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Abstract
In this paper, the 3-Lie algebra Jo7 is constructed by 2-cubic matrices
over a field F' with chF = 0, and the structure of it is studied. It is
proved that the 3-Lie algebra J7 is solvable but non-nilpotent 3-Lie
algebra with two dimensional center, and the concrete expression of all
derivations and inner derivations is given.
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1 Introduction

We know that the 3-Lie algebra [1] has wide applications in mathematics and
mathematical physics [2, 3]. The realization of 3-Lie algebras is always a
hard task in the structural study of 3-Lie algebras. Authors constructed 3-
Lie algebras by Lie algebras, associative algebras, pre-Lie algebras and linear
functions in [4], and also realized 3-Lie algebras by commutative associative
algebras and their derivations and involutions in [5]. In this paper, we continue
to construct 3-Lie algebras by 2-cubic matrices [6]. In the following, we suppose
that F' is a field with characteristic zero, (x1,---,xs) denotes the subspace
generated by vectors x1,---,xs, and in the multiplication table of a 3-Lie
algebra, we omit the zero product of basis vectors.
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2 N-cubic matrix

An N-order cubic matrix A = (a;;x) (see [6] ) over a field F' is an ordered object
which the elements with 3 indices, and the element in the position (i, j, k) is
(A)ije = aijx € F, 1 <1i,j,k < N. Denote the set of all cubic matrix over a
field F by Q. Then  is an N3*-dimensional vector space over I with

A+B= (aijk + bmk) € Q, A = ()\aijk) € Q,
for all A = (Cl,ijk), B = (bmk) € Q, A€ F, that iS,
(A+ B)ijk = aijr + bigk,  (AA)ijr = Aaijp.

Denote E;j;, a cubic matrix with the element in the position (7,7, k) is 1
and elsewhere are zero. Then {E;j;, 1 <1i,5,k < N} is a basis of 2, and for

every A= (aijk) - Q, A= Z aijkEijk, Qi € F.
1<i k<N
For all A = (a;j), B = (b;j) € Q, define the multiplication *o7 in €2 by

N
(A *o7 B)ijk = Z aqjkbipkal <i,75,k <N,

p,q=1

then (€, *x97) is an associative algebra, and in the basis {E;;x|1 < 1,7,k < N},
we have
Eijk *o7 Eiyn = 6knEljk7 1< iv.jv ka lu m,n < Nv

where 0;; is 1 in the cases 7 = j, and others are zero, 1 <+¢,7 < N.

N
Define linear function ( )o : Q@ — F by (A)o = Y. @pgr, Then we have

p,q,r=1
<A *o7 B>0 = <B *o7 A>0 (].)

So we define the multiplication [,,]s7 : Q A QA Q — Q as follows:
[A, B, 0]27 = <A>0(B *o7 C — C *o7 B)
+<B>0(C *27A—A>|<27 C) ‘l‘ <C>0(A *27B—B*27 A) (2)

3 The structure of Jy;

First we give the following lemma.

Theorem 19 The linear space Q) is a 3-Lie algebra in the multiplication
[,,]o7, which is denoted by Joy.

In the following we suppose N = 2. For simplifying the multiplication of
the 3-Lie algebra Jo7, we need to find a new basis of 2. Denote

e1 = Eyi,e2 = Eip — By, e3 = By — Eigy, e = Eg — Eigo,

e5s = Fo11 — Euni, €6 = Eo1a — Eni2, €7 = Eoip — Eaor — B + Eqa,
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es = Ea12 — Fago — Fi12 + Eqaa.
Then {ey,---,es} is a basis of (.
Theorem 2 The multiplication of 3-Lie algebra Jo7 in the basis {eq,- -, es}
is as follows
[61762763] = €3, [61762764] = —€4,
le1,e3,e5] = er, le1, ea, e5] = —es, (3)
[61, €9, 66] = €g, [61, €4, 66] = €§.

Proof The result follows from a direction computation according to the
multiplication 97 and Eq. (1). We omit the computing process.

Theorem 3 The 3-Lie algebra Jo7 is solvable but mon-nilpotent, and it
satisfies that

1) Jor is an indecomposable 3-Lie algebra with two dimensional center
(e7,es), and derived algebra J3, =< e3, ey, €5, €6, €7, €5 >.

2) H =< ey, e9,e7,e3 > is a Cartan subalgebra of Jyz, and the decomposi-
tion of Joy associate to H s

Jor = H4-Lot+L_,

where Lo, = {x € Jo7 | ad(hy, ho)x = a(hy, ho)x,Yhy, hy € H} =< e3,€6 >,
L_,= {ZL’ € Jor | ad(hl, hg)l’ = —Oé(hl, hg)l’,\V/hl, hy € H} =< €y4,€5 >,

and the linear function o : H N H — F' is defined by a(e1,es) = 1 and others
are zero.

Proof By the definition of x9; and Eq.(3), the derived algebra Jj, =
[Ja7, Jaz, Jor] = < es,---,es >, and the center of Jy7 is

Z(J27) = {ZL’ € J27|[[L’, Jor, Jor = O]} =< e7, 68 > .
Since Jo7 can not be decompose into the direct sum of proper ideals, Jo7 is an
indecomposable 3-Lie algebra.

From Eq. (3) the derived series J27 = [J27, J27, J27] = Jy,

J27 = [J27 ) J27 , Jor] = {er, es}, J 27 = [J27 7J27 , Jar] = 0.
We obtain that Jo7 is solvable. Thanks to the descend center series J5; st —
(T35, Jor, Jor] = Jaz # 0 for all s > 1, the 3-Lie algebra Jo; is non—nllpotent.

