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Abstract

Let H be a Heisenberg superalgebra. In this paper, the definition of
biderivations and the properties of biderivations on Lie superalgebras
are introduced. And some properties of biderivations on Heisenberg
superalgebras are introduced by the definition of Heisenberg superalge-
bras.
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1 Introduction

Recently,some researchers were interested in biderivations of Lie algebras [1]
and the definition of Heisenberg superalgebras [2].The aim of this paper is to

introduce the properties of biderivations on Heisenberg superalgebras.

2 Preliminary Notes

denoted by a pointed bracket [—, —].

Definition 2.1 Let L = Ly + Ly be a superalgebra whose multiplication is
This implies in particular that [Ly, Lg] C
Loip for all a,B € Zy. We call L is a Lie superalgebra if the multiplication

satisfies the following identities,

[Z’, y] = _(_1)\x\\y|[y’ 'T]
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[ZL’, [ya Z]] + (_1)lely\[y’ [Za ZL’]] + (_l)lsz‘[Z> [l’,y]] =0
forallx € Ly, y € Ly, 2 € Ly and | x|, |y |, | 2 |€ Zs.

Definition 2.2 Let L be a Lie algebra. A bilinear map o : L x L — L 1is
called a biderivation of L if it is a derivation with respect to both components,
meaning that

e(lz, ], 2) = [z, 0(y, 2)] + [p(z, 2), 9]
and

gp(l’, [y> Z]) = [go(:)s,y), Z] + [ya 90(1'7 Z)]
for all x,y,z € L.

Definition 2.3 Let H be a Lie superalgebra. H 1is called a Heisenberg su-
peralgebra if [H, H] = C(H) and dim C(H) = 1.

Remark 2.4 According to the definition of Heisenberg superalgebras, we
have dimC(H) = 1 and C(H) = ¢, which ¢ € Hy and ¢ # 0. Ouwing to
[H,H] = C(H) C Hg, there exists a grade anti-symmetic bilinear function 1,
s.t. [z,y] = Y(x,y)e.

Definition 2.5 Let L be a Lie superalgebra. A bilinear map p : LXxL — L
1s called a bideriwvation of L if it is a derivation with respect to both compo-
nents,meaning that

@, yl, 2) = [2,9(y, )] + (=1) D [p(z, 2), ]

and
p(,[y, 2]) = [p(,y), 2] + (=)D [y o(z, 2)]
for all x,y,z € L.

3 Main Results
Theorem 3.1 Let ¢ be a biderivation on Lie superalgebras. Then
(2. y), [u, v]] = (=1) @M [z, 4], o(u, v)]
for all z,y,u,v € L.
Proof. Since ¢ is a biderivation on Lie superalgebras,then we have

o[z, y), 2) = [z, o(y, 2)] + (1) DD (5 2) y]

and
oz, [y, 2]) = lp(x,y), 2] + (1) D[y (g, 2)]
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for all x,y.2 € L
We compute ¢([z,u], [y,v]) in two different ways. On one hand, since ¢ is
a biderivation in the first formula. We have that

oo, ul, [y, v]) = o, o(u, [y, v])] + (= 1) DD (3 [y, 0]), ],

Using the fact that ¢ is a biderivation in the second formula, we further have
that

el ul, 9 0) = [o [ ) o+
(~D D g, [y, o, )]+
(~DAHHHDHOD [, y), o], ]+

(—1)4WdP)+dy)+d©)+dy)(dp)+d(@)) Iy, o(z,v)], ul.

On the other hand, computing ¢([z, ul, [y, v]) in a different way we have that

p(la,ul, [y, v]) = [lz, p(w, y)], o]+

(1 [z, ), ], 0]+
(1) [, o, )]+

(—1)dWd(p)td@)+dw)+d(w)(dlp)+dw) ly, [(z,v), u]].

By comparing the two equalities we have that

[o(x,y), [u,v]] = (=1)HIDI [ y] o(u, v)]

for all x,y,u,v € L.
O

Theorem 3.2 Let C' = {\c|\ € C}. We have C is the center of H, there
exists [x,y] € C for all x,y € H and z = n(z,y|,n € C,3x,y € L, for z € C.

Proof. Let H = Hg + Hi be a Heisenberg superalgebra.

Case 1 dim H is odd.

Since H = Hy+ Hi and Hj are Heisenberg algebra whose dimension is odd,
so dim Hj is even. Then there is a group of basis {e1, €a, ..., €n, f1, fo, .-+, fa, ¢}
of Hg, analogously, the basis of Hy are {s1, S2,...,8p,t1,t2,...,t,}. Then the
basis of H = Hg+Hy are {ey,ea,. . . ,en,f1,/a5 -+ [nsCy S1, 82, -+« Spy b1, Lo, oyt )

Let

T = \c+ Z Aip1€; + Z Aigns1fi + Z ;8 + Z Nitnli
i=1 i=1 i=1 i=1

y==&c+ Z Siv16; + Z Sitnir fi + Z Gisi + Z Gitnli
i1 i—1 i1 =1
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)\zanzagmg(z = 1>2a ceey 2n + 1)

[z,y] = [Mic+ Z:; Air1€i + 2:; Aitnt1fi + 2: misi + Z:; Mi+ntis
e+ ; 1€ + ; Sivnt1fi + ; Gisi + ; Ginti]
_ [Z A Z oS + [Z NS Z Govred
+[é e Z Gounti] + [Z it Z G

n

= Z()‘i—l—l + &ifny1)C — Z(Ai+n+1 +&iv1)c
i=1

i=1
+ Z(ﬁz + Gitn)e + Z(m+n +G)e=Ac
i=1 i=1

So,we have [z,y] = Ac, A € Ciie.[x,y] € C.

