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Abstract
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1 Introduction

In the following, D denotes the space of infinitely differentiable functions with
compact support and D" denotes the space of distributions defined on D.

The convolution of certain pairs of distributions in D’ is usually defined as
follows, see for example Gel'fand and Shilov [5].

Definition 1.1 Let f and g be distributions in D’ satisfying either of the fol-
lowing conditions:
(a) either f or g has bounded support,
(b) the supports of f and g are bounded on the same side.
Then the convolution f * g is defined by the equation

((f * 9)(x), p(x)) = (g(x), (f (1), p(z +1)))
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for arbitrary test function @ in D.

The classical definition of the convolution is as follows:

Definition 1.2 If f and g are locally summable functions then the convolution
f * g is defined by

(f*xg)(x / f(t)g(x —t)dt = / flz—1t)g(t)dt

for all x for which the integrals exist.

Note that if f and ¢ are locally summable functions satisfying either of the
conditions (a) or (b) in Definition 1.1, then Definition 1.1 is in agreement with
Definition 1.2.

Definition 1.1 is rather restrictive and so a neutrix convolution was introduced
in [2]. In order to define the neutrix convolution, we first of all let 7 be the function
in D, see Jones [6], satisfying the following conditions:

(i) () =7(=2),

(ii) 0<ﬂ)<1

(iv) /T( ) — 0, Jz] Ei L.

The function 7,, is now defined by
1, lz] <mn,
To(z) =< 7(n"z —n"), z>n,
T(n"x +n"th), x < —n,
Definition 1.3 Let f and g be distributions in D' and let f, = fr, for n =

1,2,.... Then the neutriz convolution f ® g is defined to be the neutriz limit of the
sequence { fn * g}, provided the limit h exists in the sense that

for all ¢ in D, where N is the neutriz, see van der Corput [1], having domain
N' ={1,2,...,n,...} and range the real numbers with negligible functions finite
linear sums of the functions

n*In"'n, In"n A>0,r=1,2,..)

and all functions which converge to zero as n tends to infinity.

Note that the convolution f,, * g in this definition is in the sense of Definition
1.2, the support of f,, being bounded. Note also that the neutrix convolution in
this definition, is in general non-commutative.

It was proved in [2] that if the convolution f * g exists by Definition 1.1, then
the neutrix convolution f ® g exists and

fxg=f®yg,

showing that Definition 1.3 is a generalization of Definition 1.1.
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2 Main Results

We now prove

Theorem 2.1
~(r () (1 + 2y
1 81 1 T — _1 s 'l{
ey ens = 32 () { TR
i H(l’) _l_l,+]r+s+1 — [H(ZL’) +x+]l} (1)
(r+s—i+1)?2
forr,s=0,1,2,..., where H(z) denotes Heaviside’s function.
Proof. When z < 0, it is clear that
(1+2)'In(l14+2zy)*2" = 0. (2)
When x > 0, we have on putting u =1-+1
(I+2)'In(l4+zy)*xa” = / (1+¢)°In(1+t)(x—1t)"dt
1+x0
:/ u'Inu(l+ 2z —u)" du
1
" r . [t .
= Z <Z> (1+ x)l(—l)r_l/ u T Inudu
=0 1
(T (_1)T_Z-{ (1+ )" In(1 + z)
=\ r4+s—i+1
B (1 + l.)r+s+1 _ (1 + ZL’)Z} (3)
(r+s—i+1)2
and equation (1) follows from equations (2) and (3).
Corollary 2.2
~(r (=)™ In(l +x_)
1 _ Sl 1 _ _7‘ — _1 T Z{
[H(=2) et — [H(—2) + x_]l} )
(r+s—i+1)2

forr,s=0,1,2,....

