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Abstract

Non-associatione algebraic stractures are of interest to consider for their
remarkable properties. In this paper, we generalize notions of the T' - AG-
groupoids to T'-T — AG -groupoids. Then we investigate some properties of
T' - — AG -groupoids (i =1, 2,3,4) and prove that every T*-T - AG -groupoid
is I —paramedical, everyT?-T - AG- groupoid is transitively commutative,
everyll — AG - band is T®-T — AG - groupoid and everyT* -T — AG - groupoid
with a left identity isa Bol" —TI" — AG -groupoid.

Keywords: " —semigroup, I — AG -groupoid, T'—I - AG -groupoids (i =1, 2, 3,4
), nuclear square andBol™ - T — AG -groupoid.

1.Introduction

The idea of generalization of communicative semigroups was introduced in 1977
by M.A.Kazim and M.Naseerudin. They named this structure as the left almost
semigroup (LA-semigroup) in [2]. Itisaso called as Abel-Grassmann’ sgroupoid
(AG-groupoid) in [1,2]. In generalizing this notion the new structure I — AG -
groupoid is also defined by T.Shah and Rahman in [6]. In this paper we extend
certain properties of AG-groupoid to I' — AG -groupoid.

Some new results on T*, T?and T* - AG - groupoids have been recently studied
by Ahmad [3]. We generalize these results and investigate some properties of T*,
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T? and T*-T - AG - groupoids, and also study the T? property.

Let S and I' be non-empty setswe call S tobea ' —semigroup if there exists a
mapping SxIxS - Swriting (a, y,b)by ayb, such that Ssatisfies the identity
(ayb) e =ay(bBc) forala,b,c Sand y, SOT .

Following [5,6]we first recall the preliminary definitions:

Definition 1.1.[6] Let S and ' be non-empty setswe call S tobea I - AG-
groupoid if there exists a mapping SxI' xS - Swriting (a, y,b) by ayb, such
that Ssatisfies theidentity (ay'b) Bc =(cyb) Ba forala,b,c0 Sand y, SOT .

Definition 1.2.[6] An element e€Sis called a left identity of I' -AG-groupoid if
eya=afor al a€Sandy €T

Definition 1.3.[5]A T —AG-groupoids is caled I -media if for every
a,b,cddsand y,B0T, (aab)B(cyd)=(aac) B(byd).

Definition 1.4.[5] A I —AG-groupoids is called I -Paramedial if for every
a,b,cdOSand y, 30T, (aab) B(cyd ) =(dab)B(cya).

Definition 1.5.[5] A I'- AG-groupoidS is called a locally associative if for
every allSand g,y 0T it satisfies (aya)Ba =ay(afa).

Definition 1.6.[5] An element aof I — AG-groupoid S is called{ )} -idempotent
that yOl if aya=a.

Definition 1.7.[5] A I' = AG-groupoidS iscalled a I - idempotent if every their
element be { y} -idempotent for every y 0T

In the following we introduce certain definitions which are in fact the
generalizations of the definitions of the references[4-8].

Definition 1.8. A ' — AG-groupoid iscalleda T -T - AG -groupoid if for every
a,b,c,dd &, yOr, ayb=cyd implies bya=dyc.

Definition 1.9. A ' = AG -groupoid iscaleda T?-T - AG -groupoid if for every
a,b,c,dd &, yOr, ayp=cyd implies ayc=byd.

Definition 1.10. A ' = AG-groupoid S, for every a,b,c,dd S, yOI iscaleda
(i) T® =T - AG -groupoid, if ayb =aycimplies bya=cya,

(i) T>—T — AG -groupoid, if bya = cyaimplies ayb = ayc,

(iii) T® =T - AG -groupoid, if itisboth T,*> and T, —=I" — AG -groupoids.
Definition 1. 11. A T — AG-groupoid for everya,b,c,dd &, yOT iscaleda

(i) T/ =T — AG-groupoid, if ayb =cyd implies ayd = cyb,

(i) T, =T = AG -groupoid, if ayb=cydimplies dya=hyc,

(iii) T*-T - AG -groupoid, if it isboth T;" and T, -I" — AG -groupoid.

