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Abstract
We examine convergent representations for the sum of Bessel func-
tions
= Ju(na)J,(nb)
> e
n=1

for u, v > 0 and positive values of a¢ and b. Such representations enable
easy computation of the series in the limit a,b — 0+. Particular atten-
tion is given to logarithmic cases that occur both when a = b and a # b
for certain values of o, pr and v. The series when the first Bessel function
is replaced by the modified Bessel function K, (na) is also investigated,
as well as the series with two modified Bessel functions.
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1. Introduction We consider the sum!

na).J,(nb) o
noé

Suah) = A3 Ll L A= (1.1)

arb?’

where J,(z) is the Bessel function of the first kind and the multiplicative factor
A is added for convenience. It is supposed that the orders u, v > 0 and that
« is a real parameter. It will be further assumed that a and b are positive
real quantities. The sum converges absolutely for o« > 0, although when a # b
convergence (non-absolute) is assured when a > —1. Extension of the results
to complex u, v and « is straightforward.

Sums involving the product of m J-Bessel functions have been termed m-
dimensional Schlomilch-type series by Miller [4]. Series of the type in (1.1)

ITo avoid overburdening the notation we omit the parameter « in Syv(a,b).
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have been encountered in connection with the study of the electromagnetic
behaviour of cylindrical antennas in rectangular waveguides. When a = b,
the above sum has been investigated by Williamson [12] under the restriction
i+ v > «. This author employed Poisson’s summation formula to derive
a form suitable for computation when a is small. In the case v = % and
a = 7, it was possible to deduce the value of an infinite sum involving the 4F3
hypergeometric series. More recently, Dominici et al. [1] evaluated (1.1) in the
case @ — it —v = —2N, where N is a non-negative integer. These authors used
the representation of the J-Bessel function in terms of an integral involving
the Gegenbauer polynomial. The case of a sum involving a single J-Bessel
function has been considered in [10], and more recently in [§].

The numerical evaluation of (1.1) becomes difficult in the limit a,b — 0+ on
account of the resulting slow convergence of the series. In this paper we obtain
a representation of the above series by means of the Mellin transform approach
subject to no additional restrictions on the parameters «, p and v, other than
that of the above-mentioned condition on « for convergence of the series. This
approach as a means of dealing with slowly convergent sums was advocated
by Macfarlane [3] and is discussed, for example, in the book [7, Section 4.1.1].
We also consider the special case when o — p— v is a positive odd integer, both
when a = b and a # b, when logarithmic terms can appear. We conclude with
an investigation of the series when one of the J-Bessel functions is replaced
by a modified K-Bessel function, and also series involving two modified Bessel
functions.

2. The series S, ,(a,b) when a =b  We first discuss the sum in (1.1)
when a = b, where we write S, ,(a) = S, (a,a). Let us introduce the quantity

Vi=a—p—v;

positive odd integer values of ¢ will be seen to produce logarithmic terms in
the expansion of S, ,(a) and S, ,(a,b). Then we have

>, Ju(na)J,(na)

Sunln) = 2°(a)” o :2a<;a>’9§1f<na> (a>0), (21)
where
fr) = DD

From the elementary properties of the Bessel function it is seen that f(z) =
O(x7%) as z — 0+ and f(z) = O(z=*7!) as 2 — +oo. If we introduce the
Mellin transform of f(z) by

F(s):/ooot51f(t)dt:/oooWdt, Ai=a+1—s
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valid in the strip of analyticity ¥ < R(s) < a + 1, we have by the Mellin
inversion theorem (see, for example, [7, p. 80])

1 c+o001
f(z) = 2—/ F(s)x™%ds, v<c<a+l (2.2)
Tl Je—o0i

We observe that, from the convergence condition in (2.1), the right-hand
boundary of the strip of analyticity R(s) = o« + 1 > 1 and the left-hand
boundary is R(s) < . Then we obtain [7, p. 118]

204 1.\9 c+o01
Suv(a) = ;72;;) /Cim F(s)((s)a*ds, max{l,0} <c<a+1, (2.3)

where ((s) denotes the Riemann zeta function.
From [11, p. 403] we have

B TN (Sut+50+5—35))
PT(GA+5u—5v+35) T GAF s+ 50+ 5 ) D(EA+ 50 —50+3)

F(s) (2.4)

for p4+v+1>R(\) > 0. It is seen that these conditions correspond to the
strip of analyticity in (2.2). The integrand in (2.3) has simple poles at s = 1
resulting from ((s) and at

Sm =1 — 2m, m=20,1,2,... (2.5)

from the numerator Gamma function, except if ¢ is a positive odd integer
when the pole at s = 1 is double. There is also a sequence of simple poles
on the right of the integration path resulting from T'(\) at s = a + 1 + m,
m=0,1,2,....

