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Abstract

We study a twisted generalization of Novikov superalgebras, called
Hom-Novikov superalgebras. It is shown that two classes of Hom-
Novikov superalgebras can be constructed from Hom-supercommutative
algebras together with derivations and Hom-Novikov superalgebras with
Rota-Baxter operators, respectively.
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1 Introduction

Novikov algebras were firstly introduced in the study of Hamiltonian operators
concerning integrability of certain nonlinear partial differential equations.!?!
Yau in [3] introduced Hom-Novikov algebras, in which the two defining iden-
tities are twisted by a linear map. It turned out that Hom-Novikov algebras
can be constructed from Novikov algebras, commutative Hom-associative al-
gebras and Hom-Lie algebras along with some suitable linear maps. Later,
Zhang, Hou and Bai in [4] defined a Hom-Novikov superalgebra as a twisted
generalization of Novikov superalgebras.

The purpose of this paper is to consider the realization of Hom-Novikov
superalgebras. It is shown that two classes of Hom-Novikov superalgebras can
be constructed from Hom supercommutative algebras together with derivations
and Hom-Novikov superalgebras with Rota-Baxter operators, respectively.

Throughout this paper F denotes an arbitrary field.

2 Main Results

Let (A,-) be an algebra over field F. A is said to be a superalgebra if the
underlying vector space of A is Zy-graded (i.e., A = Ay @ Az, where Ag and Az
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are vector subspaces of A) and A, -Ag C Ayyp, Vo, B € Zy. An element z € A
is called homogeneous if © € Ag U Aj. In this work, all elements are supposed
to be homogeneous unless otherwise stated. For a homogeneous element x we
shall use the standard notation |z| € Zy = {0, 1} to indicate its degree.

Definition 2.1 ' A Hom-associative superalgebra consists of a Zo-graded
vector space A, a linear self-map o and an even bilinear map p: A x A — A,
satisfying

a(zy) = a(x)aly) (multiplicativity)

and
(xy)a(z) = a(z)(yz) (Hom—associativity),

forxz,y,z € A.

Definition 2.2 ¥ A Hom-Novikov superalgebra is a triple (A, u,a) con-
sisting of a Zo-graded vector space A, an even bilinear map p: A X A — A
and an even linear map o : A — A satisfying

a(zy) = alx)aly) (multiplicativity), (1)
(zy)alz) — alz)(yz) = (-1)W((yz)a(2) - aly)(z2)), (2)
(zy)alz) = (~DMF(z2)a(y). (3)

Definition 2.3 Let (A, 1, ) be a Hom-Novikov superalgebra, which is called
involutive if a is an involution, i.e., o = id.

Proposition 2.4 If (A, u,«) is an involutive Hom-Novikov superalgebra,
then (A, o ) is a Novikov superalgebra.

Proof.  For convenience, we write z x y = a(zy), for all x,y € A. Hence, it
needs to show

(rxy)xz—x*x(yxz)= (—1)‘x“y|((y 1)k 2 —yx*(xx2)), (4)
(xxy)*z= (=)l (2% 2) %y, (5)

for all z,y,z € A. Since (A, u, @) is an involutive Hom-Novikov superalgebra,
we have

(wxp)xz = alalw)2) = a*(em)a(:)
= (@pa(z) = (D @2)a(y) = (<) ) vy,

Furthermore,

(xxy)*xz—xx(y*2) = ala(zy)z) — alra(yz)) = (ry)a(z) — alz)(yz)
= (—D)"W((yr)alz) - aly)(zz)) = (~1)¥((y x 2) % 2 =y * (2 * 2)),

which proves Equation (4) and the proposition. O
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Proposition 2.5 Let (A, u, @) be a Hom-Novikov superalgebra. Then (A, ao
w, o) is a Hom-Novikov superalgebra.

Proof.  For convenience, we write x x y = a(xy), for all z,y € A. Hence, we
need to prove

(wxy) *a?(z) = a®() * (y*2) = (1) ((yx2) 0?(2) = 0?(y) * (1% 2)), (6)

(@ xy) x a®(2) = (=1)¥Fl(z x 2) % a?(y), (7)
for all z,y,z € A. Since (A, u, @) is a Hom-Novikov superalgebra, we have
(wxy)xa®(2) = ?((zy)a(2)) = (=DMl ((22)a(y)) = (=1 (@x2) xa?(y).

Furthermore,
(zxy) x a®(2) — a®(z) * (y * 2) = a*((zy)a(z) — a(z)(y2))
= (DM ((ya)a(z)—aly) (@2)=(=1)"W((y * ) * a?(2)=a®(y) * (z * 2)),
which proves Equation (6) and the proposition. O

Theorem 2.6 Let (A, u,«) be a Hom-supercommutative algebra and D :
A — A be an even derivation such that Do = aD. Then (A, *,«) is a Hom-
Nouvikov superalgebra, where x is defined by

xxy = pu(z, D(y)) = xD(y), (8)

Proof.  The multiplicativity of o with respect to * in (8) follows from the
multiplicativity of o with respect to p and the hypothesis Da = aD. Next we
check (2)

(zxy) *x a(z) — az) * (y x 2) = (zD(y)) D(a(2)) — a(z)D(yD(2))
= (zD(y))a(D(2)) — a(z)(D(y)D(2)) — a(z)(yD*(2)) = —(zy)o(D*(2)).

