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Abstract

In this paper, some properties of matrices over commutative semirings
are researched deeply. We extend the theorem about invertible matrix
and show a necessary condition that a matrix is invertible.And we dis-
cuss in n-dimensional L-semilinear space V,, every vector of V,, can be
uniquely represented by a linear combination of any basis of V,,. On
the other hand, we show the connection between two bases of V,, with
the transition matrix and prove an inequality in case that the rank of
the matrix is redefined over commutative semirings. We give the proof
that a set of linearly independent vectors is still linearly independent
under semilinear transformation. We prove that some theorems of the
determinant of a matrix still exist for the permanent, but some of the
theorems do not. We show the necessary and sufficient condition that
the permanent of an invertible matrix is zero.
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1 Introduction

The study of semilinear structures over commutative semirings has a long
history. In the theory of matrices over semirings, an invertible matrix is an
important type of matrices. In 1984, Reutenauer and Straubing researched the
invertible matrices over commutative semirings [9]. Moreover, in 2011, Shu and
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Wang showed some necessary and sufficient conditions that each basis has the
same number of elements over commutative zerosumfree semirings and proved
that a set of vectors is a basis if and only if they are standard orthogonal
[4]. In 2015, Zhang Houjun and Chu Maoquan researched the dimension of
semilinear space over commutative semirings and got a series of results [7].

This paper is organized as follows. Some properties of matrices over com-
mutative semirings are researched deeply. Firstly we extend the theorem about
invertible matrix and show a necessary condition that a matrix is invertible.
On the other hand, we show the connection between two bases of V,, with the
transition matrix and prove an inequality in case that the rank of the matrix
is redefined over commutative semirings. Then we prove that some theorems
of the determinant of a matrix still exist for the permanent, but some of the
theorems don’t. We show the necessary and sufficient condition that the per-
manent of an invertible matrix is zero.

2 Preliminary Notes

Definition 2.1 A semiring L =< L,+,-,0,1 > is an algebraic structure
with the following properties:

(1) (L, +,0) is a commutative monoid,
(2) (L,-, 1) is a monoid,
(3)r-(a+b)=r-a+r-band (a+b)-r=a-r+b-r hold for all a,b,r € L,
(4)r-0=0-r=0 hold for allT € L,
(4)0 #1,

A semiring L is commutative if r - =r"-r for all r,v' € L.

Natural number and the set of nonnegative real number with the usual
operations of addition and multiplication of real numbers are commutative
semirings.

Definition 2.2 Let L =< L,+,-,0,1 > be a semiring and let A =<
A, 44,04 > be a commutative monoid. If x :L x A — A is an external
multiplication such that

() (r-r)ysxa=r-(r"*a),

2)r*x(a+ad)=rxa+sr*d,

B)(r+r)xa=rxa+a1 *a,

(4)1*xa=a,

(5)r*04=0%xa=0,
for allr,r’" € L and a,a’ € A then < L,+,-,0,1,%, A, +4,04 > is called a left
L-semimodule. The definition of a right L-semimodule is analogous, where the
external multiplication is defined as a function L x A — A.

The following definition is a general version of a semilinear space in [10]:
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Let L=< L,+,-,0,1 > be a semiring. Then a semimodule over L is called
an L-semilinear space.

Note that a semimodule stands for a left L-semimodule and right L-semimodule
as in [10]. Elements of an L-semilinear space will be called vectors and ele-
ments of a semiring scalars. The former will be denoted by hold letters to
distinguish them from scalars.

Without loss of generality, in what follows, we consider left L-semimodules
for convenience of notation. Then we can construct an L-semilinear space as
follows.

Natural number Z° =< Z° +,.,0,1 > is a semiring. For Vn > 1, let

V(2% = {(a1, a2, -, a,)" 1a; € Z°i=1,---,n.},

x= (21,22, )T y= (Y1, 42, - -, ¥n)" € Va(Z2°), r € 2°,
definite x+y= (z1 +y1,- - Tp + yn) L,y xx= (r- 20,7 29, -,7 - 2,)T. Then
V,,(Z°) is a semilinear space and 0,,,; = (0,0, - - -, 0)T.

Definition 2.3 Let V), be an L-semilinear space. The expression where
A1, Ao, - A\, € L oare scalars is called a linear combination of vectors a,aa,- -
SO,

If the vector x can be expressed as a linear combination by the vector
set aq,a0,- - - a0, then we say vector x can be expressed by the vector set
1,00, - 0, in a linear form.

