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Structure of 8-dimensional 3-Lie algebra Jy
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Abstract

In this paper, we study 3-Lie algebra .Jo1 which is constructed by 2-
cubic matrix. We give the multiplication in a special basis, and provide
the concrete expression of all derivations and inner derivations.
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1 N-cubic matrix

We first introduce the cubic matrix which is discussed in paper [1]. Then
according to the method given in the paper [2]|, we realized the 3-Lie algebra
Jo1 [3] by the 2-cubic matrix, and study the structure of its inner derivation
algebra adJ,; and derivation algebra DerJs;.

An N-order cubic matrix A = (a;;) (see [1] ) over a field F' is an ordered
object which the elements with 3 indices, and the element in the position
(i,7,k) is (A)ijr = aijr € F, 1 <1, j,k < N. Denote the set of all cubic matrix
over a field I by €. Then Q is an N3-dimensional vector space over F with

A+B= (aijk + bmk) € Q, A = ()\aijk) € Q,
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fOl" \V/A = (a,-jk),B = (bmk) c Q, )\ € F, that iS, (A + B)uk = Cl,z'jk + bijk>
()\A)zgk = )\Cl,ijk.

Denote Ejjj, a cubic matrix with the element in the position (4, j, k) is 1
and elsewhere are zero. Then {E;;;, 1 <1i,j,k < N} is a basis of 2, and for

every A= (a;x) €Y, A= X ayuFijk, aijr € F.
1<4,5, k<N

For all A = (a;;), B = (b;x) € Q, define the multiplication *9; in Q by

N
(A *91 B)z;k = Z a'qubipk> 1 S i>j> k S N>

p,q=1

then (€, *91) is an associative algebra, and in the basis {E;;x|1 < 1,7,k < N},
we have
Eijk *91 Bimn = 6kmEljn7 1< iv.jv ka lu m,n < Nv

where 0;; is 1 in the cases 7 = j, and others are zero, 1 <+¢,7 < N.

N
Define linear function ( ); : Q@ — F by (A)1 = > a4, Then we have
1

(A %91 B)y = (B #91 A)1. (1)

So we define the multiplication [,,]s; : Q A QA Q — Q as follows:
[A, B,C]gl = <A>1(B *91 C — C *91 B)
+<B>1(C*21A—A*21 C)+<C>1(A *21B—B*21 A) (2)
We obtain a 3-ary algebra (€, [, ,]21)-

2  The structure of .Jy;

First we give the following lemma.

Theorem 2.1 The linear space Q is a 3-Lie algebras [2] in the multipli-
cation |, , |21, which is denoted by Jo;.

In the following we suppose N = 2. We have the following result.

Theorem 2.2 The 3-Lie algebra Jo1 is a non-nilpotent indecomposable 3-
Lie algebra with a basis e = Ei11,e0 = Fi19,e3 = Fio1,e4 = E111 — Fhog, 65 =
Es1 — Eii,e6 = Egg — Eig, e = Eyy — Eig1,eg = Eigp — oy, and

1) the multiplication in it is as follows:

[61, €2, 63] = €4, [61, €4, 62] = 262, [61, €3, 64] = 263, [617 er, 64] = e,
[61’ €3 65] = €7, [61’ €4, 65] = €s, [617 €6, 63] = €3, [61, €4, 66] = €¢, (3)
[61’ €2, 67] = €5, [61> €g, 62] = €, [61, €4, 68] = —€g.

Then center of Jop is 0.
2) The derived algebra Jy, =< ea, €3, €4, €5, €6, €7, €5 >, and My =< e5, e >,
My =< eg, es > are minimal ideals of Ja;.
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3) Ja1 is a non-2-solvable, but 3-solvable 3-Lie algebra with [J3,, Ja,, Joy| =
0.

