of the hypersurface (9) is given by

1 0 0 0
AR — - (—U S V —W) ,
/|det II| \ Or 06, 00,
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where
U — WNV-T)R, —(PT - MV)Ry, +(MT — NP)Ry,
|det I ’
v - (PT—MV)R, - (LV — P*)Ry + (MP — LT) Ry,
|det II| ’
w _ MT—NP)R, — (MP — LT) Ry, + (LN — M*) Ry,
|det I

Hence, using the hypersurface (9), we get M = P = T = 0. Therefore, we
write U, V, W again, as follow:

- NV R, - 172" cos? Oy R.
/|det IT| (1+ ¢2)/|det IT]
LV TQO,QO//
V = —— Ry, = | — Ry,,
|det IT| . ( (1 + ¢2) \/|det II] "
LN r¢' " cos? Oy
= ——=Ry, = Ry,
|det IT| (14 ¢2)+/|det I1|
where 2, .02, 1 2
JetT[ — ¥y cos 0

(1 + §0/2)3/2
Using differentials of r, 61,0, on U, V, W, respectively, we get

cos 0 cos? O 0
9 U) = o ry’ sin 6 cos? 6, ry’ 0
or Ir \ /" (1 + ¢2)1/4 sin 6y cos 6y Vo' (1 + ¢2)1/4 0
(p/ (p//
cos 0
0 /@ sin 0,
(V)= — VvV
00, (V) (1 + p2)1/4 0 ’
0
—1r cos 0 cos 20,
i (W) = Ve —rsin 6, cos 205
90y (14 p2)1/4 —rsin 26,

0

Hence, we have

AIIR —_ (AIIRl,AHRQ,AIIRg, AIIR4) ’
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where

AIIRl = 6‘[(_%(P”/—%30/280”/‘1‘7’%0/2(,0”2+7'(,0”2+§0/(,0”+i@”‘f‘@,g%@”) cos 0, cos? 0y —
7" cos by (1 + cos by cos 260,) — r¢¢" cos 0y (1 + cos by cos 20,)],

AHRQ = 5'[(_%SOH/—%(,0/290/”4‘7“90/290”2+7"<P”2+90/S0”+%SD”‘HO/SQOH) sin 91 cos? 92_
r¢ sin 01 (1 + sin 6y cos 20;) — r'*" siny (1 + sin 6 cos 26,)],

AIIRg = 6'[(_%(PW_%80/290/,/+T90/24P,/2+7"Q0”2+80/(PN+%90”"‘90,390”) sin 0y cos fy—
r” sin 205 — r¢?¢" sin 265,

AIIR4 — 5[_% (1 + §0/2) 90/90”/ + (Tg@lgcp” + TSO/SOH + 41190/ + QOIQ + cp/4 + TgO’ +

13 1
re")¢"], 1
5= (rgo’go”2 1+ ¢2 cos 62) .

Remark 1. When the rotational hypersurface R has the equation AR = 0,
i.e. the rotational hypersurface (9) is II-minimal, then we have to solve the
system of eq. as follow:
AHRi — 0,

where 1 < i < 4. Here, finding the function ¢ is a future problem for us.
Corollary 5. Here ¢ # ¢ = const. or ¢ # cir + ¢o, and 6y # 5 + 2km,
k € Z, then we have AR # 0. Hence, the rotational hypersurface (9) is not
II—minimal.
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