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Some Properties of Distributional Wedge Products
GAO Hongya

College of Mathematics and Computer Science,
Hebei University, Baoding, 071002, China

LIU Qiangian

Industrial and Commercial College,
Hebei University, Baoding, 071002, China

CHU Yuming

Faculty of Science, Huzhou Teachers College,
Huzhou, 313000, China

Abstract

This paper considers the distributional wedge product. Some proper-
ties are proved, which can be used in the study of quasiregular mappings
and mappings of finite distortion.
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1 Introduction

In the theory of non-linear differential forms and their applications to modern
theory of mappings, one of the most important concepts is the distributional
wedge product. As a generalization of distributional Jacibian, it has important
applications in the theory of geometric function theory and non-linear analysis,
see [1-3]. In this paper, we give some properties of the distributional wedge
products.

Let f=(fY f% -+, f") : Q — R" be a Sobolev mapping. Given a pair of
ordered (-tuples I = (iq,149,--+,4p) and J = (j1,J2, - -, je), there is an associ-

ated ¢ x ¢ minor of the differential matrix D f = (gj: ) i We shall use the
J SLIsn
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following notation for such minors

alf _ 8(fi1’fi27_,_’fie)

8§L‘J 8($j17$j27"'7sz)

e | O

LEIJEJ

Thus the (7,j)th entry of Df is obtained when I = (i) and J = (j), while
the Jacobian determinant is obtained when [ = J = N = (1,2,---,n). For
J = (J1,J2,°*,je), denote by N — J = (kq, ko, -, kn_¢) obtained from N =
(1,2,---,n) by deleting all terms in J.

Let ey, eq,- -+, e, denote the standard basis of R". For each £ =0,1,---,n
denote by A® = AY(R™) the space of f-covectors on R", A\ = R, A! = R™
Then A’ consists of linear combinations of exterior products

er =€ Nejy N Ne,

where I = (i1, 19, -, 1) is an (-tuple.
For a smooth mapping f = (f1, f%,--+,f") : Q@ — R"and 1 <[ < n, one
can use Stoke’s theorem to write

/ng(x)dfil/\d i2/\~-~/\dfil/\de_J:—/inldgo/\d 2AL AT AN doy_y,

where ¢ € C§°(2). This later integral actually converges for mappings in the
Sobolev space W,-*(Q,R"), with s = n"—+l1 Indeed, we have

dg A df= A~ AdFY| < [Vl DI,

nt
(n+1)(€—1)
loc

and this last term lies in L (Q2), whereas f“ is locally in the dual space

nt

L7 54(Q), by the Sobolev embedding theorem. An immediate consequence of

this is that we are able to make the following definition.

Definition 1.1 The distributional wedge product is defined for mappings

fe VV;,CS(Q, R"™) with s = n”—fl and any ordered (-tuples I = (i1,---,1y) and

J = (1, -, Je) by the rule
Tl = - / Firdo Adf2 A Adfie A den_y
Q
for ¢ € C°(Q).

This definition gives us the continuous non-linear operator

1 nt

Tfr - Wl (0. R") — D'(9),

where D’ () represents the dual space to C§°(€2), that is, the space of Schwarz
distributions. If £ = n, then the distributional wedge product coincides with
the distributional Jacobian, see [1].



Distributional Wedge Products 39

2 Some Properties of Distributional Wedge Prod-
ucts

In the following, C(n) is some constant depending only on the dimension n,
it may vary from line to line. In this section, we give some properties of
distributional wedge products. The first result to consider is the following
theorem.

Theorem 2.1 Let f € WS5(Q, R"), s = n"—fl, and QQ C Q be a cube. If the
test function ¢ € C3°(Q) satisfies |V| < C(n)/diam(Q), then for any ordered
C-tuples I = (i1,---,1p) and J = (j1,- -+, Je), we have

L
B

T e \_‘/ 2)df* Adf? A AdftA dzy_g gC(n)|Q|1—%(/ IDf)".

