Mathematica Aeterna, Vol. 6, 2016, no. 6, 867 - 875

Some results on Lorentzian o-Sasakian manifold

N.S. Ravikumar

Department of Mathematics
Sri Siddhartha Academy of Higher Education

Maralur, Tumakuru-572105, Karnataka, India
suryaswarna@yahoo.com

K. Nagana Gouda

Department of Mathematics
Sri Siddhartha Academy of Higher Education
Maralur, Tumakuru-572105, Karnataka, India
kngoud15@gmail.com

Abstract
The aim of the present paper is to study projective pseudosymmet-
ric, concircular pseudo symmetric, generalized projective ¢-recurrent
and generalized concircular ¢-recurrent conditions on a Lorentzian a-
Sasakian manifold.
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1 Introduction

In [23], Yildiz and Murathan by considering a-Sasakian structure as a spe-
cial case of trans-Sasakian structure of type («, ), investigated Lorentzian
a-Sasakian manifold. Here they proved that conformally flat and quasi confor-
mally flat Lorentzian a-Sasakian manifold is isometric to the sphere S?"*!(c),
where ¢ = o?. Different curvature properties of Lorentzian o-Sasakian mani-
fold was studied by many geometers [[2], [14], [21], [22]].

The concept of a pseudosymmetric manifold was introduced by Chaki [5]
and Deszcz [7] in two different ways. The two types of pseudosymmetric man-
ifolds are different in their nature. A Riemannian manifold (M™", g) for n > 3
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is said to be pseudosymmetric according to Deszcz [7] if at every point of M™
the curvature tensor satisfies R(X,Y)- R = L[(X AY) - R|, where the dot
means that R(X,Y) acts as a derivation on R, L is a smooth function and the
endomorphism X AY is defined by

(X/\Y>Z :g(Ya Z)X _g(Z’X)Y7 (1)

for all vectors fields X,Y, Z on M™.

The notion of generalized recurrent manifolds was introduced by De and
Guha [6]. A Riemannian manifold (M™, g) is called generalized recurrent if its
curvature tensor R satisfies the condition

(VwR)(X,Y)Z = AW)R(X,Y)Z + BW)[g(Y,2)X —g(X,2)Y], (2)

where A and B are two 1-forms and they are defined by A(X) = ¢(X, p1),
B(X) = g(X, p2), and py, pe are vector fields associated with 1-forms A, B
respectively.

Analogously to the consideration of generalized recurrent manifolds, Prakasha
and Yildiz in [15] given the following definition on Lorentzian a-Sasakian man-
ifold.

A Lorentzian a-Sasakian manifold is said to be generalized ¢-recurrent if
its curvature tensor R satisfies the condition

¢*(VwR)(X,Y)Z) = AW)R(X,Y)Z + BW)[g(Y, Z)X — g(X, 2)Y], (3)
where A and B are two 1-forms and they are defined by
AX) =9(X,p),  B(X)=g(X,p2), (4)

and pq, py are vector fields associated with 1-forms A, B respectively.
The projective curvature tensor [19] and concircular curvature tensor [20]
on a n-dimensional Lorentzian a-Sasakian manifold are respectively defined as

P(X,Y)Z =R(X,Y)Z — [S(Y,2)X — S(X,2)Y], (5)

1
(n—1)
and

r

C(X,Y)Z=R(X,Y)Z — v

[9(Y, 2)X = g(X, 2)Y]. (6)

2 Preliminary Notes

A (2n+1)-dimensional differential manifold M is called Lorentzian a-Sasakian
manifold if it admits a (1,1) tensor field ¢, a contravariant vector field &, a
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covariant vector field n and a Lorentzian metric g which satisfy

¢ =1+mnok, (7)
n€)=-1, ¢£=0, noop=0, g(X,§) =n(X), (8)
90X, 0Y) = g(X,Y) +n(X)n(Y), g(¢X,Y) = g(X,¢Y), 9)
(Vxn)(Y) = —ag(¢X,Y), Vxé=—a¢X, Y X,Y € (TM).(10)

In a Lorentzian a-Sasakian manifold M, the following relations hold [[23],
[21]]:

(Vx9)Y = a®{g(X, V)¢ —n(Y)X}, (11)
n(R(X,Y)Z) = o*{g(Y, Z)n(X) — g(X, Z)n(Y)}, (12)
R(X,Y)E = o {n(Y)X —n(X)Y}, (13)
R(E,X)Y = o’ {g(X,Y)E —n(Y)X}, (14)
S(X,€) = (n—1)a’n(X), (15)
S(¢X,9Y) = S(X,Y) + (n — 1)®n(X)n(Y). (16)

The objective of the present paper is to study Lorentzian a-Sasakian man-
ifold with projective and concircular curvature tensor. After the introduction,
in section 3 and 4 we study projectively pseudosymmetric and concircular pseu-
dosymmetric Lorentzian a-Sasakian manifold respectively. In section 5, we
study generalized concircular ¢-recurrent Lorentzian a-Sasakian manifold and
proved that generalized concircular ¢-recurrent Lorentzian a-Sasakian mani-
fold is an Einstein manifold. Finally in the last section we study generalized
projective ¢-recurrent Lorentzian a-Sasakian manifold.