We consider the integral taken round the rectangular contour with vertices
at ¢ 4T, —d £ 1T, where d = 2M — 1 — 1 > 0 so that the side parallel to
the imaginary axis passes midway between the poles at s = 9 — 2M + 2 and
s =1 — 2M. The contribution from the upper and lower sides s = o £ T,
—d <o < casT — oo can be estimated by use of the standard results

ID(0 +it)| ~ V27t 2e7 2™ (t = +00), (2.6)
which follows from Stirling’s formula for the gamma function, and [2, p. 25]
IC(o £ it)] = O(t" ) log’t)  (t — +00)

where fi(0) =0 (0 >1),5—20 (0<0<1),5—0 (0 <0)and =0 (o > 1),
1 (o <1). Then it follows that

I(
I'(

(p4v+1)—
(p4v+1)+

(a+1—0)+3it)

F(o£it)] = 0((;)3) P b

N =[N —=

N[N
|
®)
—
—
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as t — +o00. Hence the modulus of the integrand on these horizontal paths is
O(T¢log T) as T — oo, where £ = o + fi(0) — v — 3. Taking into account the
different forms of ji(0) and the fact that o > 0, we obtain the order estimate
O(T_% log T') so that the contribution from these paths vanishes as 7" — oc.

Displacement of the integration path over the pole at s = 1, where ((s)
has residue 1, and the first M poles of the sequence {s,,} we find (provided ¥
is not a positive odd integer)

M—1
Spola) = 27 () P + Y A0 2 Ry, (28)
m=0
where
4 - (=)™ F1+p+v+2m) (¥ —2m) (2.9)
"oml TA+p+m)TA+v+m) T+ p+v+m) '
and the remainder R, is given by
Ru = %/_d_m F(s)¢(s)a™ds = “ /_Ooa F(—d+it)C(—d +it) dt.
(2.10)
We use the functional relation [6, p. 603]
C(s) =2°7"1¢(1 = s)I'(1 — s) sin $7s, (2.11)

together with the fact that |((o +it)| < {(0) when ¢ > 1. Then

(27T)19—2M+1
IC(V—2M+1+it)] < - [C(2M —9—it)| |[D(2M —9—it)| cosh(57|¢])
< AR C2M—9) g(1), (212)

where

g(t) = W—%|I‘(M—119—%it)F(M+%—%ﬁ—%itﬂ cosh(3lt])

= O((GI)™M"72)  (t = +o0)
upon application of the duplication formula for the gamma function and use
of (2.6). From (2.7) we therefore have
|F(9—2M+ 14it)] = O((L[¢)?"2M"2) (¢t — +o0).

Then, since ((2M — ) = O(1) for large M, the modulus of the integrand in
(2.10) is O((|t]/2)~*"1) as t — +oo and the integral converges (o > 0) and is
independent of a. Consequently we find that |Ry/| = O((a/7)?™), and hence
Ry — 0as M — oo provided 0 < a < 7.
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We therefore see that the upper limit of the summation index on the right-
hand side of (2.8) can be replaced by oo provided 0 < a < .

2.1. Alternative form of the coefficients A,,

If we make use of (2.11) to express the coefficients A, in (2.9) in terms of a
zeta function of positive argument for large m, together with the duplication
formula for the gamma function, we find

4, = oS5 <”)ﬁ_2m_lA§n,
s 2

where

A = (3 +sp+sv+m)D(1+1p+iv+m)T(m+1—-19)r (m+1—%19)§(2m—|—1—19).

m!C(14+p+m) I (1+v+m)I(1+p+v+m)

This yields the expansion in the alternative form (provided ¢ is not a non-
negative integer)

2m

ZA’( ) , (2.13)

which was obtained in an equivalent form? in [12]. In this last reference the
condition p + v > « (that is, ¥ < 0) was imposed; this results in the infinite
sequence of poles s, in (2.5) lying entirely in $(s) < 0 so that the poles are
all simple.

Application of the well-known results ((2m + 1 —J) = O(1) and I'(a +
m)/T(b+ m) ~ ma? for large m shows that A, ~ m=*"! as m — oo. We
thus have confirmation that the sums in (2.14) and (2.13) converge (since
a > 0) for the wider domain 0 < a < m. It is conjectured that a more refined
treatment of the remainder integral Ry, in (2.10), which takes into account
the oscillatory nature of the integrand, would produce a more precise estimate
that included, in addition to the basic order term (a/m)*, a negative power
of M. This would yield Ry; — 0 as M — oo for 0 < a < 7.

Then we obtain the following result:

Theorem 1. Let ¥V =a—pu—v #0,1,2,... and a > 0. Then we have the
convergent expansion

19 1sm L9

Spola) = F(1) + 207! (37

S,(a) = F(1) + ioAm(;a)Qm, (2.14)

valid for 0 < a < m, where
. (1) D(@)D (bt vt 3 bo)
(ot sp—sv+3)T(Gatsutsv+3)T(3a+iv—su+3)
and the coefficients A, are defined in (2.9).