Proof. We only need to prove the last inequality. Denote by féj the

integral mean of f¥ over ), that is, fg = +o fidx. By Stoke’s theorem,
Holder’s inequality and Poincaré-Sobolev inequality, we have

|7l ]_}/ YAFAdF A AdFTA dzy— g
2’ 0 (f" = f&)de Nd i2A~-~/\df“/\d:cN J’
s/ |f“ 151 v el DI e < — s da g L\ = FlID s
(n+1)(£—=1)
< oty 17— =) (/Q\Df )

= m%?cz) (/ DJ "%df”) T cwer </Q|Df|5)é

This ends the proof of Theorem 2.1.

Theorem 2.2 I[fn—I+1 coordinate functions of a mapping f = (f, f%,---, f") €
WHE(Q, R™) vanish on OQ in the Sobolev sense, then for any ordered (-tuples
I= (i, -, i¢) and J = (J1, -, Je),
/Qdf“/\di2A~-~Adf“Ad:cN_J:0. (2.1)

If two mappings f,g € WY4(Q, R") agree on 08 in the Sobolev sense, then

/Qdfi1 ANdf2A - ANdfENdey_y = /ng“ Adg? A ANdg" Ndey_y. (2.2)
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Proof. It is no loss of generality to assume that f% vanishes on 0 in
the Sobolev sense, for some k € {1,2,---,¢}, because otherwise we will have
a contradiction. Stoke’s theorem yields

/Qdf"l/\d"2/\~-~Adf"lAde_J
= (—1)k—1/ d(fredf™ A Ndfie A AdF A day- )
= (=D " FEQFLA - AdfiE A AdfEAdzy_g =0

where the circumflex over a term means it is to be omitted. If f, g € W14(Q, R")
agree on 0f2 in the Sobolev sense, then by (2.1),

/Qdf“AdizAmAdfifAd:cN_J—/ngilAdgim-.-AdgifAde_J
¢
:Z/Qdfil/\-~-/\d(fik—gik)/\~-~/\dg”/\de_J:O.
k=1

From this (2.2) follows. This ends the proof of Theorem 2.2.
We now need a few facts from harmonic analysis in order to state and prove
Theorem 2.3. For h € L*(R"),1 < s < 0o, the maximal function of h is defined

by
(Mh)(z) = sup { <ﬁ/@ \h\s>; reqQcC R”} |

The following result represents a slight strengthening of the well-known weak-
type inequality

: x ¢n,s) x)|°dx
o Mo(a) > 28| < =2 [ h(a)lde

Another prerequisite for the proof of Theorem 3 is the Whitney decompo-
sition and the adjusted partition of unity, see [4]. Let F' be a non-empty closed
set in R™ and  its complement. Then there is a collection F = {Q1, Qo, - - -}
of non-overlapping cubes such that

L Q=UZ, Qs
2. diam @Q; < dist (Q;, F) < 4diam@);
3. A\Q; intersects F'if A\ > Tn.

Here we denote by AQ the cube which has the same centre as () but is expanded
(or contracted) by the factor A. The last fact follows from elementary geometric

considerations. We follow the notation used in [4] and write @ = 11Q;. Now



Distributional Wedge Products 41

there exists a partition of unity 1 = 332, @;(z), © € Q, where ¢; € C§°(Q7)
are non-negative functions such that

C(n ,
. [ S — —
‘ V(,OZ(.Z’) |— dlam(Ql)’ ? 1727

Theorem 2.3 Let f € WY(R", R") with s = n"—Jrll have compact support
and let
M(z) = (M,|Df|)(x).

Then for all but a countable number of t > 0 we have

’ / dFAdF? A AdF Ay
M(z)<2t

< C(n)i- / IDf(2)[*dz. (2.3)

|Df(z)|>
An Orlicz function is a continuously increasing function satisfying

P :[0,00) = [0,00), P(0) =0 and tli)m P(t) = 0.

The Orlicz space L7 (€, R"™) consists of those Lebesgue measurable mappings
defined in 2 and valued in the space R" such that

/QP()\|f|)d:E < oo for some A = A\(f) > 0.

The spaces LE,(Q,R") and W5F(Q, R") are easy to understand.