Definition 2.45!  In an L-semilinear space, vectors a,az, - -0, (n > 2) are
linearly independent if none of them can be represented by a linear combina-

tion of the others. Otherwise, we say that vectors a0, - -,a, are linearly
dependent.
In semilinear space V,,, let aq,a, - -, and 31,82, - -,3,, be the two

sets of vectors.If every a; € n can be represented by a linear combination of
B1,82, - -,Bm and every B3; € m can be represented by a linear combination of
1,00, - -0, then the two sets of vectors are said to be equivalent.

If a part of vector a,s,- - -, is linearly independent, then the vector set
aq,00, - -,au, is linearly independent. If the vector set aiq,as,- - -, is linearly
independent, then any part of it is linearly independent.

Definition 2.5 A nonempty subset G of an L-semilinear space is called a
set of generators if every element of the L-semilinear space is a linear combi-
nation of elements in G. Let S be a set of generators of L-semilinear space V,,
. Then we put V,, =< 5 >.

Definition 2.6/ Suppose V,, is a semilinear space, a set of linearly indepen-
dent generators is called the basis of V.

Obviously, V,, is a semilinear space with a basis ey,es,- - -,e,,where
e; = (1,0,---,0)T, e = (0,1,---,0)T,- - - e, = (0,0, - -, 1)T.

Note that in [6], we call e1,es,---e, is the standard basis of semilinear space.



214 Wenxin Luo and Chunchan Weng

Different from the linear space, in general, the cardinality of basis is not
unique.

Let M,«n(L) be the set of all mxn matrices over a semiring < L, +,-,0,1 >.
In particular, let for M,,(L) = M, x,(L).Given A = (aij)mxn, B = (bij)mxn €
Mpsn(L) and C' = (¢;j)nx1 € Myxi(L), we define that A+ B = (a;; + bij)mxn,

n

AC = (Z Qg - ij)th)\A = ()\aij)an, VA e L.
k=1

Definition 2.78! If each basis of an L-semilinear space V,, has the same
number of elements, then we call the number of the vectors in each basis a
dimension of V,, , in symbols dim(V},).

Definition 2.8!") A matriz A € M, (L) is called right(left) invertible if there
is a matric B € M, (L) such that AB = I,,(BA = I,,). If the matriz A s not
only left invertible but also right invertible, then we call A is invertible.

.l 1 92 ...
Definition 2.9 If A€ M, (L), o :< . n) :
Ju Jz2 0 Un
then define the positive and negative determinants as |A|T = > a1 a9, -
Ce g, and |AT = )] arj a0, - Gnj,. We note that the permanent of

o=odd
A is given by per(A) = |A|" + |A|~ and the determinant of A is given by
det(A) = |AIT —|A|~.

Definition 2.101  Let V,, be a semilinear space on semirings, x= (1,9, -
) zn)T;y: (y1> Y2, yn)T; deﬁned (Xa y) =T1Y +!L'2y2 +--- +xnyn is the inner
product of X and y.

Definition 2.1117  Let x and y be the two vectors of the semilinear space if
(x,y) =0, then x and y are orthogonal to each other.

Definition 2.12I"  Let {x; X5, - -,x,} be the basis of the semilinear space
Vi, if X1,X2,- + -, X, are all orthogonal to each other, then {xy,Xa, - -, X, } is the
orthogonal basis of V,,.

Let {x1,Xs," - -, x,} and {y1,y2," - -,¥m} be the two bases of V,,, and each
element of x1,Xs, - -,X,, is linear combination of y1,ys," - -,ym,namely

X) = a11y1 + apy2 + -+ GimYm
Xg = G21y1 + A22Y2 + -+ + G2mYm

Xp = An1Y1 T Qp2yY2 + - - + GumYm

or (XlaXQa' : '7Xn): (Y1>Y2a' : '7ym)Aa A - (az’j)mxn € Man(L)a then matriX
A is called a transition matrix from {y1,y2, -, ¥ym} to {x1,X2, -, x,,}, The rank
of matrix A € M,,x,(L) is k if there exist B € M,«x(L) and C' € My, (L)
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such that A = BC and k is the least positive integer . Then we have f(A) =k
in symbols.
Note that if A € M, (L), then f(A) <n.