Proof It is clear that {e;, -, eg} is a basis of Q. By the definition of 2,
we obtain Eq.(3). Thanks to ad(es, e4) is non-nilpotent, the 3-Lie algebra Jo
is non-nilpotent and the center is zero. By the multiplication, dim J}, = 7, and
J211 =< €9, -+,€68 >. Since [ng,Ml] =M and [ng, Mg] = MQ, M, and M, are
minimal ideals of Jy;. Follows from [J},, J3,, Ja1] = J3, and [}, J3,, Ja,] = 0,
we obtain the result. Then proof is completed.

Now we study the inner derivation algebra ad.Js;. For e;, e; € €2, denote

8
ad(e;, ej)ex = > _ aye;, where a)) = —aj; € F.
=1
Then the matrix form of ad(e;, e;) in the basis ey, - - -, eg is S5 ;=1 ai) Ex, where

E),; are 8 X 8-matrix units.
Theorem 2.3 Let Jo; be a 3-Lie algebra in Theorem 2.2. Then we have
1) dim adJ21 = 14, and {Xl = E34 —2E42 +E75 — Egﬁ, X2 = —E24+2E43 +
Esr — Eeg, X3 = 2F9y — 2F33 + Ess + Egg — Err — Egg, Xy = E3r + Fys, X5 =
Esg — By, Xo = —Fas + Eyr, Xo = Fog + Eug, Xg = Eip, X9 = Ei3, X0 =
E14,X11 = E15,X12 = ElG,Xlg = E17,X14 = Elg} is a basis Of CLdJQl, the
multiplication in it 1s

[XQ,Xl] == X3, X3,X2] - 2X2, [Xl, Xg] - 2X1, [Xlo,XQ] - 2X9,
[X1>X7] = X5> X1>X9] = _X10> [XloaXl] = 2X8a [X1>X13] = _Xlla
[X | = X5, [Xo, Xu] = X, [Xo, Xs] = X0,
[X17X6] = X47 X27X11] = _X137 [X27X12] = X147 [X37X4] = _X47
[X27X5] = X77 X37X12] = _X127 [X37X6] = XG; [X37 X’?] = X77
[X37X9] = 2X97 [X37X11] = _X117 [X37X13] = X137 [X37X8] = _2X87
(X
(X
[

X7, X10] = =X
2) adJsy is an indecomposable Lie algebra, and
adJoy = L+M = ad' Jo1, where L =< X1, Xy, X3 >2 s1(2),
M = M,+My+Ms+My+Ms is a mazimal nilpotent ideal of adJsr, and M,
are irreducible sl(2)-modules, My =< Xg, Xy >, My =< X7, X5 >, M3 =<

Xog, X0, Xg >, My =< X3, X11 >, M5 =< X4, X12 >.
Proof By a direct computation according to Eq.(3) we have

ad(ey, es) = E3y — 29 + E7s — Egg, ad(ey, e3) = —Eoy + 2E,3 + Es7 — Egs,

ad(ey,eq) = 2Ey — 2E33 + Ess 4+ Egg — Err — Egs, ad(eq, e5) = —Es; — Ejs,
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ad(eq, eg) = Esg — Eyg,ad(eq, e7) = —Eas + Eyr,ad(eq, eg) = Eays + Eis,
ad(eq, eq) = —2FE19, ad(es, eq) = 2E13, ad(eq, e3) = E4, ad(e2, e7) = Eis,
ad(ﬁ’z, 68) = — L, ad(€3, 65) = Eyy, @d(€3> 66) = Fis.

Denote Xy = F3q — 2FEy + Er5 — Ege, Xo = —Foy + 2Ey3 + Es7 — Egs, X3 =
2F9 — 2E33 + Ess + Eeg — Frr — Egg, Xy = Ear + Eys, X5 = Esg — Fyg, Xo =
—FEos + Eyr, X7 = Eog+ Eyg, Xg = Eio, Xg = E13, X190 = Eiy, X11 = Ei5, X10 =
Ei6, X13 = Ei7, X1y = Eig.