3 Projectively pseudosymmetric Lorentzian a-
Sasakian manifold

Definition 3.1 A Riemannian manifold M is said to be Projectively pseu-
dosymmetric if

R(X,Y)-P=Lp[(XAY)-P], (17)

holds on the set Up = {x € M : P # 0} al x, where Lp is some function on
Up.

Theorem 3.2 If a n-dimensional Lorentzian a-Sasakian manifold is pro-
jectively pseudosymmetric then the manifold is either projectively flat or Lp =

a?.

Proof:
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Suppose that Lorentzian a-Sasakian manifold is projectively pseudosym-
metric, then we have

R(X,§)P(U,V)E = P(R(X,§U,V)E = P(U, R(X, §)V)E
—P(U,V)R(X,§)§ = Lp[(X ANEP(U,V)E = P((X AU, V)E
—PU, (X AV)E = P(U,V)(X AEE]. (18)

In view of (1), (14) and (18), one can get

(LP—aQ)[n( (U, V)X = g(X, P(U,V)§)§ = n(U)P(X, V)§
+9(X,U)P(E,V)E = n(V)P(U, X)€ + g(X, V)P(U f)
—n(§)PU, V)X +n(X)P(U, V)] = (19)

Which implies that either Lp — o? = 0 or

n(P(U, V)X — g(X, P(U,V)§)E —n(U)P(X,V)E
+9(X, U)P(§,V)E = n(V)P(U, X)§+ g(X,V)P(U,€)E
—n(§)P(U, V)X +n(X)P(U, V)¢ = 0. (20)

If Lp — a? # 0 then we have
3

+9(X,U)P(E,V)E —n(V)P(U, X)€ + (X, V)P(U, )¢
—n(§)PU, V)X +n(X)P(U,V)§ =0, (21)

It can be easily verified that in a Lorentzian a-Sasakian manifold, projective
curvature tensor satisfies the following conditions:

P(X,Y)¢ =0, (22)
PEY)Z =a*{g(Y, 2) =n(Z)Y} —
— (n—1Da*n(2)Y}.
Using (22) and (24) in (21), we get
P(X,Y)X = 0. (24)

This completes the proof.

4 Concircularly pseudosymmetric Lorentzian
a-Sasakian manifold

Definition 4.1 A Riemannian manifold is M said to be concircularly pseu-

dosymmetric if
R(X,Y) C = Lo[(X AY) - C, (25)
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holds on the set Uo = {x € M : C' # 0} at x, where Lo is some function on
Uc.

Let M be concircularly pseudosymmetric. Then from (25) we get

R(&Y)C(U, V)W — C(R(E YU, VW — C(U, R(E,Y)V)W
—C(U,V)R(&, Y)W = Lo[(E AY)C(U, V)W — C((EAY)U, V)W
—C(U,(EAY)VIW = C(U VYEAY)W].  (26)

Using (1) and (14) in (26), it follows that

—~

U, VIW)n(Y) = n(U)n(C(Y, V)W)
CUY)W) + (Y, V)n(C(U, W)

(Le — a®)g(CUV)W,Y) +(C
(€, :
VIY) + g(Y, W)n(C(U, V)E)] = 0. (27)

+g(Y, U)n(C(E, V)W) =n(V)
—n(W)n(C(

Above equation implies that either Lo = o? or

Qi

g(CU, VYW, Y) +n(C(UVI)W)n(Y) — nU)n(C(Y, V)W)
+9(Y, U)n(C(&, V)W) —=n(V)n(C(U, Y )W) + g(Y, V)n(C(U, )W)
—n(W)n(CU,V)Y) +g(Y,W)n(C(U,V)§) =0.  (28)

Now we proceed the calculation for Lo # o?. Making use of equations (6),
(12)-(15) in (28), we obtain

g(RU,VIW,Y) = c{g(V,W)g(Y,U) — g(U,W)g(Y,V)}, (29)
where ¢ = o®. Thus, we can state

Theorem 4.2 If an M be n-dimensional Lorentzian a-Sasakian manifold

M is concircularly pseudosymmetric then M is either a space of constant cur-

vature or Lo = o?.

