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Abstract

In this paper a generalized Sobolev-Morrey spaces W;l?,go, P (GQ) is in-
troduced. With the help of Sobolev integral representation is obtained

embedding theorems.
Mathematics Subject Classification: 46E35, 46E30, 26D15

Keywords: generalized Sobolev-Morrey spaces, integral representation,
embedding theorems, generalized Holder condition

1 Introduction and Preliminary Notes

In the paper, we introduce a space with Sobolev-Morrey type parameters de-
noted by Wé%ﬁ (G). The space Wé’% 5 (G) under consideration consists of the
set of locally summable on G functions f having on G the generalized deriva-
tives D' f (I; > 0 are entire, i = 1,2,...,n) with the finite norm

l;
13, 5@ = Wi+ D NPE (1)
where
=B
17l = Ml puicr = 52 (I (02 W) - @)
t>0

for any x € R",

Gowy () =GN Iyp () =GN {y Dy — gl < e (t), §=1,2, n}
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p € [1,00), ©(t) = (1 (t),..son (t)), v (t) > 0 (t>0) by Lebesgue mea-
surableJim, () = 0. i, 0) = oo (4017 = 11 (65 (40) . 1 =
min{1,¢}, B; € [0,1], j = 1,2,...,n. Denote the set of such vectors by N.

Let for any ¢ > 0 |¢ ([t]1)| < C, where C' is some positive constant. Then
the embeddings Ly, 5 (G) = L, (G) and W}, 5 (G) — W, (G) hold, i.e.

1fllpe < Cllfllepar 1 fllwie < ClElwe -

Note that the spaces Ly 3 (G) and W, , 5 (G) are Banach spaces. The com-
pleteness of these spaces automatically implies from completeness of L, and
W;. The space W, 5 (G), when ¢; (t) = t9, 3; = % (j=1,...,n) coin-

cides with the space W}, (G) introduced by V.P. Il'yin [9], in the case
B; =0(j =1,...,n) it coincides with the Sobolev space Wlﬁ (G). The spaces of
such type with different norms were introduced and studied in [2]-[8] and [10],

11].

Definition 1.1 The open set G C R" is said to be an open set with condi-
tion of flexible o-horn if for some 6 € (0,1]", T € (0,00) for any x € G there
exists the vector-function

p(gp(t),x) = (101 (901 (t)7x)""7pn<90n(t)vx))v OStST

with the following properties:
1) forall j =1,2,...,n, p(p;(t),z) is absolutely continuous on
0,77, | (¢ (t),2)| <1 for almost all t € [0,T],
2) pi(0,2) =0, 24+ U [p(p),2)+¢ ()0 CG.

0<t<T

In particular, ¢ (t) = t*, (¢* = (¢, %, ..., t*)) is the set V and =+ V will
be said to be a set of flexible A\-horn introduced in [1].

Assuming that ¢; (t) (j = 1,2,...,n) are also differentiable on [0, T'], we can
show that for f € W/ (G) determined in n- dimensional domains, satisfying
the condition of flexible w-horn, it holds the following integral representation

(VzeU C Q)

D0 =1+ X [ 10 (s P 0.0
=17 gn
D4 (a4 ) T (o5 ()5 2D gy, 3)

1 i (t)
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f(” _ \V\H (0, (T f (& + ) Q(y)( y P(Z(T),x)> dy. ()

Rn

Let My (-, y,2) € C§° (R™) be such that

1 .
S (M) C Iyry = {y syl < 5% (1), j= 1,2,...,n}.

Assume that for any 0 < 7' <1 (7} is a fixed number)

v=UJ {y:%GS(M)}.

0<t<T

It is clear that V' C I, ) and suppose that U +V C G.

Lemma 1.2 [et 1 < p < g<r <oo; 0<n,t<T < 1, v
(11,v9, ..., ), v; > 0 be entire, j =1,2,...,n; ® € L, , 53 (G)

- / J (ﬂt)’ p(fo(;t))’@’”' (e .2)) x

0 Rn

- vyt 21(1)
(z+y R (5)

Jr:[l @i (1)

pleo(t), =)
A’L
o // <90t o (1) (e (1), 7))
0 Rr
- N " (t

X (z+y) H (p; (t))lrv]—l @i ( )dtdy (6)

i=1 i (t)

and let .
z n i (1—Bp) (11 90; t
@ = [T tesp 0760 2l < o, ™
j=1 i (t)
0
Then for any T € U the following inequalities are true
% 5]5

?GIBHAWHQUW) <G H(I)HP@BG‘Q ‘H (v;([€ ; (8)
W (|45, 0 < O 1Bl 1 Qe T 15 (9)

T s

where Uy (T) = {IE Dy =T < 3¢ (6),5=1,2, ,n} andp € N, Cy, Cy
are the constants independent of p, &, n and T'.
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Proof. Applying sequentially the Minkowsky generalized inequality for

any T € U

i n
i lj—vj—1 80; (t)
140, o ) < / \IF(.,t>\!q,U¢(§)(z)1Il<goj ()7t 2, (10)
0 J=

where

[ le@im) N
P = [ar( A 2800 o) o rna .