Definition 1.12. A T — AG-groupoid for every a,b,c,dd S, a,8,y0r iscaled
a
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(i) Left nuclear square, if a’B(byc)= @4 b)y c, that a’ = aaa,
(iHRight nuclear square, if (aab)yc; =aa(bycy),
(iii) Middle nuclear square, if (aabj)yc =aa(bjyc),
(iv) Nuclear square, if it isleft, right and middle nuclear square.
We recall the three following lemmas from [4,5] which are applied to get some
results.
Lemmal. 1. Every ' — AG-groupoid is I -medial.
Lemma 1.2. Every ' — AG-groupoid with left identity is I -paramedial.
Lemma l.3.Inan I' - AG-groupoid S with left identity, we have
aa (b fc) =ba (aBc) for every a,b,c0Sanda, 0T .
Lemma 1.4. Ina ' - AG-groupoidS with a left identity, we have aab =agb
for everya,b0Sanda, g0OT .
Proof. Let S bea I' — AG-groupoid with a left identity e, also for all a,b[J]Sand
a,par
aab=aa(efb) (by left identity )

=ea(afb)(by lemma(1.3))

=afb(by left identity )
Lemma 1. 5. Let She I' = AG-groupoid then (aBb); =azyb; for every a,blS
and B, y0r .
Proof. Let S be ' — AG-groupoid, and for every a,b[0Sand g,y0r
(aBb); = (@B b)y (@B b)

=(afa)y(bfb)(by ' — media law)
= ayb3.

2. Propertiesof T'—T — AG -groupoids(i =1, 2,3, 4)

In this section, we generalize notions of the T' — AG -groupoidsto T' - — AG -
groupoids.
Then we investigate some propertiesof T' —I" = AG -groupoids(i =1, 2, 3, 4).
Proposition 2.1. Every ' — paramedial S with a left identity e isa left nuclear
square I — AG -groupoid.
Proof. Let a,b,c0Sand a, B, y0r .Then
a;B(byc)= (aaa)B byc) = (aab)B (@yc) (by lemmal. 1.)

= (caa)B(bya) (by ' — paramedial law)

= (cab)S(aya) (by lemmal. 1.)

=((aya)a b)Bc(by left invertive)

=((aga)Bb)yc(by lemmal. 4.)
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=(a;Bb)yc.
Hence, Sisa left nuclear square I' — AG -groupoid.

Proposition 2.2. Every T*-T - AG -groupoid is I — paramedial, but not vice-
versa.

Proof. Let S be a T'-T — AG -groupoid and let a,b,c,d0Sanda, 8,y 0T .
Now we have

(aab) y(cpd) = (aac) y(bBd) (by lemmal. 1.)

= (cBd)y(aab) = (b Bd)y(aac) (byT*-T - AG _groupoid)

(cBd)y(aab) = (b Ba)y(dac) (by lemmal. 1.)

= (aab) y(cBd) =(dac) y(bBa)(byT* -T - AG -groupoid)

(aab) y(c pd) = (dab) y(cBa).(by lemmal. 1.)

Hence, Sis I — paramedial. The following example shows that the converse is not
valid:

Consider  S={a,b,c}andl ={)} with the following tableThen S is T -
paramedical ,but we have b =cya=cyc,a=ayc# cyc=b orbyc=ayb,cyb # bya
i.e.SisnotaT'-T — AG -groupoid.

y a b c

a a a a
b a a a
c b b b

Corollary 2.1. EveryT*-T — AG -groupoid with a left identity isa left nuclear
square I' — AG -groupoid.
Proof. By propositions2.1and2.2, the result isimmediate.
Definition 2.1. A T — AG-groupoidS is called a Bol" —TI — AG -groupoid if it
satisfies the identity aa((bfc)yd)= (@a b)s cy d, for al a,b,c,dd Sand
a,B,y0r.
Proposition 2.3 Every Bol" -T - AG -groupoid with a left identity is a
T'-T - AG -groupoid.
Proof. Aame that S be a Bol” -T — AG -groupoid with left identity e for every
a,b,c,d0Sanda, B,y0r . Let agb =cad .Then,
baa=eB((ey b)x a)(by left identity law)

=((eBe)y by a(by Bol" —T — AG -groupoid)
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= (eyb)a a(by left identity)
= (ayb)ae(by left invertive law)
= (aab)ae (by lemma 1.4)
=(cad)ae (by assumption)
= (ead)ac (by left invertive)
= dac (by left identity)
Hence, Sisa T'-T — AG -groupoid.
Corollary 2. 2. Every Bol" —T — AG -groupoid with left identity isl" -
paramedial.
Proof. By Propositions2.2and 2.3, the result isimmediate.
Definition 2.2.A I' = AG -groupoid S iscaleda ' - AG —3-band if
ay(afa) =(aya)Ba=a,foral aldSand g,y0r .
Theorem 2.1. EveryT! -T — AG -3-band with left identity isI™ — semigroup.

