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Abstract

TIn this paper, we introduce a generalized Sobolev-Morrey type
spaces. Furthermore, the Sobolev type embedding theorems in this
spaces is established.
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1 Introduction and preliminary notes

In this paper we first intorduce a generalized Sobolev-Morrey type spaces

ﬂ Lyos(@) (1)

where G C R 1 < p' < oo; I' € Nif, (i=0,1,...,n), I > 0 are en-
tire (j =1,. ), I > 0 are entire (i #j=1,...,n), I > 0 are entire
(i=Toooon)s B € 10,107 @) = (pa(t),.- . onlt), 95(8) >

0(t > 0) by

Lebesgue measurable functions; tlir}'rlo @;(t) = 0, and tl}er ©;(t) = oco. We
— o0

denote by A the set of all vector functions. Further, using the integral repre-

sentation method we study some differential properties of functions, defined

in n-dimensional domains satisfying ”flexible - horn” condition.
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Definition 1.1 The spaces L;-";B(G) under consideration consists of the

set locally summable on G f;mctions f having on G the generalized mized
derivatives DV f with the finite norm

_ - v
171l s —;HD f

.8

PlLp,BiG (2)

where

_ _ -8
1Pz = Wy = 50 (R W) (B)

|90([t]1)‘_5 = ﬁ (on([th))_ﬁjfﬁj < (07 1]7 (j =1,2.. '7n) and [t]l = min{lvt}'

j=1
For any x € R"

1 |
G (1) = G L () = GN {y s — 53] < 55(t), = 1n}

Note that the spaces with parameters introduced and studied in [3], [6], [8],
9], [10], [12], [13], [15], [16] and others.
Let for any ¢t > 0 |¢([t]y)| < C, where C' > 0 is positive constant. Then

the embeddings Ly, ,5(G) < Ly(G), (| L52,(G) < N L5 (G) hold i.c.
=0 =0

Y0,

1fllp:e < Cllf 505

and
Il e SO
NeE=e© [AR=NeC)
Note that the spaces L, 3(G) and ZDO L;l; 5(G) are Banach spaces. The

compleness of the these spaces autom_atically implies from completeness of
L,(G) and ZQO L;">(G).

The space (n] L;-li>(G) , when in the case ; =0 (j = 1,...,n) coincides
i=0

with the ﬁ L;fi>(G) introduced and studied in [7]. in the case I° = (0,...,0),
i=0

I =(0,...,0,1;,0,...,0), p = p, (i = 0,1,...,n) coincides with the spaces
W, ,5(G) introduced and studied in [11] . The spaces of such type with dif-
ferent norms were introduced and studied in [1], [4], [5], [14] and others.

Let G be a bounded domain and p < ¢, ¢(t) < ¥(t) (¢t > 0); Je > 0,
vVt € (0,1), [w@)|"r < Cilp(t)|?, then Ly s, (G) = Ly,5(G) ie. exactly
there exists C' > 0 such that

| fllp.osic < Coll fllgw,6::6- (4)
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Definition 1.2 The open set G C R" is said to be an open set with condition
of type flexible p-horn if for some 6 € (0,1]", T € (0,00) for any x € G there
exists the vector-function

p((p(t),l’):(pl((pl(t),l’),...,pn((pn(t),x)), OStST

with the following properties:
1) for all j € e, p(pj(t),x) is absolutely continuous on
[0, T, |p; (p; () ,:)3)’ <1 for almost all t € [0,T7,
2) pi(0,2) =0, 2+V(@.0)= U lp(p(t),2)+¢ 00 CC.

In particular, ¢ (t) = t* (t)‘ = (t’\l,t’\Q, ...,t)‘”)) and 0, = 0% (j=1,...,n)
is the set 4+ V(x, A, 0) will called the flexible A\-horn introduced in [2].
Assuming that ¢; (¢) (j =1,2,...,n) are also differentiable on [0, 7], we

can show that for f € ﬂ L<” (G) determined in n- dimensional domains,

satisfying the condition of ﬂex1ble w-horn, it holds the following integral rep-
resentation (Vo € U C G)

X/Dlof(:c—i—y)Q(”) <pr p(@(T),fv)> (©)

where e;; the set of indices of nonzero components of the vector [°. Let
L(-,y,z) € C5°(R™) be such that

1 ‘
S (L) C Iym = {y syl < §<pj (T), j= 1,2,...,71}.

Assume that for any 0 < 7' < 1 and

V= U {y:LES(L)}.

0<t<T @ (t)

It is clear that V' C I (1) and suppose that U +V C G.
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Lemma 1.3 Let 1 <p'<p<r<oo; 0<n, t<T<1,v=(v1,va,...,0n),
v; > 0 be entire, (j =1,...,n); ¥ € L, ,5(G) and

70 = [1( 252800 o)) ot

and let

Then for any T € U the following inequalities are true

Al < CL®|] . A
Q4 TT (v ([€]0)% 7 9)
7=1
A < o ,
0 [Zo ] g < o1t >
Q7 TT (v ([€0)7 7, (10)
j=1

where Uw(g) (T) = {SL’ : ‘S(Ij —Tj| < %Qﬂ] (5) ,j = 1,2, ,n} and Qﬂ S A, Cl, Cg
are the constants independent of p, &, n and T'.