5 Generalized Concircular ¢-recurrent Lorentzian
a-Sasakian manifold

Definition 5.1 A Lorentzian a-Sasakian manifold is said to be a general-
1zed concircular ¢-recurrent if its concircular curvature tensor satisfies

@ (VwC)(X,Y)Z) = AW)P(X,Y)Z + B(W)[g(Y. 2)X — g(X, Z)Y], (30)

where A and B are two 1-forms and they are defined as in (4).
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We consider a Lorentzian a-Sasakian manifold M, which is generalized
concircular ¢-recurrent. Then by virtue of (7), (30) yields
FBOV)[g(Y, 2)X —g(X.2)Y].  (31)

Taking inner product of above with U, we obtain

g(VwC)(X,Y)Z,U) +n((VwC) (X, Y)Z)n(U) = AW)g(C(X,Y)Z,U)
+BW)[g(Y, Z)g9(X,U) — g(X, Z)g(Y, U)]. (32)
Let {e;}, i =1,2,...,n be an orthonormal basis of the tangent space at any

point of the manifold. Then putting Y = Z = ¢; in (32) and taking summation
over ¢, 1 <1 <n, we get

(Vws)(x, )~ )

9(X,U) + (Vw ) (X, En(U)

HOOn(U) = AWNS(X, U) = —g(X, U)} + (n = BV )g(X, U)(33)
We know that

(VwS)(Y.€) = VwS(Y,€) = S(VwY,€) = S(V,Vwe).  (34)
In view of (10) and (15), above equation reduces to

(VwS)(Y,€) = af(n = 1)a’g(W,6Y) = S(W,Y)}. (35)

Setting U = £ in (33) and using (8) and (15), it follows that

AW){(n = Da? = Z3n(X) = —(n = BV )n(X). (36)
Replacing X = € in the above equation, one can get
AW){(n—1)a” = 2} = —(n— )B(W), (37)

Thus, we can state:

Theorem 5.2 In a generalized concircular ¢p-recurrent Lorentzian a-Sasakian
manifold, the 1-forms are related by the equation (37)

Taking contraction in (32) over X and U, we get

dr(W) dr(W)
n n(n —1)

= AW){S(Y.2) = ~g(¥. 2)} + (n = UBW)g(Y.Z).  (38)

(VwS)(Y, Z) — 9(Y,Z) - [—9(Y, Z) — eta(Y)n(Z)]
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Putting Z = ¢ in (38) and then using (35), we obtain

of(n — 1)a%(1W, 67) — St v )} = W) 39
Replacing Y by ¢Y in (39) and then using (7), (8) and (16), we get
S(Y, W)} = (n— 1)a’g(Y, W). (40)

Hence, we can state the following assertion:

Theorem 5.3 A generalized concircular ¢p-recurrent Lorentzian a-Sasakian
manifold is an Finstein manifold.

6 Generalized Projective ¢-recurrent Lorentzian
a-Sasakian manifold
Definition 6.1 A Lorentzian a-Sasakian manifold is said to be generalized
projective ¢-recurrent if its projective curvature tensor satisfies
(Vi P)(X,Y)Z) = AW)C(X,Y)Z + BOW)[g(Y 2)X — (X, Z)Y], (41)
where A and B are two 1-forms and they are defined as in (4).
By the virtue of (7), equation (41) becomes
g(VwP)(X,Y)Z,U) +n(Vw P)(X,Y)Z)n(U) = A(W)g(P(X,Y)Z,U)
+BW)[g(Y, 2)g(X,U) — g(X, Z)g(Y,U)]. (42)

Let {e;}, i = 1,2,...,n be an orthonormal basis of the tangent space at any
point of the manifold. Then putting Y = Z = ¢; in (42) and taking summation
over i, 1 <1 < n, we get

(VwS)(X,U) — {dr(W)g(X,U) = (VwS)(X,U)} + (VwS) (X, E)n(U)

1
(n—1)

1

(n—1)
_ 1
(n—1)

Taking X = U = £ in (43) and by virtue of (8), (15) and (35), we get from
(43) that

{dr(W)n(X) — (VwS)(X, &) n(U) = A(W)[S(X,U)

{rg(X,U) = S(X,U)}] + (n = )B(W)g(X, U).(43)

(n—1)

AW){—na?* + }=(n—1)B(W). (44)

Thus,

Theorem 6.2 [n a generalized projective ¢p-recurrent Lorentzian a-Sasakian
manifold, the 1-forms are related by the equation (44)
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