Proof. Let S be a T'-I - AG-groupoid and I — AG-3-band.For every
a,b,c,d0Sand a,s,y,00T , we get:

(aa b)yc = (ca b)ya(by left invertive law)
cy(aa b) = ay(ca b)(byT* - — AG -groupoid)

=((apa)da)y(cab) (by ' = AG -3-band)

= ((aBa)doc)y(aab) (by I -medial law)
(aa b)yc = (aa b)y((@Ba)d c)(by T* — I — AG -groupoid)

=(aa(afa))y(boc) (by I -media law)

=ay(bdc)(byl - AG -3-band)

=aa(byc)(by lemmal. 4)
Hence, Sisa I -semigroup.
Corollary2. 3. Every Bol" -T — AG -groupoid with left identity is Left nuclear
square ' — AG -groupoid.
Proof. By propositions 2.3 and corollary 2.1, the result isimmediate.
Definition 2.3.A I = AG-groupoid is called transitively commutative if for all

a,b,cOd Sand yOrI, ayb=Dbya, byc=cyb imply ayc=cya.

Proposition 2.4. EveryT?-T - AG- groupoid is transitively commutative
I = AG - groupoid.

Proof. Let S bea T?-T - AG-groupoid. Then Ua,b,c,d JSand yOI suppose
ayb=cyd = ayc=byd. Let ayb=hya, byc=cyb.

ayc =byd (by assumption) (1)

ayb=cyd (byT*>-T - AG - groupoid)

bya = cyd (by assumption)
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byc =ayd (byT? - — AG - groupoid)
cyb = ayd (by assumption)
cya=byd (byT?-T — AG - groupoid) (2)
= ayc =cya(by equation (1) , (2))
Hence Sistransitively commutative I — AG -groupoid.
Proposition 2.5. Let S be a I' = AG -groupoid with left identity e such that for
every allS, a0l aga=a’ =e.Then Sisa T2-T - AG - groupoid.
Proof. Let a,b,c,d0Sand a, B, y0Or ,suchthat ayb=cyd (1),
Then we have
ayc =(efa)yc= (cBa)y e(by left invertive law)
= (cBa) y(bab) (by assumption)
= (cBb)y(aab) (by I -medial law)
= (cBb)y(cad) (by equation (1) and lemma 1. 4.)
= (cBc)y(bad) (by I -medial law)
= ey(bad) (by assumption)
=by(ead) = b yd(by left identity)
Hence, Sisa T?-T - AG - groupoid.
Proposition 2.6. EveryT? - — AG - groupoid isa T*—T — AG - groupoid.
Proof. Let S be a T?-T - AG -groupoid. Consider for every a,b,c,dJSand
yar,
ayb = cyd (by assumption)
ayc=byd (byT?-T — AG - groupoid)
byd =ayc
bya=dyc(byT?-T — AG - groupoid)
Hence, SisaT'-T - AG - groupoid.
Theorem 2.2. EveryT? —-T — AG - groupoid with a left identity isa
Bol” - = AG -groupoid.
Proof. Let S be a T?-T - AG-groupoid. Then for every a,b,c,d ] Sand
a,B,y0r , wehave ayb =cyd implies ayc =byd . Now consider
((aab)yc) Bd = (dyc) B(aab) (by left invertive law) (1)
dB((aab)yc) = (aab)B(d y c)(by Proposition 2.6)
dB((aab)yc) = (dyc)ab)Ba (by left invertive law)
((dyc)ab)Ba=dpB((aab)yc) (by T -T — AG - groupoid)
((dyc)ab)Bd = aB((aab)y c)(by Proposition 2.6)
(dB(dyc)ab) = (((aab)yc)Ba) (by T? —T — AG - groupoid)
af((dyc)ab) = ((aab)yc)pd (by theorem 2.1)
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af((dyc)ab) = (dyc)B(ab)(by leftinvertive law) (2)

((agb)yc)Bd = aB((dy cab)(by equal (1), (2))

((aab)yc)pd =afB((by c)ad)(by left invertive law)

((aab)yc)Bd = aa ((by c)Bd)(by lemma 1.4.)

Hence, Sisa Bol" -T - AG - groupoid.

Corollary 2. 4. EveryT? =T — AG - groupoid is I -paramedial.

Proof. By Propositions 2.2 and 2.6, the result isimmediate.

Corollary 2.5. EveryT?-T — AG- groupoid with left identity is left nuclear
square ' — AG - groupoid.

Proof.By Proposition 2.6 and corollary 2. 1 isobviously.