From the multiplication (3), H = (eq, €4, €5, €g) is a nilpotent subalgebra of
Jor, and if [x, H, Jo7] C H for x € Jo7, then € H. Therefore, H is a Cartan
subalgebra. Define linear function o : H A H — F by (e, e2) = 1 and others
are zero. Then we have Lo = H, L, =< e3,eg >, L_, =< e4,e5 >. The proof
is completed.

Now we study the inner derivation algebra adJ,7. For e;, e; € €2, denote

8
ad(e;,ej)er, = > ajhe;, where af, = —al; € F.
=1

8 .
Then the matrix form of ad(e;, e;) in the basis ey, ---,es is Y. aj}Ey, where
=1

E},; are 8 x 8-matrix units.
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Theorem 4 Let Jo; be the 3-Lie algebra in Theorem 1. Then we have

1) The dimension of inner derivation algebra adJoy is 11, and {X; = E33—
Ey — Ess + Ees, Xo = —FEoz + Esr, X3 = FEoy + Eeg, Xy = FEas — Esy,
X5 = Fog + Eug, Xe = Fi3, X7 = Euy, Xg = Fi5, X9 = Ei6, X10 = Eir,
X11 = E1g} is a basis of adJyr, the multiplication in it is

[Xl, XQ] == —XQ, [Xl,X3] == Xg, [Xl,X4] == X4, [Xl,X5] == —X5
[Xl, XG] == _X6, [Xl,X7] - X7, [Xl,Xg] - Xg, [Xl,Xg] - —Xg
(X, Xg] = — X0, [ X3, Xo] = —X11, [ Xy, X¢] = Xuo, [ X5, X7 = —X11.

2) adJyr is a solvable and indecomposable Lie algebra.

Proof By a direct computation according to Eq.(3) we have ad(ey, es) =
Es3 — By — Es5 + Eeg, ad(ey,e3) = —Fas + Esr, ad(er,eq) = Eoy + Egs,
ad(61, 65) = E25 — E37, ad(el, 66) = _E26 — E48, ad(62, 63) = Elg, ad(62, 64) =
—E14, ad(62,65) = —E15, ad(62,66) = E16, ad(63,65) = E17, &d(64,66) = Elg,
and others are zero.

Denote { X = Es3 — Eyy — Ess + Eg, Xo = —FEa3 + Es7, X3 = FEyy + Fgg,
Xy = Bos — E3r, X5 = FEys + Eug, Xe¢ = Fi3, X7 = By, Xg = Ei5, Xog =
E16,X10 = E17, Xll = Elg}, then {X17”'aX11} is a basis of adJ27. From
lad(e;, €5), ad(ex, €;)|= ad([e;, e, ex], e1) + ad(ex, [ei, €5, €1]).

From the above discussion, ad.Js7 is an indecomposable solvable Lie algebra.
The proof is completed.

Theorem 5 The dimension of derivation algebra Der Joy is 18, and Der Joy
with a basis {Xl, ce ,Xlg}, where X12 = Ell—E22+E77+E88, X13 = E33—|—E77,
X1y = Eyy + Egg, X15 = Es5 + Err, X1 = Fag, X17 = B2, X1g = Fyy, and X;
for 1 <1i < 11 are defined in Theorem 4. The multiplication in the basis is

(X1, Xo] = = X5, [ Xy, X3] = X3, [Xo, Xg] = —Xi0, [Xis, Xu7] = — X0,

[X17X6] = _X67 [X17X7] = X7, [X47X6] = X107 [X187X12] = 2)(187
(X1, X5] = X5, [X1, Xu] = X, [X5, Xo] = = X1, [Xo, Xs] = X,
[X X12] X2> [X37 X12] = Xg, [Xg,, X12] = X5, [X6>X12] = _X6>
[X 3] X2> [X4>X15] = X4> [X8aXl2] = —Xg, [X9>X12] = _X9>
[X 2] X4; [X37X14] = X37 [X167X12] - 2X167 [XluXQ] = _X97
[X 3] X67 [X107 X13] = X107 [X187X13] X187 [X37 Xl?] = _X77
[X 4] X7> [Xlla X14] = X11> [X16>X14] X16> [X5, X7] = _Xlla
[X X15] = X8> [Xlo, XlS] = X10> [X18>X15] X18>

[X2>X17] X6> [X4>X17] = —Xg, [X5>X17] _X9>

(X7, X1o] = —2X17, [ X7, X1o] = — X7, [Xi6, Xu7] = — X101

Proof The result follows from a direct computation.

Theorem 6 The subalgebra H =< X1, X12, X13, X14, X15 > is a Cartan
subalgebra of DerJor, and the decomposition of DerJyr associate to H is

8
DerJ27 = H+D€T1J27 = H—i—Lal +La2+La3+La4—i—La5—i— Z Lgi,

i=1

where o, B; € H*, and the form of vectors of a;, 3, 1 < ¢ <5, 1 <5 <8
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under the basis X1, X12, X113, X14, X15 are as follows
a1 = (_1> _]-> _1>0a0)> Qg = (]-7 _1>0a _1a0)> a3 = (]-7 _170a07 _1)7

oy = (—1, —1,0,0,0), a5 = (—1, 1, —1,0,0),
fi=—a1+as+as, Po=—a1+az3+as B3=—0g+ou+ s b= oz + as,
Bs =—a1 + e+ as+as, Bs=—a1+as5 Br=a1+as, By =0+ ay.

The corresponding root subspace is Lo, =< Xo >, Lo, =< X3 >, Ly, =<
Xy >, Loy =< X5 >, Lo, =< X¢ >, Lg, =< X7 >, Lg, =< Xg >, Lg, =<
Xy >, Lﬁ4 =< Xy >, Lﬁs =< X1 >, LBG =< Xy7 >, Lﬁ7 =< X3 >,
LBS =<< X16 > .

Proof The result follows from Theorem 5.
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