Proof. Equation (4) follows from equation (1) on replacing x by —z.
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Theorem 2.3
L\ <= (s e T ( 4+ 2)" I (1 + 2y
5] 1 T —1) J+r z[
_[H(:l?) +$+]T+j+1 — [H(z) +x+]i] (5>
(r+j—i+4+1)?
forr,s =0,1,2,....
Proof. When x < 0, it is clear that
rIn(l+z)xx,” = 0. (6)

When z > 0, we have on putting u =141

P try)sn. = /tsln(1+t)(x—t)’"dt
0

z+1
/ (u—1Inu(l+z—u) du

S (T ()evrasa [ mua

1=0 7=0
BN <) 3 <) R (LR idid (R
= \i) =\ r+j—i+1
(1+ )T+ — (1 4 )

- } (7)

(r+j—i+1)?
and equation (5) follows from equations (6) and (7).

Corollary 2.4

rIn(l4+z )z " = Z (7”) .S <$)(_1>r+s_]~_i{(1—az)”ﬂ'“ In(1+2_)

r+j7—i+1

H(o) 4o o0 - [H(a) 4o ) (s)

r4+j—i+1)?2
forr,s=0,1,2,....
Proof. Equation (8) follows from equation (5) on replacing = by —zx.

Theorem 2.5 The neutriz convolution (14 z)°In(1 + z,) ® 2" ezists and

r r+s—i+1 . . .
N (r+s—i+ 1\ (1+z)(=1)F**
1 *In(1 "=

(I+2)hl+e,)@e ; ]; <z>< k )k(r+s—i+1)

forr,s=0,1,2,....

Y (9)
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Proof. Putting [(1+2)*In(1+2z4)], = (14+2)°*In(1+ 2, )7, (z) and u =1+t
we have

(14+2)’In(1 +24)], ®a" = /On(l +t)°’In(1+¢t)(z—t) dt

+ / - (1+1)* (1 +t)(z — ) 7, (t) dt

n+1
= / winu(l+z —u) dt
1

- / A ) - o) de
= ]1 —:]27 (10)

where

1

(ot

" r . . n+1 .
L = (,)(l—l—x)z(—l)“’/ u T Inu du
5 1

(2

”.M%

2

0
(1 + n)r-l—s—i—l—l _ 1}

(r+s—i+1)2 J°
It follows that

r 1 i(_1)r—
N-limf, = N-lim :(7,’)( +o)(-1)
i
—

n—o00 n—o00 r+s— 'l + 1
r+s—i+1
_ 1 j+1 k—j
X Z <T+8 o )[Z +nklnn]
k=0 j=1
- i T+§+1 (r) (r +s—1i+ 1) (14 )i (—1)rFitht! )
= \i k k(r+s—i+1)
Next, since Iy = O(n™"), it follows that
lim I, = 0. (12)
n—oo

Equation (9) now follows from equations (10) to (12).

Corollary 2.6 The neutriz convolution (1 — x)*In(l 4+ x_) ® 2" exists and

(1—z)m(l+z)®a" = Zj;rﬂgjl ( ) <T e ; o 1) (1k_(ff(s__1);_+:+1§+l (13)

forr,s=0,1,2,....



514 B. Fisher and F. Al-Sirehy

Proof. Equation (13) follows from equation (9) on replacing = by —zx.

Corollary 2.7 The neutriz convolution (1 + x)*In(1 + x,) ® " exists and

(1+2)°n(l+z,)®z" = Zi:wz—i;l (r) (7’ + s ; i+ 1) (14 2)i(—1)+i+

— = \i E(r+s—i+1)
" /r (1 +z2) s n(1 4+ 2y)
_i:O <z>(_1>{ r+s—1+1
[H(2) + o )4 — [H(x) + 2]
B r4+s—1+1)>2 } (14)

forr,s=0,1,2,....

Proof. Using equations (1) and (9), we have

I+z)n(l+zy)®2” = (1+2)°In(1+2zy)® 2], +(=1)"2"]
—~ (T i f L 2) (1 42y
- ;(i)(_l) { r+s—i+1
C[H(p) da]t — [H(x) + ZE+]Z}
(r+s—i+1)2
+(-1)"14+2)°’In(l +z,)®a"

and equation (14) follows.

