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Abstract

The paper main concerns the structure of 8-dimensional 3-Lie alge-
bra Jy; which is constructed by 2-cubic matrix. The multiplication of
J11 is discussed and the decomposition of Ji; associate with a Cartan
subalgebra is provided. The structure of derivation algebra and inner
derivation algebra of Jq1 are also studied.
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1 Introduction

n-Lie algebras [1-2], especially, 3-Lie algebras, have wide applications in math-
ematics and mathematical physics [3-4]. Researchers try to construct n-Lie
algebras by algebras which we know well. For example, by means of one and
two dimensional extensions, people constructed n-Lie algebras from (n—1)-Lie
algebras. In papers [5-6], 3-Lie algebras are constructed by Lie algebras, as-
sociative algebras, pre-Lie algebras and commutative associative algebras and
their derivations and involutions. In paper [7], fifteen kinds of multiplications
of N-cubic matrix are provided, and four non-isomorphic N3-dimensional 3-
Lie algebras are constructed. In this paper, we pay our main attention to
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8-dimensional 3-Lie algebras which are constructed by 2-cubic matrix, we sup-
pose that 3-Lie algebras over a field F' of characteristic of zero, and the subspace
generated by a subset S of a vector space V' is denoted by < S >.

2 Structure of 3-Lie algebras Ji;

An N-order cubic matriz A = (a;;;,) (see [7] ) over a field F'is an ordered object
which the elements with 3 indices, and the element in the position (i, 7, k) is
(A)ije = aiji, 1 <1i4,j,k < N. Denote the set of all cubic matrix over a field
F by Q. Then € is an N3-dimensional vector space over F' with A + B =
(aijk + szk) S Q, AN = ()\aijk) S Q, for VA = (aijk), B = (bwk) c Q, A E F,
that iS, (A + B)z]k = Qjjk + bijk7 ()\A>zyk = )\aijk.

Denote Ejjj, a cubic matrix with the element in the position (4, j, k) is 1
and elsewhere are zero. Then {E;;;, 1 <1i,7,k < N} is a basis of 2, and for

every A= (a;1) €Y, A= ¥ ayrEijk, aijr € F.
1<i,j,k<N

For all A = (a;;), B = (b;x) € Q, define the multiplication #;; in Q by

N
(A *11 B)ijk = Z a'ijpbipk>

p=1
then (£2,%;7) is associative algebra.
N
Denote (A); = Y apg. Then ( ); is linear functions from Q to F and
p,q=1

satisfies (A %11 B); — (B *11 A).

Define the multiplication [, ]11 : Q A QA Q — Q as follows:

[A, B,Cl11 = (A)1(B %11 C — C %11 B)

H(B)1(Cx11 A— Ax1 C) + (C)1(A %11 B— Bx1 A). (1)

We obtain the following lemma.

Theorem 2.111 The linear space Q is a 3-Lie algebra in the multiplication
[,,]11, which is denoted by Ji;.

In the following we suppose N = 2. We have the following result.

Theorem 2.2 The 3-Lie algebra Jy1 is a non-nilpotent indecomposable
3-Lie algebra with a basis ey = Fi11, ea = Fi19, e3 = Ei91, e4 = Ei111 — Eiog,
€y = Egll — E111> €g — Eglg, €7 = E221, €g — E211 —EQQQ, and the multzplzcatzon
i it is as follows:

le1, €2, e3] = eu, [e1, €2, 4] = —2ey, [e1, €3, €4] = 2e3,
le1, €6, €7] = es, [e1, €6, €5] = —2eg, [€1, €7, €8] = 2e7, (2)
[61, €2, 65] = €2, [61763765] = —€3, [617657 66] = €¢, [61765767] = —€r.

Then center of J11 is < e4 + 2e5 — eg >.
Proof It is clear that {ey, - -, e} is a basis of Q2. By the definition of [, , |11,
we obtain Eq.(2). Thank to ad(e, e4) is non-nilpotent, the 3-Lie algebra Jy;
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is non-nilpotent. By a direct computation, [es + 2e5 — eg, z,y] = 0 for all
x,y € Ji1. Then proof is completed.

Theorem 2.3 The subalgebra H =< ey, eq4, €5, es > is a Cartan subalgebra
of the 3-Lie algebra Ji1. And the decomposition of Ji1 associate to H is

Ji = H—i‘Ja—i—J_a, where J, =< €2, € >, J_o =< €3, e7 >,

where the linear function o« : H N H — F defined by a(1,4) = 2,a(1,8) =
2,a(1,5) = —1, and others are zero.

Proof Define linear function o : H A H — F by a(1,4) = 2,a(1,8) =

2,a(1,5) = —1, and others are zero. By the multiplication (2) we have
[6i76j7€2] = a(eiaej)e27 [eiaejaeﬁ] = 04(%63')667 [€i7€j763] = _a(eiaej>e37 [ez”
ej,er] = —ale;,ej)er, for all e;, e; € H. Then we have J, =< eg,e5 >,

J_o =< ez, er >, and Jy; = H+J,+J_,. The proof is completed.
Now we study the inner derivation algebra ad.J;;. For e;, e; € €2, denote

8
ad(e;,e;)er, = > ajer, where apy = —a)y € F.
=1

Then the matrix form of ad(e;, e;) in the basis e1, - -+, eg is Y8 1y al? By, where
E),; are the matrix units.