R’VL
From the Holder inequality (¢ < r) we have
- 11
1 GOl 0 < I GO o T (0 (€)7F (12
j=1

Now estimate the norm [|F (-, )], Upio@ et X be a characteristic func-

tion of the set S (M) = supp M. Noting that 1 < p <r < oo, s < r, represent

the integrand function (11) in the form

(M®| = (|B [M]*) (|7 X)s ™ (|M])

1_1
s T

1 1 1 1 1
and apply for |F| the Holder inequality <— + <— — —) + ( ) = 1> , we
r p T s T

obtain

| fre-on (G et e)

e

X sup / |® (z+y)[Pdx | X

yeVv _
Uye)(@)

(b (gt .0
For any z € U Wenhave

/@mym(@i@)dys [ ewras

dy | . (13)

(U+V) ) (®@)
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< / ()P dy < @I e [T (25 (1) (14).
Gy (@) 7=l

Fory eV

/\¢><m+y>|pdx§ / B () dr < || WH (0; (€)Y (15)

Uy(e) (@) Gy &) (@+y)

/‘M (gp?t),p(i((tz),x)’p, . (t),x)> o

From inequalities (13)-(16) it follows that

Iml,-Tles . G9)

1 o)l oy < 1M1, - 191 s ¥
n n ﬁjp

x [T s (1)* (5 =7) T s e : (17)
7=1 Jj=1

Inequalities (10), (12) and (17) for (r = ¢) and for any T € U reduce to the
estimation

”A;H?"va@)(E) =G ||CI)||I7790»5;G |Q:z‘ H (¥ ([5]1))/5}% (Qiz < OO) : (18)

J=1

In the case @}, » < 0o inequality (9) is proved in the same way.
From inequalities (17) and (18) for (r = q) we get the inequality (Vz € U)

D
SUD 1 1) < O 1@l H (4 ([€10))" 7

7=1

SUP” 77HqUw(5)(z) = 3||(I)||p<pﬁG H (¥ (€ ))ng‘

7=1

From last inequalities it follows that

1E g 000 < CLI®l, g p:6 (19)

”AZ H < Cl ”q)Hp »,8;G - (20)

0,810 —
(1 and CY are the constants independent of ®.
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2 Main Results

Prove two theorems on the properties of the functions from the space Wzﬂy% 5 (G).

Theorem 2.1 Let G C R" satisfy the condition of flexible p-horn, 1 <
p < q < o0, v = (v1,v,.,1), v; > 0 be entire j = 1,2,...,n, Qf < o0

(1=1,2,...,n) and let f € W} _ 5(G). Then the following embeddings hold

D" W, 5(G) = Lyypr (G) and D" : W}, 5 (G) = Wiy 5 (G),

q,

r.e. for f € WA%B (G) there exists a generalized derivative D¥f and the
following inequalities are true

HDVqu,G S Cl (Bl (T) HFHqﬂ/),IB;G + Z ’Q%| ||Dilf ‘p,g&,ﬁ;G) ) (21)
=1

||DVquq/;ﬁlG’§02 ||fHWl 5(G) p < q < oo, (22)
and if
T n
1_1 t
:/H YT =8p) (5-3) -4 %Et;dt<oo,
J i
then
v ) l;
1 Py < (32 )1l pme+ 32 100D \ﬁ> 2
i=1
19" Fls e < sy P <0< o0 (24)
In particular, if
T /
. 1 (Tt
/H bovma-my S0 gy (25)
) @i (1)
o J

then D f (z) is continuous on G, i.e.

zeG

‘zw,ﬁ;G) (26)

0 <T <min{l,Tp}, T is a fired number; Cy, Cy, Cs, Cy are the constants
independent of f, Cy and Cs are independent also on T.

sup [ D" f ()| < Cy <31 (T llp g . + Z Qx| | D5 f
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Proof. At first note that in the conditions of our theorem there exists a
generalized derivative D" f on (G. Indeed, from the condition Q% < oo for
all (1 =1,2,...,n) it follows that for f € W} _ ;(G) — W} (G), there exists
D'f € L,(G) and for it integral representation (3) and (4) with the same
kernels is valid.