Definition 2.4. A T —AG-groupoid is called I'-AG- band if every their
elements be I — idempotent.

Theorem 2.3. Everyl' - AG- bandisa T®-T - AG - groupoid.

Proof.Let ayb =ayc,for a,b0Sand yOI,

bya = (byb) ya(byl -idempotent)
= (ayb) yb (by left invertive law)
= (ayc) yb (by assumption)
ayc) (byb) (by I -idempotent)

) ¥(cyb) (by T -medial law)

) ¥(cyb) (by assumption)
aya) ye)y(cyb) (by T - idempotent)
cya) ya)y(cyb) (by [ - invertive law)
cyb) ya)y(cya) (by T - invertive law)

(cya)
(cya)

cya) (by mmption)

(cya) y(cya) =cya.(byT - idempotent)
Hence, Sisa T,°-T - AG - groupoid.
Let bfa=cpa forevery a,b0Sand 0O,
apBb=(apa) Bb (by -idempotent)
=(bfa)La(byl - invertive law)
=(cfa) LBa (by assumption)
=(afa)Bc (by T - invertive law)
=apc.(byl -idempotent)
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Hence, Sisa T®-T - AG - groupoid. Then Sisa T*-T - AG - groupoid.
Proposition 2.7. EveryT* —T — AG - groupoid isa T® -T — AG - groupoid.
Proof.Uing their definitionsis obviously.

Corollary 2.6. Every T?> -T — AG - groupoid is T® —T" — AG - groupoid.
Proof.By Proposition 2.6 and 2.7 is obvioudly.

Proposition 2.8. EveryT*-TI — AG- groupoid is a transitively commutative
I = AG - groupoid.

Proof.Let a,b,c,d0Sand a0 with aab =baaand bac=cab.

Now we have:

aga =babandbab = cac (by T*-T - AG - groupoid)

= aga=cac

aac=caa . (byT*-T - AG - groupoid)

Hence, Sisa transitively commutative I' — AG -groupoid.

Theorem 2.4. EveryT*-T — AG - groupoid with left identity is Bol" - — AG -
groupoid.

Proof. Let a,b,c,d0Sand Sis T*-T — AG - groupoid and ed Sanda, 8, yOT
((aab) Bc)yd = (d S c)y(aab) (by left invertive law)

((aab) Be)y(aab) = (dBc)yd (by T, =T — AG - groupoid)

dy((aab)Bc) = (aab)y(dSc) (byT,' =TI — AG - groupoid)

dy((aab)Sc) = ((dBc)ab)ya (by left invertive law)
dya=((dBc)ab)y((aab)Bc)(by T =T — AG - groupoid)

((aab)Bc)yd = ay((dBc)ab) (byT,' =T — AG -groupoid)

((agb)Bc)yd = ay((bBc)ad) (by left invertive law)

((aab)Bc)yd =aa ((bBc)yd) (by lemma 1.4.)

Hence, Sisa Bol" —I" — AG - groupoid.

Theorem 2.5. If al - AG- band Scontains a left identity e,then Sbecome a
commutative I -monoid.

Proof. By lemma 2 and remark 3. We have for every a,b[0Sand y0I . Then

ayb = (eya))b
= (bya) ye(by left invertive law)
= ((bya)y(bya))ye(by " —idempotent)
= (ey(bya)) y(bya) (by left invertive law)
= (bya)y(bya) =bya (by ' —idempotent)
Hence, Sis commutative. Also we have for every a,b,c0Sand I . Then,
(ayb) Bc = (cyb) Ba(by leftinvertive law)
= af(byc) (by commutative law)
=ay(bpc) (bylemmal.d.)
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Hence, Sis I -semigroup. Now we should prove e is right identity. Then for
every
alJdSand yI" we have,
aye=(aya)ye(by —idempotent)
= (eya)ya (by left invertive law)
=aya=a(byl —idempotent)
Hence, Sisa I -semigroup with identity ei.e. Sisl" - monoid.
Conclusion. This current article inveatigates the ideas of T, T? T° and

T*-T - AG- groupoids. By theorems and propositions we inveatigate that every
T*-T - AG - groupoid with left identity is I" — paramedical, Left nuclear square
and T'-T - AG-groupoid are T*-T - AG - groupoid.So every T?-T - AG-
groupoid is I —paramedical and T?-T - AG - groupoid with left identity is left
nuclear square and every T*—T — AG -groupoid with left identity is left nuclear
square and every Bol' —T" — AG -groupoid with left identity is I — paramedical
and left nuclear square.
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