(2.15)

2In [12] the factor I'(r) was omitted in the expression for F'(1).
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2.2. The case when ¢ is a non-negative integer

We now consider the case when ¥ = N, where N = 0,1,2,... . If ¥ = 2N,
the infinite sequence of poles is s, = 2N — 2m. Then ((s,,) appearing in the
coefficients A,, in (2.9) vanishes for m > N + 1 on account of the trivial zeros
of {(s) at s = —2,—4,... . In this case the expression in (2.14) is modified by
the infinite sum being replaced by the sum with index 0 < m < N; see (2.17)
below.

When ¢ = 2N 41, we have s, = 2N +1 —2m. There is then a double pole
when m = N, since the pole at sy coincides with the pole of ((s) at s = 1.
Letting s = 1 + ¢, where € — 0, we find that the integrand in (2.3) (including
the multiplicative factor 2%(3a)?) is

(30)* Y C(1 + e)(ov — €)T(=N + Le)
2PN+ 14+p—2el’(N+14+v—3e)D(N+ 1+ p+v—3¢)’

where ['(=N + %¢) ~ 2¢ *(—)V/T(N + 1 — %¢). Making use of the results
C(1+e)=eHl+ey+0(H)}, D(z+€) =T(2){1 +ev(z) + O())},

where v = 0.55721 ... is the Euler-Mascheroni constant and (z) is the psi-
function, we obtain the expansion of the above integrand about the point s = 1
given by

()" (30)*"T ()

1
? e 2}
I(N +1+ DN+ 1+ 00N +1+ 4+ )N 62{ +eTn(a) +0(€)

where
Tn(a) =7 —log(3a) — (@) + 30(N + 1) + 30(N + 1 + p)
+3p(N+14v)+ 30N+ 1+ p+v). (2.16)
The residue at the double pole is therefore

(—)M(30)*"T(a) Ty (a)

2
IN+14+pwI(N+1+v)(N+1+p+v)NU

Hence we have the expansions:

Theorem 2. Let N be a non-negative integer and ¥ = o — j — v, with o > 0
Then we have the expansions for 0 < a < m

Suv(@) = F(1)+ 3 A (3a)™™ (2.17)

m=0
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when ¥ = 2N, and
(—)"(30)*"T(a) Yn(a)

2
(N+1+ )T (N+140)D(N+1+p+v)N!

Suw(a)= > An(la)™ + T
m=0

m;ZN

(2.18)

when ¥ = 2N + 1. The coefficients A, are defined in (2.9), and F(1) and
Tn(a) are given in (2.15) and (2.16).

3. The series S, ,(a,b) when a #b We now consider the case a # b
where, without loss of generality, we suppose a > b. Following the same
procedure described in Section 2, we have the function f(z) and its Mellin
transform F'(s) given by

oy BM) RO oy

xe ’ tA

The strip of analyticity of the Mellin transform is ¥ < R(s) < a+ 1, where we
recall that ¥ = o — p — v. From [11, p. 401]

(Ga)'T(Gu+ 50+ 5 — 3))

P = o T o G —Tw £+ 1y

prrv+1—X v—p+1-—X b2>

><2F1< 21_]_]/2 ag

(3.1)
fora >b>0and p+v+1 > R(A) > —1, where ,F; denotes the Gauss
hypergeometric function. We remark that when a = b the hypergeometric
function can be summed by Gauss’ theorem (see (A.1)) to yield the result in
(2.4) subject to the more restrictive condition R(\) > 0.

Then we have

S, (a,b) = A/Ccmﬁ(s)g(s)(;a)—s ds,  (max{l,9} <c<a+1) (3.2)

271 Je—ooi

where F(s) = (3a)*F(s). The poles of the integrand on the left of the integra-

tion path are as before, namely at s = 1 and s = s,,, where s,, is defined in
(2.5). Provided 9 # 1, 3,5, ... all these poles are simple.
With s = o £ it, we have from (2.6), (3.1) and (A.4)
N " ( ;(a—ﬁ)iéit,;(a—ﬁ)—uiéit;xﬂ

|F(o+it)| = O((At)7 =) LR 14w

1,\o—a—3 <]' + \/Y)Q—H_U b2
et O = 2 5 , = —
((2t> ) (\/y)u+§ X a?

The order estimate in ¢ is the same as that in (2.7) for the case a = b. Thus
the same arguments apply to justify the displacement of the integration path
to the left over the first M poles of the sequence {s,}.

(t = 0). (3.3)
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A difficulty presents itself with the remainder integral R, taken along the
rectilinear path ¢ = ¥ — 2M + 1. It has not been possible to extract the
factor® (1 + \/X)*" from the »Fy function for ¢t € (—o0,00), which is seen
to be present in the above asymptotic estimate. This would indicate that
Ry = O(((a+0b)/(27))*M) and hence that Ry — 0 as M — oo provided that
l<a+0b<2m.