Based around the Minkowsky inequality, from identities (3) and (4) we get

1Dl < |

O DI (21)

By means of inequality (17) for U = G, ® = f we get

—vj—(1-5; b
’fgo(:r H —||f||p4pﬁGH @; (T =) H Wa <
? ]:1
< CLB(T) 1 f 11,506 - (28)
and from inequality (8) forn =T, U = G, ® = D" f we get
l g
HA HqG < CQ‘QT‘ HD |p,<p,ﬂ;G ' (29)

Substituting (28) and (29) in (27), we get inequality (21). By means of
inequalities (19) and (20) for n = T we get inequality (22).

In identities (3) and (4) instead of v; we take v; 4 I; (I > 0 are entire,
j=1,2,...,n) for U = G and inequalities (23) and (24) are proved in the same
way.

Now let conditions (25) be satisfied, then based around identities (3), (4),
from inequality (27) we get

n
HD”f B f“il&)Hoo,G . C; ‘QH HDilf |p,s0,ﬂ;G'
i—
As T — 0, the left side of this inequality tends to zero, since f;l(':)r) (x) is
continuous on G and the convergence on Lo, (G) coincides with the uniform
convergence. Then the limit function D” f is continuous on G.
Theorem 1 is proved.
Let v be an n-dimensional vector.

Theorem 2.2 Let all the conditions of theorem 1 be fulfilled. Then for
QF < oo (i=1,2,....,n) the derivative D” f satisfies on G the Holder general-
1zed condition, i.e. the following inequality is valid:

1A (G D fllye < Clliflwe e - 17 (] T (30)

where C'is a constant independent of f, |v| and T.



306 Alik M. Najafov

Proof. According to lemma 8.6 from [1] there exists a domain
Go CGw=C(r(z),(>0r(z)=p(,0G), € Q)

and assume that |y| < w, then for any x € G, the segment connecting the
points x,x + ~ is contained in G. Consequently, for all the points of this
segment, identies (3), (4) with the same kernels are valid. After same trans-
formations, from (3) and (4) we get

A (3, G) DY f ()] < T (s (1)) 777 %

=1

<[ 11w (Lo LED)

(1) ¢(T)

o0 (s ) ' W

n 1]
ST fustse et o
1= 0 RTL

(v) p(gp(T),:Ij‘) / x
1 (ot Mo e 0-0)

+/T/!D?f(x+y)\><

P
x (o5 ()5 2D g

1 i (1)

J

n

S e (t)
. (v) ) 1Y (30 (t> ,ZL’) / T . ) lj—vj—1 L(t) —
1 (5 P o 0.0) Tty 0) " (t)dydt}
=FE(z,7)+ Z (Efﬂ (x,v) + ErﬂTT (I,’Y)) , (31)

where 0 < T < {1,7T,} we also assume that |y| < 7. Consequently, |y| <
min (w,T). If x € G\ G, then by definition

A(y,G) D" f (x) = 0.
Based around (31) we have

1A (@) D" fllye < 1ECN)ga, +
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+ 32 (1B M+ 1B ) 2
n 1yl
B @) <[ @) [dox
< [ 17 e+ i (A HEEL Y gy e
where e, = —.
7]
Similarly we get
M, ,
By < [ TL0o 0072 Z000ar [ 100f ot e )|
o J=1 Rn
T Y p(@(t>7x) / T
|oin (5 2D o 0),) ) | (34

Taking into account {e,+G,, C G, based around the generalized Minkowsky
inequality, from inequality (31) and from inequality (17) for U = G, f = @,
M = Q™) we have

”E('77)||q,Gw S Cl |7| ||f||p,<p,,8;G (35)

By means of inequality (8), for U = G, D“f = &, M = LEV), n = |y| we
get

101 G, 6, < Co|QUITNDE S, 5 (36)

ad by means of inequality (9) for U = G, Dif =&, M = L§”), n = |y| we get
1B 2 G, < Co | 1D 1], 4 (37).

From inequalities (32) and (35)-(37) we get the required inequality.
Now suppose that |y| > min (w,T). Then

1A (7, G) D" fllya < 2[D" fllye < C W) D" fllyq 1R (7] 0 T)I -
Estimating for [[D”f||, ; by means of inequality (21), in this case we get

estimation (30).
Theorem 2 is proved.
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