Theorem 2.4 Under the divergence condition

| P() A = oo (2.4)

and the convexity assumption

n+1

t — P(t =) is convex (2.5)

on the Orlicz function P = P(t), we have for each H € LY (R"),

t—o0

lim inf £#-* / |H (2)[*dz = 0,
|H(z)|>t

_ nl
where s = 25
The proof of Theorems 2.3 and 2.4 are just a little modifications of [1, Lem-
mas 7.2.1 and 7.2.2] by using the maximal function, Whitney decomposition

and Theorem 2.2. We omit the details.
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Theorem 2.5 Let f lies in W,iT(Q, R") with the Orlicz function P satis-
fying the divergen condition (2.4) and the convexity condition (2.5). Then for
any ordered (-tuples I = (i1,---,4¢) and J = (j1,- -, Je), if

al.f _ a(filafi2>”'>.fil)

ory Oz, xjy, -+, xj) 20,
then it is locally integrable, and
Jr 1 i i i _ o(J,N=J) aff
Thle] = /Qw(:c)dfl AdF2 A AdfT A deyy = (=1) /Q<p(x)8_mdx

for every test function ¢ € C5°(Q2), where o(J, N —J) is the sign of the induced
permutation which is either odd or even.

Proof We choose an arbitrary non-negative test function ¢ € C§°(€2). We
choose yet another test function n € C§°(§2) which is equal to 1 on the support
of p. Thus o ' ' ' '

Olpf™, [, ) _ O™ nf™, -+ nf")

8(xj17xj27"'7le) 8(xj17xj27"'7sz)
Note that the mapping f = (pf', nf? - -,nf") lies in the Orlicz-Sobolev
space WLP(R™ R"™). Let

M'(z) = (M,|D f'|) ().
Because of Theorems 2.3 and 2.4, we have

lim inf
t—o0

/ dofIYAdf2 A - Adf' Adey_y| =0, (2.6)
"(x)<2t
We now split the integrand as
d(pf" YNdf2 N - Ndf" Nday_y
= o@)df* Ndf2 A~ ANdft Ndoy_g+ frde ANdfRA - ANdfE A dey_g.

The second term here is in fact integrable on €2 and, by the very definition of
distributional wedge product, we have

lim frdo Ndfz A NdFT N dey-g = —Tfie].
t=oo J M/ (z)<2t

The first term is non-negative, so the limit of the integral in question exists

and is equal to J fJI [¢]. That is

lim Q(x)df* Ndf> A NdfT N dan_ g = T}ilg]

t—oo Jpfr<ot



Distributional Wedge Products 43

by (2.6). Now the monotone convergence theorem makes it possible for us to
pass to the limit under the domain of integration to obtain

/ P(2)df Adf? A Adft Aday_y = T[] 2.7)
Q
for every non-negative test function ¢ € C§°(§2). This shows, in particular,

that the ; . .
0 f _ a(f”afzzf"af”)

8§L‘J a(levxj27“'7le)

is locally integrable. To complete the proof we note that we did not really
have to use a smooth test function ¢ € C§°(2). The same arguments work for
non-negative Lipschitz functions. If ¢ € C§°(Q) changes sign, we can apply
(2.7) to the positive and negative parts of o respectively. The identity at (2.7)
remains valid for all test functions, completing the proof of Theorem 2.5.

Theorem 2.6 Under the same conditions with Theorem 5, if n — [ + 1
coordinate functions of f = (f, f2,---, f") lies in Wy'¥'(B) for some relatively
compact subdomain B C €, then for any ordered (-tuples I = (iy,---,i,) and

J = (j1>"'aj€)7

alf _ a(fi1>fi2a"'>.fil)

0
aIJ a($j1>zj2> ) Ijl)

almost everywhere in B.

Proof It is no loss of generality to assume fi* € W, ’P(B). Then its
extension by zero lies in W1¥(Q) and we have

a(filafi2>”'>.fil)

=0
a(xjvzjz’ o "sz)

outside B. Consider a test function ¢ € C§°(€2) equal to 1 on B. Then
/Bdfi1 ANdf2A - ANdf* Ndzy_g
= /Q<p(:c)df"1 NAf2 A NN day—g = T[]
- —/thd@/\dfiz Ao AdFUAdzy_y = 0.

Since we have g%f > 0 almost everywhere, it follows that

a(filafi2>”'>.fil)

=0
a(xjvzjz’ o "sz)

almost everywhere.
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