The residue at the pole s = s,, is

B (50)*" _ ()™ —2m) —m,—m —
T(1+v)’ Bm_mlr(l+u—|—m)2Fl< 1+ v ,x>. (3.4)

The domain of convergence of the infinite sum of these residues can be deter-
mined by examining the large-m behaviour of the coefficients B,,. From (2.11)
and the properties of the gamma function we find, provided ¢ is not an even

integer,
—2m my= a—1 —m,—=m — i,
By, =O(m 2)2F1( 14 v 7X>
as m — oo. From (B.1), the above hypergeometric function possesses the
large-m behaviour O(m’”’%(l +/X)*™) when 0 < x < 1. Hence we find

B (3a)"™ = O(mal(?fm) (m — 00),

which shows (since a > 0) that the sum of the residues ¥,,50 Bn(3a)*™ con-
verges when 0 < a + b < 27 and ¥ is not an even integer.

Displacement of the integration path in (3.2) to the left over the poles at
s=1and s = s,,,, m > 0 then yields the following result:

Theorem 3. Let ¥ = o — pu — v be non-integer, a > b > 0 and o« > 0. Then
we have the convergent expansion

S,(a,b) = F(1) 1+V S B3 (3.5)
m—O
for 0 < a+ b < 27w, where
. 9— IF 1 _ 1 ptrv+l—a v—pt+l—a b2
TR I 2F1( R ;2>
2F(1+V)F(2M—§V+§ +1) I+v a

and the coefficients B, are given by (3.4).

3In the special case i = v, however, a quadratic transformation of the hypergeometric
function exists [6, (15.8.21)] where the extraction of the factor (14 ,/x)** is possible.
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In [1], the value of the parameter ¥ was taken as ¥ = —2N, N =0,1,2,...,
so that s, = —2N — 2m. In this case all the terms in the sum in (3.5) vanish,
except when k = m = 0. Noting that ((0) = —3, we obtain from (3.5)

(30)*"'T(N +3)

— 2
el ) = (i e L 3 2

N+§,N+§—u.b2>
1+v " a?

o

21+ )1 +v)’
valid for a > b and 0 < a + b < 27, where dyq is the Kronecker delta symbol.
This is equivalent to the result given in [1, Theorem 3.1], although there the
domain of validity was given as 0 < b < a < m. The result when o = p 4+ v
(0 = 0) was also considered by Miller [4, Eq. (3.5b)] who gave the domain of
validity as 0 < a + b < 27.

(9=—2N, N=0,1,2,...)

3.1. The case when ¥ is a non-negative integer

The treatment of the case of non-negative integer values of 9 follows a similar
procedure to that discussed in Section 2.2. When v = 2N, N = 0,1,2,...,
then s, = 2N —2m and the sum in (3.5) terminates with the summation index
m satisfying 0 < m < N.

When ¢ = 2N + 1, then s,, = 2N 4+ 1 — 2m and there is a double pole
at s = 1, where the pole sy coincides with the pole of ((s). With s = 1 + €,
where € — 0, the integrand in (3.2) (including the multiplicative factor A) is

(30)*" A+ T (=N +3¢) (—N + 36 =N —p+ge. bg)
2F(1—|—1/)F(N—|—1+u—%e)21 I+v " a?
(=N (Ga)* 1 ; 2
_ Sy S 0
T(1+ )TN + L+ g)N! 62{ *elnla) +0(e )}
—N+56, =N—p+3e, b2>
1 +V ’CL2 )

><2F1<

where K
Tn(a) =~ —log ta+ (N +1+p) + (N +1). (3.6)

The expansion of the hypergeometric function as € — 0 is discussed in
Appendix C. If we let x := b?/a® and define

Fm(u:X) ::2F1( 14+v N7X)7 (m:071727"')7 (37)

then from (C.6) it is found that

—N+36, —N—p+3e
2F1< ’ 1+v a ;X) :FN<,U/7X>_%€AN<X)+O(€2>.
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The quantity Ayx(x) is given by

s = S0 ()

r=1

(u)NJrlXN_'—l F< 1717]-_:u X> (3 8)
A+ )y N+ D)\ N+v4+2,N+2 '

where, from (C.3), the coefficients D,.(IN, ) are defined by

+

r—1 1 1
D, (N, pu) :=r!
Non) r,g)(N—k+N+u—k>

=r{Y(N+1) + YV(N+14+p) —p(N+1—71) = p(N+1+p—1)}. (3.9)
The residue at the double pole s = 1 is therefore given by

()" (3™

F'l+v)I'(N+1+ p)N!

{Ex@Fy(u0 - 3anto}

Then we have the following theorem.