We obtain that {X7, -, X4} is a basis of ad.Jy;. From

lad(e;, €5), ad(ex, €)= ad([e;, €, ex], e1) + ad(ex, [e;, ejel]),
we have the result 1).

Let L =< X1, X5, X3 >, M) =< X, Xy >, My =< X7, X5 >, M3 =<
Xg,Xlo,Xg >, My =< X13,X11 >, M5 =< X14,X12 >. From the above
discussion, L =< X, Xo, X3 >= sl(2), and M; for 1 < i < 5 are irreducible
L-modules, and adJy; = ad'Jyy, [M, M] C M. The proof is completed.

Theorem 2.4 Let Jo; be a 3-Lie algebra in Theorem 2.2. Then we have

1) The dimension of DerJyy is 19, and DerJy; with a basis {X1,- -, X9},
where X5 = By — 2FE33 — By — Frp — Egg, X16 = Fge + Egsg, X17 = Ess +
Er; — Ege — Esg, X1g = Es¢ — Erg, X19 = Egs — Egr, and X; for 1 <1 <14 is
in Theorem 2.53. And the multiplication in the basis is

Xo, X1] = X3, [ X35, Xo] = 2X,, [ X5, Xy] = —2X4, [ X, X6| = Xy,
X1, X7 = X5, [ X1, Xo) = —Xq0, [ X1, Xuo) = —2X5, [ X1, Xas] = — X,
2, A\5] = X77 [X17 X14] = X127 [X27 X4] = X67 [X37 X14] = X147

= X107 [X2,X10] = —2X97 [X2,X11] = —X137 [X2,X12] = Xu
4, [X?n XS] - _X5a [X37X6] = Xﬁ’ [X3’X7] = X7’
2Xo, [ X5, X11] = = Xu1, [ X3, Xio) = —Xq2, [ X3, Xu3] = X3,

Xz, | ]
= X1, [Xu0, X6] = Xu3, [X7, Xs] = —Xq2, [ X7, X10) = —X14,
[ ] = _X27 [X47 X15] = X47 [X57X15] = X5’
[ ]

2) DerJoy is an indecomposable Lie algebra, and

DerJy; = CLdJQl—i—B, De’/’ngl = adJ211+ < X17, Xlg,Xlg >,
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where B =< X5, X16, X17, X153, X109 >, [B, B] =< Xi7, X8, X19 >= 5l(2),
< X5, X17 + X6 > s contained in the center of B.

8
Proof For all D € Der.Jy, suppose D(e;) = Y aj;ej, 1 < i <8, then the
=1

matrix form of D in the basis {ey, -+, es} is A = (a5;)F ;- =

”28:1 a;j F;j, where
,]=

E;; are (8 x 8) matrix units, 1 <4,j < 8. By a direct computation according
to the multiplication (3), we have the result 1).

Thanks to Theorem 2.3, B =< Xi5, X16, X17, X185, X19 > are exterior
derivations. Then we have DerJo; = adJy +B, and [B, B] =< X7, X5, X19 >
sl(2), < X5, X17 + X16 > is contained in the center of B. By a direct compu-
tation, DertJy =< Xs,- -+, Xi9 >. The proof is completed.

Acknowledgements

The first author (R.-P. Bai) was supported in part by the Natural Science
Foundation (11371245) and the Natural Science Foundation of Hebei Province
(A2014201006).

References

[1] R. Bai, H. LIU, M. ZHANG, 3-Lie Algebras Realized by Cubic Matrices,
Chin.Ann. Math.,35B(2), 2014, 261-270.

[2] R. Bai, C. Bai, J. Wang, Realizations of 3-Lie algebras, Journal of Math-
ematical Physics, 2010, 51, 063505.

[3] R. Bai, Y. Gao, W. Guo, A class of 3-Lie algebras realized by Lie algebras,
Mathematica Aeterna, 2015, 5(2), 263 - 267.

[4] V. FILIPPOV, n-Lie algebras, Sib. Mat. Zh., 1985, 26 (6), 126-140.

Received: August, 2015