The last two equalities follow from Hom-associativity. On the other hand,

(=) (y * 2) % al2) — aly) * (v * 2))

= (=DM ((yD(x))D(a()) — a(y) D(zD(=)))

= (=1)((yD(x))a(D(2)) — a(y)(D(z)D(2)) - a(y)(zD*(2)))

= (=1)""(a(y)(D(2)D(2)) — a(y)(D(z)D(2)) — aly)(zD*(2)))

= —(=D)"Wa(y)(@D*(2)) = —(=1)M(yz)a(D?(2)) = ~(zy)a(D?(2)).

Futhermore, we have

(2 xy) x a(2) = (zD(y))a(D(2)) = a(z)(D(y) D(2))
= (-1)"Fla(a)(D(2) D(y))=(-)"F (D (2))a( D(y))=(-1)"I(z  2) * a(y).

Consequently, we prove the theorem. O



608 Bing Sun

Definition 2.7 Let (A, *,«a) be a Hom-superalgebra and let A € F. If a
linear map P : A — A satisfies

P(z)x P(y) = P(P(x) *y+x* P(y) + \x xy), Vx,y € A,

then P is called a Rota-Baxter operator of weight A and (A,*,«, P) is called
a Rota-Baxter Hom-superalgebra of weight .

Theorem 2.8 Let (A, x,a, P) be a Rota-Bazter Hom-Novikov superalgebra
of weight X and P an even linear map. Assume that o and P commute.

Then (A, o, a, P) is a Hom-Novikov superalgebra, where the multiplication o is
defined as

xoy:=Px)xy+axxPly)+Arxy, Vr,ye A

Proof.  The multiplicativity of a with respect to o follows from the multiplica-
tivity of a with respect to x and the hypothesis P = aP. For any x,y,z € A,
we have,

= (P(2) * P(y)) x a(2) + (P(x) x y) x o(P(2)) + (z * P(y)) x a(P(z))
+ AM(P(z) xy) xa(z) + Mz * P(y)) * a(z)
FX2 (2 xy) * a(2) — a(P(x)) * (P(y) * 2) — a(P(x)) * (y * P(2))

—Aa(P(x)) * (y * *
X2 (2 xy) * a2) — XNa(z) * (y * 2)
= (—1)'x"y‘<(P y)xP(x)) x a(z)—a(P(y)) * (P(z)*2Hy* P(z)) * a(P(z))

—aly) * (P(2) % P(2))+(P(y) * ) * a( P(2)) —a(P(y)) * (2 % P(2))
A(yxa)ra(P(2))-Aaly)«(@x P() Ay P()) xa(z)-Aa(y)(P(x) <2)

HAP(y) * x) % a(2)-Aa(P(y)) * (xx 2N (y*x) * a(2)-Na(y) (x*z))
Similarly, we have

(=1 ((y o) 0 a(z) — aly) o (z02))

= (—D‘x”y'((P(y)*P(év))*a(Z)—Oé(P(y))*(P(év)*Z)+(P(y)*x)*a(P(Z))
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—a(P(y)) * (x* P(2))+(y * P(x)) * a(P(z)) —a(y) * (P(z) * P(2))
AA(yxa)xa(P(2))-Aa(y) = (@x P(2) HFA(P(y) xx) *a(z)-Aa(P ())*(I*z)
FA(y*P () xa(z)-Aa(y) * (P(x) * 24X (y*x) * a(2)-Naly) * (
Furthermore, on the one hand, we have
(zoy)oa(z)
= P(P(x)xy+z*xPly)+ e xy)xa(2)+(P(x) xy+ z* P(y)) * P(a(2))
+(Az xy) * Pla(z)) + A(P(x) xy + z * P(y) + Az + y) * a(2)
= (P(z)* P(y)) * a(z) + (P(z) x y) x a(P(2)) + (z * P(y)) * o
FA(@xy) xa(P(2) FA(P(2) *y) s a2 HA (2% P(y)) ¥ a2 A (zxy) ¥ a(2)
= ()l '(( (@) x2) k(P (y))HP(x)* P(2))*a(y) + (z+ P(z))*a(P(y))
A(P ()

+A(xxP(2))xa(y)+A(P(x)*2) * (y)—l—)\(x*z)*a(P(y))+>\2(x*z)*a(y)).

T*2z)).

P(z))

On the other hand, we have
(~1)¥((@o 2) 0 a(y))
= (M ((P(e) <P(2) ra(yhH(P()=2) <ol P(y) s P(2) +a(P(y))
FA(z2) ra( P(y) HA(P (@) 2) sy oA P(2) k(g A (we2) xa(y) ).
Hence, the conclusion holds. U
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