Theorem 4. Let N =0,1,2,..., x =0%/a®> <1 and 0 < a+ b < 27. When
¥ =a— p— v is a non-negative integer the following expansions hold:

Sy (a,b) = F(1) + miy) > Bu(jo)™ (3.10)

when ¥ = 2N, and

()N (3™
FrA+v)I(N+1+p

Suv(a,b) = )N!{YN(@)FN(M,X)—éAN(X)}

1 - 1 _\2m
+m > Bn(3a) (3.11)

m=0
m#N

when ¥ = 2N + 1. The coefficients B,, and the quantities TN(CL), Fn(p,x)
and An(x) are defined in (3.4), (3.6), (3.7) and (3.8).

3.2. Two special cases

We present two cases of the expansion (3.11). When v = 1 (N = 0), we find
upon noting that the finite sum appearing in Ag(y) is zero, Fy(u, x) = 1 and
(1) = —~ the expansion

1

Spv(a,b) = T+ )1+ p)

{év —log a+ 39(1 + p)
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X L,L,1—p 1 e 1 \%m B
_%L+W3B( 2+%27X>}+ru+¢qg;3m@@ (ﬁ_i) |
3.12
When ¢ = 3 (N = 1), we find with Fy(p,x) =1+ (1 + p)x/(1 + v) that
_ (%a)2 1 . 1 1 (14 p)x
‘iWWﬁ)__FO+wMXZ+m{bO+W)1q§ﬂ+@¢@+“ﬂ@+'u+u)>
1 1 - 1 _\2m
—2A1(X)} R 2 B (3.13)
ma#1
where
A()_ﬂ2+un u(1+ p)x <LL1—M_>
1= (14+v) 2(1+I/)(2—|—V)32 3+1v,3 X))

When a = b (x = 1), use of the Gauss summation theorem (see (A.1))
shows that A,, = B,,,/T'(1 +v) (m # N). From the summations [9, p. 452]
I+v
S 1) - w(a+0) (t=2)
1L,1,1—p
B 10 ) = 2t @uty)
V400 Y3+ putv) — b2+
gy e )
v

it can be shown after some routine algebra that the expansions (3.12) and
(3.13) reduce to the result stated in (2.14) valid for x = 1.

4. Sums involving the modified Bessel functions In this section we
investigate two sums involving the modified Bessel functions K,(x) an I,(z).
Thus, we consider the sums

S(ap) = o AR gy = 9~ RalelOn) g
n=1 n=1

where again we suppose p, v > 0. In the first sum we require a > 0, b > 0 for
convergence with o unrestricted. In the second sum we require either a > b > 0
with o unrestricted, or a = b > 0 with a > 0, since K,,(an)I,(bn) ~ (2nv/ab)™*
exp [—(a — b)n] as n — oo. In both cases we shall continue to consider only
real values of a.
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We proceed in the same manner as in Sections 2 and 3. We have the Mellin
transform given by [6, (10.43.26)]

F(s):/oooWdt, A=1l+a~-s

tA
b”(%a))‘ F(%—%)\—f-%u—%M)F(%—%A-}-%V—i—%u) 1-Xtv—p 1-X4v+p b2
= ><2Fl( S 2 ;—>
2q1+V I'l+v) l+v a?
(4.2)
provided v — R(A) £ 4 > —1 and a > 0, b > 0. Then we obtain
1 ct+oot s
Sl(jl),(a, b) = o /cﬂm' F(s)¢(s)(3a)*ds (¢ >max{l,a — v+ u}), (4.3)

where F(s) = (3a)*F(s). The poles of the integrand are situated on the left-

hand side of the integration path at s =1 and at

+

s =a—v=Eu—2m, m=0,1,2... . (4.4)

Displacement of the integration path to the left over the poles (we omit
the details justifying this process) then yields the following result.

Theorem 5. Let a > 0, b > 0 and p,v > 0, with o real but unrestricted and

X = b?/a®. Then, provided the poles are all simple, the following expansion
holds for x > 0

S (a,b) = F(1) + 2’1?+ i ("Dl = m)Clsh) o (CL)Q,H

m!l(1 + v) 2
¥ (D= (2
Fo(—p, — 4.5
where
_ FGa TG = o+ dr—bol G- b+
F(1) =
2a1tv M(1+v)
l-atv—p l—atv+p
2 ) 2 .
><2F1< 1+ v ; X)-

The functions Fy,(+p, —x) are defined in (5.7) and the poles s are specified
in (4.4).

To determine the domain of convergence of the expansions in (4.5) we ex-
amine the large-m behaviour of the terms. Upon use of the functional relation
for (s) in (2.11), this behaviour is essentially controlled by

T = ()" == (2m) ""T(1 = s,) sin(3ms7,) (30)*" Frn (1, =)

m
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1

=05 () " B —x) (> 00), (46)

when a— v+ p is not an even integer. From the asymptotic behaviour derived
1

in (B.2), we have F,,(+u, —x) = O(m""2 (14 x)™) as m — oo, so that

(a® + )™

T = O(m™ 1) Gy

(m — 00).