Definition 2.13[") A transformation p on semilinear space V,, is called semi-
linear transformation, if for any vector x,y€ V,,, k € L, we have p(x +y)=
P(x)+o(y), plkx)= ko(x).

Let x1,%5,- - -,X,, be a set of vectors of semilinear space V,,, ¢ is a semilinear
transformation of V,,, then if

(p(Xl) = a11X] + @192X9 + - - -+ a1pXp
(p(Xg) = a91X] + G99Xo + + - - + A9y, Xy,

@(Xn) = Qp1X1 + GpaXo + - - -+ QpnXp

or o(x1,Xa, - -, Xn)= (X1,Xa, - -, Xm) A A = (Qij)mxn € Mmxn(L),then we call
A is the matrix of transformation ¢ on x;,Xs," - -,X,.

Definition 2.141"1  Let L be a commutative semiring and A, B € M, (L), A is
similar to B if there is an invertible matriz X € M, (L) such that A= X'BX.

3 Main Results

These are the main results of the paper.
Lemma 3.1 Let L be a commutative semiring and A, B € M, (L), if AB =
I, then BA=1,.

Lemma 3.2I71  Let V,, be a semilinear space, then dim(V,) = n if and only

if every vector of V,, can be uniquely represented by a linear combination of
standard orthogonal basis.

Theorem 3.1 Let L be a commutative semiring and Ay, A, -+, A, € M, (L),
if AjAy - - - A, = 1,, then Ay, As, - - -, A, are invertible matrices.
Proof. Since A1As --- A, = I,, A is invertible.
By Lemma 1, we have A;Ay--- A, = Ay--- A, A1 = I,,,then A, is invertible.
Similarly, Az, A4, - - -, A, are invertible matrices. 0

NOtethatAlAgAn:AgAnAlz:AnAlAn_lzln

Theorem 3.2 Let V,, be a semilinear space and dim(V,) = n. If {aq,0,- -
-0, } 18 the basis of semilinear space V,,, then every vector of V,, can be uniquely
represented by a linear combination of o, - - 0,
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Proof. Let {ej,es, --,e,} be standard orthogonal basis of semilinear space
|7

Since {oy, 002, -+, } is the basis of V,,, there is a matrix A = (a;;) € M, (L)
such that (ej,es, - -,e,) = (1,0, - -,a,) A.

From Lemma 2, we know that A is unique and invertible.

For all a€ V,,, there exists elements kq, ko, - - -, k,, € L such that

a= (e,eq, - -e,) (ki ko, - kn)T.

Then we have a= (61,62,' . -,en)(kl, k’g, Ty k’n)T = (al,ag,- : -,an)A(k‘l, ]{?2, o
k)T

Therefore, every vector of V,, can be uniquely represented by a linear com-
bination of ay,as,- - -,x,,. O

Corollary Let V,, be a semilinear space and dim(V,,)) = n. If {a,c, o}
and {B31,B2, .3} are the bases of V,,, then {a,as, --,a,} and {B31,82,++,8,}

are equivalent.

Theorem 3.3 Let V,, be a semilinear space and dim(V,) = n. If {aq,0, -
o} oand {B1,B2,---.B,} are the bases of V,, and A = (a;;) € M, (L) such that
(aq,09, - a,) = (81,82, - +,0n)A, then A is invertible.

Proof. Let {ej,es, --,e,} be standard orthogonal basis of semilinear space
V.

Since {ay,as, - -, } and {81,082, - -,B,} are the bases of V,,, there are
matrices B, C € M, (L) such that

(e1,€2, - ~,en) = (1,0, - -, ) B and (81,82, - ,0,) = (e1,€2, - -,&,)C.

Then we have

(e1,€2, +,€,) = (a1, -, ) B = (81,82, - -,B,)AB = (ey,es, - -,€,) CAB.

From Theorem 1, we know that A is invertible. U

Theorem 3.4 Let L be a commutative semiring and A € M,(L),if A is
invertible, then f(A) = n.

Proof. Since A is invertible, there exists matrix B € M, (L) such that
AB = 1,.

Assume that k£ < n, then there exists matrix C' € M, (L) and D €
My« (L) such that A = CD.

Therefore, CDB = I,.

If K < n, we add n — k columns 0 to C' and add n — k rows 0 to DB. Then

we have (C O) <DOB) =1,.

From Definition 8 and Lemma 2, both (C’ 0) and (DOB) are invertible

matrices and (C 0) <DOB) =1,.
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On the other hand, we know that (C O) (DB> = <DBC 0) #* 1I,.