There exists [x,y] = me,m # 0,3z,y € H and z = ¢,y € C for all
z € C, so we have n[z,y| = nnic and let n = Z—f, we have z = n|z, y].

Case 2 dim H is even.

Since H = Hy + Hj is a Heisenberg superalgebra whose dimension is even
and Hj is Heisenberg algebra whose dimension is odd. So dim Hj is odd. Then
there is a group of basis {ej, es, ..., en, f1, fo, ..., fu,c} of Hg, analogously,
the basis of Hi are {si,Sa,...,8n,t1,t0,...,tn,w}. Then the basis of H =
Hg+Hiare {e1,ea, ... 0, f1, fo, - [n, C 81,82, -, Sy t1, tay oo Ty, w}, which
(w,w) = 1.

Let

r=A\c+ Z Aiy1€; + Z Aignt1fi +mw + Z Ni+18i + Z Nitnt1ti
i=1 =1 =1 i=1

y==E&c+ Z Siv1€; + Z Sivntrfi + Qw + Z Git18i + Z Gigny1ts
i=1 i—1 i—1 i—1

)\zanzagzag(z = 1>2a"'a2n+ 1)

[z, y] = [Mc+ Z Aiy16; + Z Aigns1fi +mw + Z Nit1S; + Z Nitnt+1tis
i—1 i—1 i—1 =1
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Qe+ Gneit Y GimpfitGw+ Y Gasit+ Y Gipnsti
i=1 i=1 i=1 i=1

= [Z Aiy1€i, Z fi+n+1fz’] + [Z Aitn+1fis Z §i+1€i]
i=1 i=1 i=1 i=1

+mi G [w, w] + [Z 1i+154, Z Gignirts] + [Z Nitn+1Li, Z Cit15i]
i=1 i=1 i=1 i=1

n

= Z()‘i—l—l + &Eigny1)C — Z(Ai-i-n—i-l + &ir1)e + mGilw, W]
i=1

i=1
+ Z(%l + Gintr)c + Z(m+n+1 + Girr)e = Ac

1=1 i=1

So,we have [z,y] = Ae, A € C, i.e., [z,y] € C.
There exists [z,y] = me,m # 0,3z,y € H and z = ¢, 3y € C for all
z € C, so we have n[z,y| = nnic and let n = Z—j, we have z = n|z, y]. O

Theorem 3.3 The properties of biderivations on Heisenberg superalgebras.
(1)(0,2) =0,9(z,0) =0,Vz,z € H.
(2)p(c, z) = Ae, p(x,¢) = ne, Vo, z € H.
(3)p(c,c) = 0.
(4)p(x,c) = —(—1)4P@ p(c z), Vo € H.
Proof. 1. According to

o[z, y], 2) = [2,0(y, 2)] + (= 1) WEHE [o(z ), y]

and
(. [y, 2)) = [p(x,y), 2] + (=) WD [y (7, 2)]

for all z,y,2z € L.
Let x = y = ¢ in the first formula, then we have

elle ], 2) = [e,ple, 2)] + (=1) OO (e, 2), ).

Hence ¢(0,2) =0,Vz € H.
Let y = z = ¢ in the second formula, then we have

1)d(0)(d(e0)+d(w)) [

QO(ZL’, [C> C]) = [90(‘% C)> C] + (_ Cy QO(ZL’, C)]

Hence ¢(z,0) =0,Vz € H.
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2. Let © = c in the first formula, then we have

(e 9] 2) = [e;0(y, 2)] + (1) WA (¢, 2). ).
So we have [p(c, 2),y] = 0.According to Theorem 2.2 ,we have (¢, z) = Ac €
C,Vze H.
Let y = ¢ in the second formula, then we have
o, [e, 2]) = [p(x, ¢), 2] + (=) AN AIHD e, (e, 2)].

Hence p(z,¢) =nce C,Vz € H.
3. Let x = ¢ in the second formula. According to Theorem 2.2, suppose
that [y, z] = Ajc for all y, z € L, then we have

(e, \ie) = [p(e,y), 2] + (= 1) @D, (e, 2)].

Hence ¢(c, A\ic) =0, i.e., ¢(c,c¢) = 0.
4.Suppose that

[z,y] =0,[x, 2] =0, [y, 2] = Aac, Ay # 0.

So we have
([ o(x, Mac) = [p(, y), 2] + (1)U [y (2, 2)],
0= [p(y, x), 2] + (= 1) ADHD [ o(y, 2)],
0= [p(z,2),y] + (1) "W [ (2, y)],
0= [z,¢(y, 2)] + (= 1) WD (2, 2), y],
0= [z,9(2,y)] + (=1) AT [ (2, y), 2],
[ p(hac, @) = [y, (2, 2)] + (=1) QD oy, 2), 2]
Let
[gp(l’, y)a Z] = T1; [y> QO(ZL’, Z)] = T2; [‘p(ya ZL"), Z] = I3;
[, 0(y, 2)] = 24; [p(2, ), Y] = 55 [7, 0(2,9)] = T6.
so we have
(o2, Aac) = o1 + (—1) W) Hd@) 1)
0=1mz3+ (_1)d(%)(d(w)er(y))3;47
0=xz5+ (_1)d(x)(d(90)+d(2))x6
0=y — (—1)M@dW) 3y
0=+ (_1)d(z)(d(gp)+d(y))x17
| ooty ) = —(— 1)) oy (_])dE ) )
Hence,
o(z,c) = —(=1)4P@ (¢ 2) Vo € H.
O
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