Consequently, the expansion in (4.5) holds in the domain®
0<Vva?+b <21 (a>0). (4.7)

The treatment of S{)(a,b) is similar, since the Mellin transform

o K, (at)l, (bt

F(s):/ Mdt (@a>b>0)
0 tA

is given by (4.2) with the argument of the »F} function replaced by +b*/a?.

Consequently, we obtain the following expansion.

Theorem 6. Let a > b > 0 and p,v > 0, with o real but unrestricted (if
a>b)ora>0 (ifa=0>)and x = b*/a*>. Then, provided the poles are all
simple, the following expansion holds for 0 < y <1

S0 = P+ grey 35 T R (5)

0" S ()" (=p—m)

o mZ::o m!IT(1 + v) C(sm)Fm(—u,x)@)Qmw (4.8)
where
(1) = 260" TG yoct gyl oty o)
Qa1+ T(1+0)
l—otv—p l—a+tv+p
XQFl( ? 1_]_,/ ? §X>.

The functions F,,(&u,x) are defined in (3.7) and the poles sE are specified in
(4-4)-

Following the estimate T, in (4.6), the large-m behaviour of the terms in the
expansion in (4.8) is controlled by

—atv—1 a \*"
T =O0(m™ 2)<27T> Fo(£p, x).

4Tf o < 0 the domain of convergence is 0 < Va2 + b2 < 2.
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From the asymptotic behaviour in (B.1) we have F,, (4, x) = O(m™"2(1 +

VX)?") as m — co when 0 < y < 1, so that

a+b
27

T = O(m="") ( )2m (m — o).

Consequently the expansions in (4.8) hold in the domain
O<a+b<2r (a>0) (4.9)

with a similar reduced domain (0, 27) when a < 0; compare (4.7).

5. An example of S&,)j(a, b) when multiple poles are present The
expansions presented in (4.5) and (4.8) assume all the poles to be simple.
Double poles will arise when either (i) one of the poles in the sequences {s= }
coincides with the pole at s = 1 or (ii) when = N, N =0,1,2,... . In this
last case the poles {s} } are simple for 0 < m < N — 1, with double poles for
m > N. If u = N and a double pole from the sequences {st} with m > N
coincides with s = 1, then there will be a treble pole.

We do not deal with all the cases that can arise here, although the procedure
is the routine, albeit laborious, evaluation of residues of the integrand of the
appropriate integral. As an illustrative example, we consider the sum S ;}; (a,b)
in the case p = 2 and o — v = 3. This corresponds to the poles s} =5 —2m
and s, = 1 — 2m; the poles at s = 3,5 are simple, that at s = 1 is a treble
pole with those at s = —1, —3, ... being double poles.

The residue of the integrand in (4.3) at the double poles s = —2m + 1,
m = 1,2,... are evaluated in a similar manner to that described in Section
2.2. With s = —2m + 1 + ¢, where € — 0, these are given by the coefficient of
e ! in the expansion of

(30)*(30)” ( a )27”‘6 (=)"C(2m — )T (2m — €)

2% %) (&
I'14+v) \4r 2T (m+1—3€e)'(m+3—1ie¢)

_m—i-%e, —m—2+%e_ —X)

><2F1< 1+ v ;

From (C.6), the expansion of the hypergeometric function has the form

—m+ie, —m—2+1i¢
2F1< 2 2

. — 1 2
TS ) = Fa(2, 20 — el + O()

where F,,(2,—x) is given in (3.7) and, from (3.8) when p = 2,

A0 =3 (M) (") 22

r=1 r r (1+V)T‘
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(=x)™ ! (m + 2)! X
(14+v)mer(m+ 1){ * (m+2)(m—|—u+2)}

with the coefficients D,.(m,2) defined by (??). This produces the residues of
the double poles given by

2(30)*(30)" (=)"¢(2m)T'(2m) (CL
r'l+v) ml(m + 2)! Am

) {hn@Fa2, 0~ 200} G0

where

hm(a) = %Qﬂ(m + 1) + %¢(m + 3) - ¢(2m) - 2/((22;;; —log (421’)

The residue at the treble pole at s = 1 is obtained as the coefficient of ¢~2
in the expansion of

(50)%(50)" (a/2)°C(1+ €)T*(1 + Je) le,—2+1e
I'l+v) e2(1— 2€)(2 — 1¢) 2F1( 1+v _X)

Upon use of the result ((1 +¢€) = e {1 + ey — €®y1 + O(€*)}, where ; =
—0.0728158. .. is the first Stieltjes coefficient, and

fe —2+1 5€. ) 1 1 X 1 1 X
F x) = 14se(2—2 Ze(2—
21( Ly X)) = HgeRmge o N1+y)

4e?y3 3-1y (3)2(1)2x
_ﬂ+wh${1(4+m T yb()

€X X 1 3
:1+1+1/<1+2(2+1/))_4 GO0 +O(€),

2

O
i

where

X X 23 1,1,3
G = <]_ ) F( T y >a
) 1+v +2(2+1/) +3(1—|—1/)33 Na+p,4 X
the residue at s = 1 is found to be

