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DESCRIPTION
Linear transformations form a fundamental in the study of 
linear algebra providing an association between abstract 
mathematical structures and practical applications. A linear 
transformation in essence is a function between two vector 
spaces that preserves the operations of vector addition and scalar 
multiplication. These transformations play an important role in 
mathematics, physics, computer science and engineering as they 
facilitate the representation and manipulation of complex 
systems in a structured and predictable manner.

Definition and properties

Mathematically a linear transformation T from a vector space V 
to a vector space W over the same field is a function T: V→W 
that satisfies two need properties for all vectors u, v ∈ V and any
scalar c:
Additivity: T(u+v) =T(u)+T(v)

Homogeneity of degree 1: T(cu)=cT(u)

These properties ensure that the structure of the vector space is 
preserved under the transformation. In simpler terms a linear 
transformation respects the geometric and algebraic properties of 
vectors making it a fundamental tool for analysing and 
simplifying complex systems.

Representation: Linear transformations can often be 
represented using matrices. If V and W are finite-dimensional 
vector spaces and bases are chosen for both spaces the linear 
transformation T can be represented as a matrix A such that 
T(x)=Ax, where x is the coordinate vector of a vector in V. This 
matrix representation provides a concrete way to compute and 
analyse transformations especially in applied contexts.

Examples of linear transformations

Common examples of linear transformations include:

Scaling: Multiplying all components of a vector by a constant.

Rotation: Changing the direction of vectors in a space while 
preserving their magnitudes.

Reflection: Flipping vectors across a subspace such as reflecting 
across a line in two dimensions.

Projections: Mapping vectors onto a subspace while reducing 
their dimensionality.

Each of these transformations can be represented by specific 
matrices and their properties can be studied in detail using the 
tools of linear algebra.

Kernel and image

Two important concepts associated with linear transformations 
are the kernel and the image. The kernel of a linear 
transformation T denoted ker (T) is the set of all vectors in V 
that are mapped to the zero vector in W:

ker(T)={v∈V∣T(v)=0}

The image of T denoted Im(T) is the set of all vectors in W that 
can be expressed as T(v) for some v∈V:

Im(T)={T(v)∣v∈V}

The dimensions of these subspaces are related by the rank-nullity 
theorem which states:

dim(V)=dim(ker(T)) +dim(Im(T))

This theorem highlights the relationship between the 
dimensions of the vector spaces involved in the transformation.

Composition and inverses

Linear transformations can be composed meaning if T1: V→W 
and T2: W→U are linear transformations their composition
T2∘T1:V→UT is also a linear transformation. Additionally, if a
linear transformation T:V→W is bijective it has an inverse 
transformation T−1: W→V, which is also linear.
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differential equations they provide a framework for 
understanding linear systems making them invaluable across 
disciplines.

Linear transformations provide a potential framework for 
understanding and manipulating vector spaces. Their ability to 
preserve the structure of these spaces makes them need in both 
theoretical and applied mathematics. By abstracting the concept 
of change within a linear system they offer a unifying language 
for solving problems across a broad spectrum of disciplines from 
pure mathematics to advanced technology.
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Applications of linear transformations

Linear transformations are ubiquitous in mathematics and its 
applications. In computer graphics they are used to rotate, scale 
and project objects onto a screen. In engineering they model 
systems controlled by linear equations. In data science 
dimensionality reduction techniques such as Principal 
Component Analysis (PCA) rely on linear transformations to 
simplify datasets while preserving need features.

Linear transformations also appear in quantum mechanics 
where they describe state changes in quantum systems. In
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