Proof. Applying sequentially the generalized Minkowskii inequality for
any T € U

|2

"
P.Uy(e)(T) = 0/ HR(.’t)HPvUMé)@) %

. -_ ¥ (1)

(5 (1)) T dt, (11)

1 j=e;; Pi ()

J
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where

Rt = [ PO 00 o a2

From the Holder inequality (p < r) we have

J=1

Now estimate the norm ||R (-, t>“p7U¢(g> @)

Let x be a characteristic function of the set S (L). Assume that |L(z,y, z)|
C|Ly(z)|, for all (y,z) € R" x R", and L; € C§°(R™). Noting that 1 < p
r < 00, s < r represent the integrand function (12) in the form

<
<

1_1
s T

o] = (10 L))" (191" x)™ " (LI
and apply for |R| the Holder inequality (% + (i- — l) + (l — %) = 1) , we ob-

p r
taln

1
sup |¢@+mﬁx<iL)@ .
Z‘EUw(g)(f) " (p (t)

sup / © (z+ y)|” do

yeVv
1/s
dy) . (14)

Upe) (T

L
@(t

For any x € U we have

lﬁwx+mﬁx<5%ﬁdys [ e

U+V)pw) (@)
< [ lewr

th(t) (E)

gz,w,B;G H (¢; (t))ﬁjp ) (15)
j=1

ForyeV . _
[ e@ryPdas [ @@ ds

Uy(e) (@) Uy(e) (T+y)
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ii,w,B;U f[ (5 ([E])7" <

< ’ pt ngGﬁ ij (Uw(f)(l’) C Gs&(ﬁ)(x)), (16)
e (go?ét)’ o ((tt))’z),p (p (1), )) dy= LT (os 0).  (7)
Rn o

From inequalities (14)- (17) it follows that

(
IR ( ,t>r|r,%@ < N1L, 1l s

n

06 e

1
Inequalities in (11),(13) and (18) for (r = p) and for any T € U reduce to
the estimation

ﬂjp

(18)

|z )< Cu @l 56193 H (w5 ([€1)" . (19)

P:Uye) (T

In the case @}, < oo inequality (10) is proved in the same way

1Z2], 0y < o1l 100 TT (0 (€)™ 5 . (20)

Jj=1

From inequality (18) and (20) we get inequality (VZ € U)

U Bl a1 < Cs 1206 T (4 (€))%, (21)
]:
Z < Cy||® : 5% 22
B 23], 1, 1 < 1200 LT (0 (1610) (22)
i & ) Bj%j
P |25, 1 < 12l TL 05 (161 (23)
From last inequalities it follows that
HRpr B1;U < Cl pie,0;G (24)
1Zi] s < Coll®l g (25)
!
H ’7TH 81U — =Cs PLe,BiG (26)

1, C4 and C} are the constants independent of ®.
This complete the proof of Lemma 1.3.
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2 Main results

Prove two theorems on the properties of the functions from the space
<l’>
ﬂ Lp 0,8 ( )

Theorem 2.1 Let G C R" satisfy the condition of flexible p-horn, 1
pPP<p<oo (1=01,....n),v=(v,ve... W), ;>0 be entire (j
1,...,n),and suppose that v; > 19; v; > 1% (j #i=1,...,n), Qp < oo(i

1,...,n) and let f € ﬁ Lsl> (G). Then the following embeddings hold
i=0

Y0,

I IA

ﬂ L5">3(G) = Ly (G)

pwﬁ

<l'>
Y0,

and the following znequalztzes are valid

more precisely, for f € ﬂ L5 2 .(G) there exists a generalized derivative D" f

v ll
1D flly6 < 012|@T| 12 (27)
1 Ty S Ml L <p< ), (28)
S LN
In particular, if
T /
Qo= [ TLles0)57~ 05 T] 2t < oo,
o =1 j€ey; on( )
i=1,2,...,n, then D" f (x) is continuous on G, i.e.
v & i 1t
o D7 @) < € 22 @l |21, (29)

0 < T < min{l,Tp}, Ty is a fixzed number; Cy and Cy, are the constants
independent of f, C1 is independent also on T'.