(30)(30)" (r 3 r?
L2 L At Dy —— ] 1 = —
4F(1+1/) ’y M1 5 og 2a+ og a—l—

R, —
! 8 12

+1?;(L+miﬁy0<i_k%§é>_;GOO}(Sm

Evaluating the terms corresponding to m = 0,1 in the first sum in (3.3),
we finally obtain from (5.1) and (5.2) the expansion

o = G (5T}
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2(30)*(50)" & (=)"¢(2m)T(2m) [ a " 1
* r(1+u m{:l ml(m + 2)! (47r> {hm<a)Fm(2’_X)_2Am<_X)}
(5.3)

valid when p = 2, o — v = 3 and subject to the condition (4.7).

6. Concluding remarks All the expansions presented have been verified
numerically with the aid of Mathematica. In particular, the large-m behaviour
of the terms in the various expansions was examined to verify the domains of
convergence given in Theorem 3, (4.7) and (4.9). In the computation of the
expansion in (5.3) the term ¢'(2m)/{(2m) was computed using the command
Zeta'[s]/Zetals]; alternatively, the result [6, (25.2.6)]

¢'(2m) 1 Klogk
Com) ~ Cm) &

(m=1,2,...)

may be employed.

The expansions of the alternating versions of the sums considered in this
paper can be deduced from the results of Sections 2-4. For the first sum we
have

Su,,ab AZ

where we recall that A = 2 /(a"b”) and ¥ = a — p — v. For the alternating
sums involving modified Bessel functions

an)J,(bn)

nOé

= S,,(a,b) —2'7"S, ,(2a, 2b),

i) = Sy R, 5 = 3 oy e,

we have similarly
&(k o k 1—a ok _
S®(a,b) = S¥)(a,b) — 2'7*SH) (2a,20)  (k=1,2).

It can be verified that the contribution from the pole of ((s) at s = 1 is
absent in the expansion of these alternating sums. This is also evident from
the integral representations for the alternating sums which take the form

[T RGO - 2 (o) s,

271 Je—ooi

where F(s) is the appropriate Mellin transform. The factor (1 — 217%)((s)
appearing in the above integrand is regular at s = 1.

Appendix A: The asymptotic behaviour of a Gauss hypergeomet-
ric function Consider the Gauss hypergeometric function

A4\, B+
N

Foo=2h( "G (A= +20),
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where 0 < y < 1. The finite parameters (see Section 3) are A = (o — V),
B=A—pu C=1+vand® \ = %t, with ¢ < a+ 1. It is easily verified
that C — A— B > 0and C — B > 0. When y = 1, we have from the Gauss
summation theorem

[(e)l'(c—a—10)

2F1( a,cb; 1) = T(e—aT(c—1) (R(c—a—10b) > 0) (A1)

and (2.6) the result
D(C)D(C—A—B—2i)\)

F) = ['(C—A—iNI(C—B—i\)
I'(C) yo—a—p —C+3 . mC i
~ 57 2T exp[ 2i\log 2+ 4] (A= +00).  (A2)

When 0 < x < 1, we first employ Euler’s transformation [6, (15.8.1)] to
yield

C—A—i\, C—B—i\ )

F) = (1= ) Ay . X (A3)

Then, since C'— B > 0 we have the integral representation [6, (15.6.2)]

C'—A—i)\,C—B—i) L(C)T(1—B—iX) [0 o
F ) : = iAY(7)
? 1( C ’X> 2mil (C—B—i\) /0 hr)e ar,

where

711 — T)C’—B—l

(1—x7)4 ’ () =log ((1 - T)(Tl - XT)>'

h(r) =

The integration path is a loop that starts at 7 = 0, encircles the point 7 = 1 in
the positive sense (excluding the point 7 = 1/x) and terminates at 7 = 0. The
T-plane is cut along (—oo, 1] and from the point 1/x to infinity in a suitable
direction.

Stationary points of the phase function ¥ (7) occur when ¢'(7) = 0; that is,
at the points 7 = +1/,/X. The integration path can be deformed to pass over
the point 7, = 1/,/x in a direction that is locally perpendicular to the real
T-axis. Applying the stationary phase method, where we note that " (75) =
2x3?/(1 - /X)* > 0 and make the substitution T — 7, = iu, we have [5, p. 97]

1

1 / e gy o 1) i / e gy,
211 Jo 2 -

™

5The parameter A in Appendix A is not to be confused with that appearing in Sections
2-4.
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_ h(7s) e—i)\w(Ts)+7Ti/4< 2m )1/2
2m A" (7)

as A — +oo.
Since

—C/2

vl = =2ogl = VR). (%)= o

we obtain from (A.3) after some straightforward algebra the estimate

DOPA=B=id) Ly [7 (L4 yR)CA 520

PO~ e A e
L(C) —ers T+ y)F { , miC i
NG A (\/X)CJF% exp [—2iAlog(1 + /X) + 5 1 (A.4)

for 0 < y <1and A — +o0.
We remark that if we let x = 1 in (A.4) then the large-\ estimate for
F(X)x—1 agrees with that in (A.2).