Corollary 2.8 The neutriz convolution (1 —x)*In(1 + x_) ® 7, ezists and

tormr e - XS () i) Ao

=0 k=1
(7 (=) n(1 +2)
_i=O (z)(_l){ r+s—i+1
[H(=2) + o™ — [H(=2) + 2]
B (r+s—i+1)? } (15)

forr,s=0,1,2,....
Proof. Equation (15) follows from equation (14) on replacing = by —zx.
Theorem 2.9 The neutriz convolution z5In(1 + x, ) ® x" exists and

(14 2,) @2 = i i”i“ (:) <j) (r + k ]; i+ 1) (_15{;12111@211; x)’ (16)

i=0 j=0 k=1

forr,s=0,1,2,....
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Proof. Putting [z*In(1 + 24)], = 2° In(1 + 24)7,(z) and u = 1 + ¢, we have

[°In(l +2zy)], ®a" = / t*In(1+¢)(x —t)" dt
0

+ /"+" t*In(1+t)(x —t) 7, (t) dt

n+1
= / (u—1)Inu(l+z—u) dt
1

n+n
—i—/ t°In(1 4+ t)(z —t)"1,(t) dt
= Ji+ Jo, (17)

where

" r 5 S . ) . [ o
J = 0 <z) Z <j)(—1)8_3+’"_1(1 +:E)’/ w7 Inudu

1

- S () (e[
(1 + n)r+j—z‘+1 1
C(rtj—it1)2 ]

It follows that

N—lim.J, = _hmzz< )() 14;3,_2](_1@):]’1—1-7’—1'

n—o0 n—oo
=0 7=0

r+j—i+l o _1\m+1,,k—m
y Z <r+j Z+1)[Z(1>—n+nklnn]
m

m=1
r s r+j—z+1 <fr’) (S) <’f’ +k—i+ 1) (_1)S—j+r—i+k+1(1 + ZL’)Z (18)
i=0 j=0 k=1 i) \J k k(r+7—1i+1)

It follows as above that

lim J, = 0 (19)

n—o0
and equation (16) now follows from equations (17) to (19).
Corollary 2.10 The neutriz convolution x°In(1 4+ z_) ® z” exists and

Pt )ea =Y iHSH < ) (T Tl 1) (1k_(rxr(j.__1)ij:?1,(2o)

=0 7=0 =

forr,s=0,1,2,....



516 B. Fisher and F. Al-Sirehy

Proof. Equation (20) follows from equation (16) on replacing = by —zx.

Corollary 2.11 The neutriz convolution x°In(1 4+ x4 ) ® z” exists and

cwienor = S5 ()(0)()

X(_1>_s ji— z+k+1<1+x)i
k(r+j—1i+1)
"\ < Jo—i=i (1+ ) In(1 + z4)
i (z)%() rj—i+l
[H(x) + a7 — [H(z) + 24 ]
a (r+j—i+1)2 ] (21)

forr,s=0,1,2,....

Proof. Using equations (5) and (16), we have

);
In(l+zy)®2" = 2°In(l4+24)® 2] + (—1)"2"]

- () (¢ <_1>s_j+r_i[<1+x>f+f+11n<1+x+>
=\ j r+j—i+1

C[H(@) +ay T - [H(x) + :r+]i]
(r+j—i+1)?
+H(=1)"z*In(l 4+ 2;) ®a"

and equation (21) follows.

Corollary 2.12 The neutriz convolution x*In(1+ x_) ® 2", exists and

R % ) o (T (i

s (() 1)] 2+k+1( :L’)Z
k(r+j—1i+1)
r (7“) s ( ) [(1 _ x)r+j+1 ln(l + :17_)
= s r+j7—1+1
C[H(=2) + (xT_KJ;JJF_l Z—_I_[Iif)(;x) + x_]’] ’ (22)

forr,s =0,1,2,....

Proof. Equation (22) follows from equation (21) on replacing x by —z.

For further results on the neutrix convolution, see [3] and [4].
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