0 0 0
Therefore, k = n.
Consequently, f(A) = n. O

Lemma 3.3 Let A € M,(L).If A is invertible, then the column vectors of
A are linearly independent.

Theorem 3.5 Let V,, be a semilinear space, {a, g, - - -, o, } is the basis of
V. If there is {By, By, - -, 3,} and a matriz A, such that (B, By, -+, B,)A =
(ay, 9, -+, ) and f(A) =n, then {B1,8y,--, B,} is a basis of V,,.

Proof. f(A) = n and there is B € M,yx,(L) and C' € M, (L), s.t.
A= BC.

(517/627 te '7/87*)’4 = (ﬁlaﬁ% te 7ﬁr)BC = (a17a27 te '7am>

Let v, = > buB;, 1 € 1,2,---,n, {€1,€y,- - -, e,} is the standard basis of
j=1

V. Since (a17a2a T 'aam) = (717727 o '77n)C> {71)727 o ?7n} is a set of
generators of V,.

Therefore, e; can be represented by a linear combination of vy, 75, -, vV,
Air o Ay

izlvzu"'an' In:(717727'”77n> ,then (717727"'77n) is
)\nl e )\nn

right invertible.

From Lemma 1 we know that (v,,7s, - ,7,) is invertible. According to
Lemma 3, {717 Y2 7n} is a basis of V,. (717 Y2 7n) = (ﬁlv /827 ) /Br)B
then {8,,8,," -, 8,} is a set of generators of V,.

Airo A

In the same way, I, = (81,85, -06,) | + . |, then (84,08, -
)\rl e )\rn

-,B,) is right invertible. From Lemma 1 we know that (8,8, - -, 3,) is

invertible. According to Lemma 3, {3, B,, - -, 3,} is a basis of V. O

Corollary Let V,, be a semilinear space, {ay, aa, - -+, oy} is the basis of V.
If there are {By, By, - -, B,} and a matriz A, such that (B,8s,- -, 3,)A =
(g, g, - -, uy) and A is invertible, then {3,085, -+, B,.} is a basis of V,,.

Theorem 3.6 Suppose A = (a;j) € Myxn(L) and B = (b;;) € Mxs(L),
then f(AB) < min{f(A), f(B)}.

Proof Let f(AB) = k, f(A) = a and f(B) = b. Then A = A; Ay with
Al - ( ) S mea( ) - (&22]) € Maxn(L)' B - BlBQ Wlth Bl - (bgj) S
Mnxb(L) By = (b2) c bes(L)
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Then AB = AlAgBlBQ = CBQ = AlD, with C = (Cij) S meb(L)>
By = (b?j) € Myys(L), Ay = (ailj) € Mpxo(L) and D = (d;j) € Myxs(L). From
Definition 13, k¥ < b and k < a. Therefore, f(AB) < min{f(A), f(B)}. O

Theorem 3.7 ¢ is a semilinear transformation on semilinear space V,, and
e H0) = 0, then {ay,a,- - -,aq} is linearly independent if and only if
{p(ar), (), -, p(ay)} is linearly independent.

Proof. (=) Let kip(ay) + kap(as) + - - - + kip(ey) = 0. Then from
Definition 13, we have p(kia + koatg + - - - + kjay) = 0.

Since o= 1(0) = 0, ki + kocty + - - - + kjoy = 0.

Since {a, @y, - -, a} is linearly independent, k; = ky = - -+ = k; = 0.
Then we have {¢(a), p(aw),- - -, p(ay)} is linearly independent.

(<) Let kyay +keas+---+ ko = 0, then o(kyoy + koo +- -+ kioy) =
kip(on) + kap(az) + -+ + kip(ay) = 0.

Since {¢p(a1), (@), -+, ¢(ay)} is linearly independent, we have k; = ky =
-« »=k; = 0. Therefore, {a, az, - - -, a;} is linearly independent. O

Lemma 3.48  [f A € M,(L) and A has a zero row or column, then |A|T =
|A|~ = 0.

Lemma 3.5 [f A € M, (L), |Al* = |AT|* and |A|~ = |AT|".

Lemma 3.6 [If A € M,(L) and suppose that B is obtained from A by
interchanging two rows (columns), then |A|" = |B|~ and A|~ = |B|™.