Appendix B: The asymptotic behaviour of F,,(+u,x) as m — o
We consider the asymptotic behaviour for integer m — oo of the hypergeo-
metric functions F,,(£u, x) when (i) 0 < x < 1 and (ii) x < 0. Application of
the transformation [6, (15.6.2)] shows that

_ L (—m,—mFpu mip o (LHVEM —mFL X >
F,.(£ =,F : = (1— HyF s —— .
() =B (T T ) = s (T

Then, from the expansion given in [6, (15.12.5)] in terms of the modified Bessel
function we obtain, as m — oo,

I+v+m, —m=F X r1+v) , ‘ N
2F1( 1+v N; Y — 1) ~ 2X(1+u)/2(1_><)(2Jr R \/m;) L,(p¢)

r'(1+v) vt (1- X)(1+u¢u)/2 (1 + ﬂ)"

N N BT
where
1 2
p=m+3(1+v+p), C:10g< +\/%>, sinhgzﬂ.
- VX -
Hence it follows that
I'l1+v (1 + X)Qm—i—l—‘,—u:l:u
Fo (£, x) ~ 1+) VX (O<x<1) (B.1)

1 1 1
2\/mm? s X2Vt
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as m — 00.
For the hypergeometric function with negative argument we have [6, (18.5.8)]

m+v —m, —mF ) m (V:I:)<1_X>
F — 1 P s M _
( m )2 1( 1+l/ X ( +X) m ]-+X )

where P{*%)(z) is the Jacobi polynomial. We observe that for —y € (0, —00)
the argument (1 —x)/(1+ x) € (—1,1). From [6, (18.15.6)], we then have the
large-m behaviour in terms of the Bessel function

1
p(l/i#)(l_x) -~ m” 02 J(PQ) cos ) — 1 —x
"o NL+x/ 2sp <sm 0)"+3 (cos 10)*H 3 L4 x
1 1 1+vtp)/
~ d+ Xi 1 cos [2pg — %7”/ — iﬂ, ¢ = arctan \/x.
V7T Xz +1

Hence we obtain the estimate
F(l + V) (1 + X)er%(lJruiu)

Fm(i,ua _X) ~ ﬁmqu% X%lﬂri

cos [2p¢ — smv — 1] (x >0)
(B.2)

as m — oQ.

Appendix C: The small-¢ expansion of yF}(—N+€, — N—pu+e; 1+ v; x)
Let N=0,1,2,..., u,v > 0,0 < x < 1 and € be a parameter such that ¢ — 0.
Then, using the fact that (=N + €)yi, = (=N + €)n(1 + €)1 for r > 1, we
have

—N+¢,—N— u+e ) —N +¢€),.(— N—/H—e)r
F =1 "
2 1( 14w +Z (1 +0)r X

o~ (=N —p+ v+ €)1y
N "
FCEN I Y

We first consider the finite sum and write

N+€ ( N_/J’+€)T r
81—1+Z (14 v),r X

From the expansion

(C.1)

(B+e)s = (O){ L+e((B+) - p(8) +O()} = (8 {1+ez+o )

with g put equal to —N and —N — g in turn, we obtain

81 = 1—|—Z N) T;Uz>rX {1 GW‘FO(EQ)}
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Wt X) —ez( )T o, e

where Fy(p, x) is defined in (3.7) and

=l 1 1
D, (N, pu) :=r!
(N, 1) Tl;)(N—k+N+u—k>

= {O(N+1) + (N +14p) — p(N+1=7) — p(N+14p—7)}.  (C.3)

If we denote the infinite sum in (C.1) by Sy then use of the identity
(B)Nsrt1 = (B)n+1(B + N + 1), shows that

N —p+ Nl 61y,
— (1 4+ v)Nyr(N +1)!

0 i ¥ 0

= 6(_N)NE_N_'“)N 1 AV (1 —p)r! r 2

B (1‘i‘7/N+1(N+1);L Z(c+N+1) (N +2), X"+ O(€)
— e (1) nx™ 1,1,1 —p ,

N (1+V)N+1(N+1)3F2(N—|—1/+2 N+2ax)+0(e ), (C4)

where the sum has been expressed as a 3F35 hypergeometric function.
From (C.2) and (C.4) we finally obtain the desired expansion

—N+e€,—N—p+e
(TSN = Bl - eAx(0 40, (C)
where
N
A = ———=X
0= ) T
(1) n XM ( L1,1—p )
A+ )N+ D 2N N2, N 427X
(C.6)
We remark that when p = 0 the second expression in Ay () vanishes and that
when p=1,2,... the 3F5(x) function terminates.
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