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Abstract

In this paper, we show that every L-fuzzy R-module has an L-fuzzy

projective resolution. Furthermore, we define the notions of functors

F -Tor, and discuss its properties.
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1 Introduction

Since Rosenfield [8] introduced fuzzy groups, many researchers are engaged in
extending the concepts and results of abstract algebra to the broader frame-
work of the fuzzy setting. Negoita and Ralescu [6] introduced the notion of
fuzzy modules. Pan [7] introduced the category of fuzzy modules. Zahedi and
Ameri [1, 11]defined fuzzy projective and injective presentations of a fuzzy R-
module. By using these definitions three functors F -ext, F -ext and F -tor are
presented.

The purpose of this paper is to study the functors F -Tor, we obtain that
every L-fuzzy R-module has an L-fuzzy projective resolution.

Throughout this paper R is a commutative ring with identity, and L is a
completely heyting algebra, which has the least and greatest elements, denoting
0 and 1 respectively. Then an L-fuzzy set µ in X is characterised by a map
µ : X → L[2].

2 Preliminaries

Definition 2.1. ([7], Definition 1.1) Let A be an R-module. A function µA

is called L-fuzzy R-module if the map µ from A to L, satisfies (1) µ(x+ y) ≥
∧{µ(x), µ(y)}, (2) µ(rx) ≥ µ(x), (3) µ(0) = 1, for all x, y ∈ A and r ∈ R.
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Definition 2.2. ([7], Definition 1.1) Let µA and ηB be L-fuzzy R-modules,
a function f̃ : µA → ηB is called an F -homomorphism if f : A → B is an
R-homomorphism and η(f(x)) ≥ µ(x) for all x ∈ A.

Lemma 2.3. ([7], Lemma 1.1) The category R-mod(L) of L-fuzzy R-
modules is constituted, as follows:

(1) Obj(R-mod(L)) is the family of all L-fuzzy R-modules.
(2) For any µA, ηB ∈ Obj(R−mod(L)), the set of homomorphisms is

HomR(µA, ηB) = {f̃ |f̃ : µA → ηB is an F−homomorphism}.

The composition of homomorphisms is the usual composition of maps.

Definition 2.4. Let f̃ : µA → ηB be an F -homomorphism. ηImf is called
the image of f̃ , denoted by Imf̃ . Further, µV0

is called the kernel of f̃ , denoted
by Kerf̃ , where V0 = {x ∈ A|η(f(x)) = 1}.

Definition 2.5. ([10], Definition 3.1) (i) A sequence · · · → µn−1An−1

f̃n−1

−−→

µnAn

f̃n
−→ µn+1An+1

→ · · · of an F -homomorphism is said to be L-fuzzy exact

if and only if Imf̃n−1=Kerf̃n for all n.

(ii) An L-fuzzy exact sequence 0̄ → ρC
f̃
−→ ηB

g̃
−→ µA → 0̄ is called an

L-fuzzy short exact sequence.

Theorem 2.6. ([10], Theorem 3.17) Let 0̄ → ρB′

f̃
−→ ηB

g̃
−→ γB′′ be an L-

fuzzy exact sequence and µA an arbitrary L-fuzzy module. The induces sequence

0̄ → HomR(µA, ρB′)
f̃∗
−→ HomR(µA, ηB)

g̃∗
−→ HomR(µA, γB′′) is exact if and only

if for any φ ∈ HomR(A,B
′), where f∗φ = ψ, ψ̃ ∈ Kerg̃∗, one has φ−1 · ρ ≥ µ.

Definition 2.7. ([3], Definition 3.1) A nonzero R-homomorphism f : A→
B is called an admissible R-homomorphism if f̃ : µA → ηB is an F -homomorphism.

Definition 2.8. ([11], Definition 4.1) An L-fuzzy short exact sequence

0̄ → ρC
f̃
−→ ηP

g̃
−→ µA → 0̄ of L-fuzzy R-modules with an L-fuzzy projective

R-module ηP , is called an L-fuzzy projective presentation of µA. Moreover, it

has the following form 0̄ → µ0C
α̃
−→ µ0P

β̃
−→ µA → 0̄, where µ0 = χ{0}.

Definition 2.9. ([1], Definition 2.6) For any µA, ηB ∈ Obj(R-mod(L)) and

to the L-fuzzy projective presentation 0̄ → µ0C

f̃
−→ µ0P

g̃
−→ µA → 0̄ of µA. We

define

F−torg̃R(µA, ηB) = Ker(f̃∗ = f̃ ⊗ 1ηB : µ0C ⊗R ηB → µ0P ⊗R ηB).
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3 Main Results

Definition 3.1. For any µA, ηB ∈ Obj(R-mod(L)) and to the L-fuzzy pro-

jective presentation 0̄ → η0C
f̃
−→ η0P

g̃
−→ ηB → 0̄ of ηB. We define

F−Torg̃R(µA, ηB) = Ker(1µA
⊗ f̃ : µA ⊗R η0C → µA ⊗R η0P ).

Theorem 3.2. For any µA, ηB ∈ Obj(R-mod(L)) and to the L-fuzzy projec-

tive presentation 0̄ → µ0C

f̃
−→ µ0P

g̃
−→ µA → 0̄ of µA, 0̄ → η0D

k̃
−→ η0P ′

l̃
−→ ηB → 0̄

of ηB. If all ψ ∈ HomR(A,B) are admissible R-homomorphisms, then there is
an isomorphism

α : F−Torl̃R(µA, ηB) ∼= F−torg̃R(µA, ηB)

Proof. By the third chapter 8th section of [4] there is an isomorphism

β : Torl̃R(µA, ηB) ∼= torg̃R(µA, ηB).
We show that β induces the isomorphism α. Let β[ϕ] = [ψ], where ϕ :

C → D and ψ : A → B are R-module homomorphisms. It is clear that
ϕ̃ : µ0C → η0D . Since ψ ∈ HomR(A,B), we have ψ̃ : µA → ηB is an F -
homomorphism.