Lemma 3.78 [f A € M,(L) and A has two equal rows (columns), then
AT = [A]7

Lemma 3.8  Suppose A = (a1, as,- - -, a,),
(i) If B= (a1, Qr_1,7Y0r, Qry1," -, @), then |B|F = v|A|*.
T
a;

(ii) If C = | yal |, then |C|F = v|A|*.

T
a,

Lemma 3.98 [f A = (aj,as,---,a,) anday = b, +ci, k=1,--- n, then
+ __ + +
|A| - ‘a’la'"7a’k—17bkva’k+17”'7a’n| _'_‘a’h'"7a’k—lvck7a’k+17"'7a’n| .

Lemma 3.108 [f M = ,(4)1 g , then

() M[* = |A]*|D|* + |4 D[,
(it)| M|~ = |A]*| D]~ + | A|"| D],

Lemma 3.118 [f A B € M,(L), then |AB|T + |A|*|B|~ + |A|"|B|* =
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[AB|™ + [A[T[B[" + [A|"|B|".

Theorem 3.8 If A is invertible, then per(A) = 0 if and only if |A|T|A™| =
1

5.
Proof. (=) From Lemma 11, let B be A™!, then we have

L [A[FJATHT — JA[F AT = A7 AT = JAT AT,

that is 14 [A[*(JA7! ™ — [A7H[F) = [A[7(JATY~ = [A7H["),

so (JA]7 = [A[F)(JA7T = |A7HF) = L.

Since per(A) = 0 if and only if |A|T = —|A|~, that is |A|T(]A~T —
[ A7) = 5. So [A[f|A™Y = 5.

(<) By contrary, if |[A[F|A™!| =1, then |A|T = —|A|".

And we have per(A) = 0. O

Theorem 3.9 [If A€ M,(L), then per(A) = per(AT).
Proof. per(A) = |A|T + |A|™ and per(AT) = |AT|T 4+ |AT|".
From Lemma 5 we know |A|T+|A|~ = |AT|*+|AT|~, so per(A) = per(AT).
U

Theorem 3.10 If A, B € M, (L) and B is obtained from A by interchanging
two rows (columns), then per(A) = per(B).

Proof. Since per(A) = |A|" + |A|~ and per(B) = |B|* + |B|~,

we know |B|T = |A|” and |B|” = |A|t from Lemma 6. So per(A) =
per(B). O

Theorem 3.11 Suppose A = (aq,as,- -, a,),
(Z)]fB = (a’la T Q1 YAy Qg 1,0ty an); then p@T(B) = ’}/pe’f’(A)
T
a;

(ii) If C = | val |, then per(C) = yper(A).

T
a,

Proof. (i)From Lemma 8, we know |B|* = v|A|* and |B|~ = v|A| ",
then per(B) = |B|" + |B|~ = yper(A).

(ii)In a similar way, from Lemma 8 we have per(C) = yper(A). O
Theorem 3.12 If A= (ay,as, --,a,), and a, = by +cx, k=1,---,n, then
per(A) = per(ay, -, ar_1,bg, @1, -+, ap) +per(ay, -+, g1, Cr, Qpr1, -+, Qy).

Proof. From Lemma 4 we know that |A|* = |a1,- - -, ak_1,by, api1,- -
S|t ay, gy, Gy Qg an T

|A|” = |ay, -, ap—1,br, @py1,- - -, @p|” F|ar, -+, @p_1, Cr, Q1,5 @]

Then we have per(A) = per(aq,- - -, ar_1, by, arr1,- - -, a,) + per(ay, - -

%y a’k—17 Ck, a’k+17 Y an)
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Note that (i)If A = (a1, -, ai,-- -, aj,---,a,), B= (a1, ---,a;,---,a; +
ka;,- -+ a,), k € R, then different from det(A) = det(B).per(A) # per(B).
(ii)A has two equal rows (columns), then per(A) = |A|" + |A|” = 2|A|T.
O

A C
0 D)’
Proof. From Lemma 10 we know that
per(M) = |[M|" + M|~ = [A[T|D[" + [A[7[D[™ + [A]"| D]~ + [A[T| DI,
that is
per(M) = [A["(|D["+|D[7)+[A[~(|D[* +|D|7) = per(D)(|A]" +|A]7) =
per(A)per(D),

Theorem 3.13 If M = then per(M) = per(A)per(D).

then we have per(M) = per(A)per(D). O
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