Proof. At first note that in the conditions of our theorem there exists a gen-
eralized derivative D”f on G. Indeed, from the condition QT < oo for all

(i =1,2,...,n) , it follows that for f € ﬂ L™ (@) — ﬂ L<” (G), there

JURINE
exists D f € L, (G) and for it integral representatlon (5 ) and (6) with the
same kernels is Valid.
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Applying the Minkowskii inequality, from identities (5) and (6) we get

1D% fllpe < |[fioir| ,G+§§HZ’TM (30)

By means of inequality (18) for U = G, D' f = ® r = p, p' = p° we get

v . Py, —(1-;p°) L —1
H‘f;(%j)Hp,G <G ||f||p07%5;(; ]:[1(@j(T)) 3 ( P )po P %
]:

[Lw (€0 < e |os a1

p0,0,8:G

and by means of inequality (9) forn =T, U =G, L=M" D'f =, £ — o
we get '
HZT p,G

< Gs|Qy| | D" f

PlLp,B;G (32)

Substituting (5) and (6) in (4), we get inequaltiy (27). By means of inequalities
(22) for U =G, D"'f =&, p' =p° and (23) for U =G, D' f =&, n =T, we
get inequality (28).

Now let conditions Q% < oo (i = 1,2,...,n) , be satisfied, then based
around identities (5) and (6), from inequality (6) for p = co we get

|25 = $5in s < © X 1@hal [0

plLp,B;G

As T' — 0, the left side of this inequality tends to zero, since f,7) () is
continuous on G and the convergence on L, (G) coincides with the uniform
convergence. Then the limit function D" f is continuous on G.

This complete the proof of Theorem 2.1.

Let v be an n-dimensional vector.

Theorem 2.2 Let all the conditions of theorem 1 be fulfilled. Then for Q% <

oo (i =1,2,...,n) the generalized derivatives D" f satisfies on G the general-
1zed Holder condition, i.e. the following inequality is valid:
A (v, G) D fll, e < Clf A s @ [H (v, o T, (33)
i=0 Y,

where C' is a constant independent of f, |y| and T

In particular, Q%y < 0o (i=1,2,...,n) , then
sup [A(y, G)Df(@)] < Clfll o i [Ho(lv, 95 T (34)
zeCG 3! p wﬁ( )
where

|H(h/7 2 T|)| = mZaX{|7|7 Q\ny\v Q\Z'y\,T}u (‘HO(h/’ 12 T‘)‘ = mfix{|fy|7 QT’y\,O? Q|Z'y|,T,O})
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Proof. According to Lemma 8.6 from [2] there exists a domain
G, CGw=Cr(z),(>0,r(x)=p(z,0G), r€qG)

and assume that |y| < w, then for any x € G, the segment connecting the
points x,x + 7 is contained in . Consequently, for all the points of this
segment, identities (5) and (6) with the same kernels are valid. After same
transformations, from (5) and (6) we get

A (7,G) D¥f (1)) < H (5 (T))5 ™71

R/nDzof(Ier) ’Q(V) (%p—(t; ﬂ(fp((tt)), $)> QW <pr p(i(tt) 7x)>|dy+

z{// (1D o+ 34|+ D" o+ )]

0 R»

w (¥ rle®).2) T (o (it 7 F0)
}Mi (Sp(t) 0 0 (e (1), )) jl;[l(% (1)) jgi ) (t)dtder

[[17's )| | (L PO, o)) -

<y pp(t),2) ,(@(t)’x)>

1T (o (7 T 22 0hata }

j=1 jeell v (1)

Az, ) +Z i(z, ) + Fi(z,7)), (35)

where 0 < T < min{1,7y}, we also assume that |y| < 7. Consequently,
|7] < min (w,T). If x € G\ G, then by definition

A(y,G)D"f () = 0.
Based around (35) we have

1A (v, @) D7 fll, o < 1AV, 6, +

n

+ 3 (IBi@ N, + 1@ 6.) (36)

=1
Az,vy) <
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vl

< TT 07 | [ 17+ ce, vl |0 (25, £E0.2) 4,

j=1 o o pt) @)

similarly we get

o, _ ,
By(x,7) < / I (o; ()52 ¥ (1)

dtx

j=1 jee Pi (t)

/ ‘Dlif(x+ Ce, +y)‘

Rn

oo v ple),x) ‘
bi (Wy 0 )dy'

Taking into account {e, + G, C G, and applying the generalized Minkowski
inequality, from inequality (18) for U = G, Df =&, r =p, p' =p° , £ — o0
we have

1ACA e, < CLV I llpop6- (37)
By means of inequality (9), for U = G, D f = &, n = ||, £ — co we get

1B ()6 < Col@il | D" 1

PlLe,BiG (38)

and by means of inequality (36) for U = G, D" f = ®, n = |y|,£ = oo we get

IF (), < Col@fyl [PV (39)

PhLe,BiG

From inequalities (36) and (37) - (39) we get the required inequality.
Now suppose that |y| > min (v, 7). Then

1A (7, G) DY fll, e < 2[ID"fll, e < C e, TYID" fl, Hly, 05 T1)-

Estimating for [[D”f||, o by means of inequality (27), in this case we get
estimation (33).
Theorem 2.2 is proved.
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