Theorem 2.4 Let J;; be a 3-Lie algebra in Theorem 2.2. Then we have

].) dim adJll = 12, and Xl = E34 - 2E42 + E52, X2 = —E24 + 2E43 — E53,
X3 = 2F0y — 2FE33, Xy = —FEs¢ + g — 2Eg6, X5 = FEs7 — Fgg + 2Eg7, X =
2Fg6 —2Eq7, X7 = B, Xg = Eg, Xo = Fi3, X109 = Ei6, X11 = Er7, X12 = Eig
is a basis of adJ;;. And the multiplication in it is

[Xg,Xl] = Xg, [Xg,XQ] = 2X2, [Xg,Xl] = —2X1, [XG,X4] = —2X4,
(X5, X4] = X, [Xe, X5] = 2X5, [X1, X7] = 2Xs, [ X4, Xo] = — X7, [Xo, X7] =
—2Xy, [ X5, Xo] = 2Xy, [Xy, X11] = =X, [ Xy, X19] = 2X40, [X5, Xio] = Xi2,
(X5, X1o] = —2X11, [Xe, X10] = —2X10, [Xe, X11] = 2X11, [Xo, X5 = X7,
[Xg,Xg] - —2X8

2) adJy; is a decomposable Lie algebra, and

adJy; = L14-L2, [Ll, Ll] = Ly, [Lz, Lz] = Lo, [Ll, Lz] =0,

where L; =< X1, Xy, X3, X7, X5, Xg >, Ly =< Xy, X5, Xg, X10, X11, X12 >,
< X, X9, X3 >=2< Xy, X5, X >= slp, and [} =< X7, X5, X9 >, [, =<
X10, X11, X12 > are minimal ideals of adJ;;.

Proof By a direct computation according to Eq.(2) we have
ad(61, 62) = E34 — 2E42 + E52, ad(61, 63) = —E24 + 2E43 — E53, ad(el, 64) =
2B — 233, ad(ey, e6) = —Ese + g — 2Ls6; ad(ey, e7) = Esy — Egs + 2Egy,
ad(el, 68) = 2E66 — 2E77, ad(eg, 63) = E14, ad(e2, 65) = E12, ad(eg, 65) = —Elg,
ad(e5, 66) = Elﬁ, ad(e5, 67) = —E17, ad(eg, 67) = Elg. Then {Xl, HR Xlg} is a
basis of adJ;;. From

lad(e;, €;), ad(ex, €)= ad([e;, €, ex], e1) + ad(ex, [e;, ejel]),
we have the result.
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At the last of the paper, we discuss the derivation algebra DerJi;.

Theorem 2.5 The derivation algebra DerJy; satisfies:

1) The dimension of DerJy; is 15, and DerJ;; with a basis { Xy, -+, Xi5},
where X3 = Eyy — 2FE33 — Eyy — Ess — 2E7; — Egg, X14 = Esy + 2E55 — Esg,
X5 = F15, X; is in Theorem 2.4 for 1 < ¢ < 12. And the multiplication in the
basis is

(X2, Xi] = X3, [X10, Xas] = = X0, [ X5, Xio] = —2X44,

(X6, X5] = 2X5, [Xe, Xu] = —2X4, [X1, X7] = 2X5, [ Xy, Xo] = — X7,
[XQ,X7] = —2X9, [XQ,Xg] = X7, [Xg,Xg] = —2X8, [Xg,Xg] = 2Xg,
(X4, X11] = = X2, [ X4, X19] = 2X40, [ X5, X10) = X9,

(X5, Xo] = 2X,, [Xg, X1 = —2X10, [Xe6, X11] = 2X11

(X1, Xu3) = X, [Xo, Xug) = =X, [ Xy, Xi3] = Xy, [ X5, X3 = — X5
(X7, Xi3] = —2X7, [ X5, Xi3] = — X5, [Xo, Xq3] = —3X,

(X5, Xh] = —2X4, [X11, Xus] = =3X01, [Xa2, Xus] = —2X,

(X, Xi5] = Xo, [ X4, Xi5] = Xio, [ X5, Xi5] = —Xi1, [Xu3, Xi5] = 2X75,
(X5, Xu] = X, [X14, X15) = = X7 — 2X15 + Xuo, [X1, Xi5) = — X5

2) DerJy; is an indecomposable Lie algebra, and
De’f‘Jn = adleLW',

where W =< Xlg,X14,X15 > .
3) Derived algebra Der'J;; = < Xy,--+, X2, X15 >, I, I are minimal
ideals of DerJy1, L1, Ly are ideals of DerJy; and [W, L1] C Ly, [W, Ly| C Lo.

8
Proof For all D € Der.Jyy, suppose D(e;) = Y a;;ej, 1 < i <8, then the
=1

matrix of D in the basis {e1,---,es} is A = (a;;)},_; =

”28:1 a,-jEij, where Eij
,]=
are (8 x 8) matrix units, 1 < 4,j < 8. By s direct computation according to
the multiplication (2), we have the result 1).

Thanks to Theorem 2.5, W =< Xj3, X14, X15 > are exterior derivations.
Then we have DerJy, = adJy+W.

By a direct computation, DerlJ;; =< Xs,---, X192, X15 > and Ly, Ly de-
fined in Theorem 2.5 are ideals of DerJi;, and I, I are minimal ideals.
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