Hence, the map α satisfies α[ϕ̃] = [ψ̃].

Definition 3.3. An L-fuzzy projective resolution of µA ∈ Obj(R-mod(L))

is an exact sequence ΘP : · · · → θ2P2

d̃2−→ θ1P1

d̃1−→ θ0P0

ε̃
−→ µA → 0̄, in which

each θnPn
is an L-fuzzy projective R-module.

If ΘP is an L-fuzzy projective resolution of µA, then its deleted L-fuzzy

projective resolution is the L-fuzzy complex ΘPµA
: · · · → θ2P2

d̃2−→ θ1P1

d̃1−→
θ0P0

→ 0̄.

Theorem 3.4. For any µA ∈ Obj(R-mod(L)), µA has an L-fuzzy projective
resolution.

Proof. There is an L-fuzzy projective module θ0P0
and exact sequence

0̄ → θ0K0

ĩ0−→ θ0P0

ε̃
−→ µA → 0̄, where θ0K0

= Kerε̃. Definition 2.8 implies that

it has the following form 0̄ → µ0K0

ĩ0−→ µ0P0

ε̃
−→ µA → 0̄, where µ0 = χ{0}.

Similarly, there is an L-fuzzy projective module θ1P1
, a surjection ε̃1 :

θ1P1
→ µ0K0

and an exact sequence 0̄ → θ1K1

ĩ1−→ θ1P1

ε̃1−→ µ0K0
→ 0̄. Splic-

ing these together, we can define d̃1 : µ0P1
→ µ0P0

to be the composite ĩ0 · ε̃1.
This construction can be iterated for all n ≥ 0 and the ultimate exact sequence
is infinitely long. An L-fuzzy projective resolution of µA has the following form

· · · → µ0P2

d̃2−→ µ0P1

d̃1−→ µ0P0

ε̃
−→ µA → 0̄. The result holds. �
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Definition 3.5. Let T = −⊗RηB, and F−Tor
R
n (−, ηB) = LnT . If an L-fuzzy

projective resolution of µA is ΘP : · · · → µ0P2

d̃2−→ µ0P1

d̃1−→ µ0P0
→ µA → 0̄,

then

F−TorRn (µA, ηB) = Hn(ΘPµA
⊗R ηB) = Ker(d̃n ⊗ 1ηB)/Im(d̃n+1 ⊗ 1ηB),

where d̃n ⊗ 1ηB ∈ HomR(L)(µ0Pn
⊗ ηB, µ0Pn+1

⊗ η
B
) .

Theorem 3.6. If µA is an L-fuzzy projective R-module, then F−TorRn (µA, ηB)=
0 for all L-fuzzy R-module ηB and all n ≥ 1.

Proof. Since µA is an L-fuzzy projective module, · · · → 0̄ → 0̄
d̃1−→ µ0P0

(=

µ0A)
ε̃
−→ µA → 0̄ is an L-fuzzy projective resolution of µA.

· · · → 0 → 0
d̃1⊗1ηB−−−−→ µ0A ⊗R ηB

d̃0⊗1ηB−−−−→ 0 is a chain complex, therefore
F−TorRn (µA, ηB)=0(n ≥ 1). �

Remark 3.7. Refer to Theorem 4.5 of [11] and Corollary 6.21 of [9], we
can get that F -TornR(µA, ηB) does not depend on the chosen L-fuzzy projective
resolution of µA.

Theorem 3.8. Let · · · → µ0P2

d̃2−→ µ0P1

d̃1−→ µ0P0

ε̃
−→ µA → 0̄ be an L-fuzzy

injective resolution of µA, define µ0K0
= Kerε̃ and µ0Kn

= Kerd̃n for n ≥ 1,
we have

F−TorRn+1(µA, ηB) ∼= F−TorRn (µK0
, ηB) ∼= · · · ∼= F−TorR1 (µKn−1

, ηB).

Proof. Let

· · · // µ0P2

//

""E
EE

EE
EE

EE
µ0P1

//

""E
EE

EE
EE

EE
µ0P0

// µA
// 0̄

· · · µ0K1

<<yyyyyyyyy

##F
FF

FF
FF

FF
µ0K0

<<yyyyyyyyy

##F
FF

FF
FF

FF

0̄

;;xxxxxxxxx
0̄

;;xxxxxxxxx
0̄

Since · · · → µ0P2

d̃2−→ µ0P1

d̃1−→ µ0K0
→ 0̄ is an L-fuzzy projective resolution of

µ0K0
, we have the complex · · · → µ0P2

⊗ηB
d̃2⊗1ηB−−−−→ µ0P1

⊗ηB
d̃1⊗1ηB−−−−→ 0̄. By Def-

inition 3.5, we have F−TorRn (µK0
, ηB) = Ker(d̃n+1 ⊗ 1ηB)/Im(d̃n+2 ⊗ 1ηB) =

F−TorRn+1(µA, ηB). Similarly, · · · → µ0P3

d̃3−→ µ0P2

d̃2−→ µ0K1
→ 0̄ is an L-fuzzy

projective resolution of µ0K1
, then

F−TorRn−1(µK1
, ηB) = Ker(d̃n+1 ⊗ 1ηB)/Im(d̃n+2 ⊗ 1ηB) = F−TorRn+1(µA, ηB).
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The remaining isomorphisms are obtained by iteration. �
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