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Abstract

In this paper, first, we describe the conditions that a birbraperator
becomes a normal operator and an n-binormal becomes ammahave also
give some properties of binormal, n-binormal and n-nor8alcond, we solve
the problem that binormal is not closed under addition. d,hve describe
necessary and sufficient conditions that a skew complex stnoyoperator
becomes a binormal opetrator.
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1 Introduction

We denote byH a complex separable Hilbert space endowed with the inneluyato
(.,.) and byL(H) the algebra of all bounded linear operators on a separabie co
plex Hilbert spacé{. A conjugation ori*{ is an anti-linear operatar' : H — H,
which satisfies(Cx, Cy) = (y,x) for all z,y € H andC? = I. An operator
T € L(H) is said to be complex symmetric, if there exists a conjugaticon H
such thatl’ = C'T*C. An operatofl’ € L(#) is said to be skew complex symmet-
ric, if there exists a conjugatiafi onH such thatl’ = —CT*C'. This terminology
is due to the fact thaf' is complex symmetric if and only if it is unitarily equivalen
to a symmetric matrix with complex entries, regarded as araipr acting on an
I2-space of appropriate dimension(sgg[ All normal operators, Hankel matrices,
finite Toeplitz matrices, all truncated Toeplitz operatamsl Volterra integration op-
erators are included in the class of complex symmetric apexaGarcia initiated
the study of complex symmetric operators 1 [ 2] and [3], researchers have made
progress in the last decade.

An operator is said to be normal,if commutes with™. If 7" commutes with
T*T, we calledT is quasinormal. An operator is said to be binormall'ifl" and
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TT* commute. An operatdf € £(#) is called n-normal, if *7™ = T"T*. An op-
erator]” € L(H) is n-binormal, if7*7T™ commutes withl™ 7™ or [T*1", T"T*] =

0. The study of binormal operators was initiated by Camplilif 1972. Camp-
bell realizes in his second papel] have already used the term binormal for an
entirely different condition. Campbell stated that usafyjeeon was not current, so
he continued his use of binormal to describe the definitioruse here. Unfortu-
nately, both definitions are still used i5][[ 7]. In particular, Garcia and wogen have
shown that every binormal operator [ in the sense of browrtdmplex symmetric.
In this paper, we use the term only in the sense of Campbell.

As we know binormality and complex symmetry are meaningbulrhatrices.
those properties automatically transfer to the adjointrobperator. Furthermore,
they have joint connections to square roots of normals oper.aFor those reasons,
we investigate binormality and complex symmetry.

Inthis paper, first, we describe the conditions that a biraboperator becomes a
normal operator and an n-binormal becomes an n-normal. seegife some prop-
erties of binormal, n-binormal and n-normal. Second, weesthe problem that
binormal is not closed under addition. Third, we describeessary and sufficient
conditions that a skew complex symmetric operator beconh@scamal opetrator.

2 Some Properties of Binormal, n-binormal and n-
normal

In this section, we give some properties of binormal, n-bimal and n-normal.
We describe the conditions that a binormal operator becaanesrmal operator
and an n-binormal becomes an n-normal. We all know that nlooperators and
guasinormal operators are binormal operators, the comversot true. we give the
following theorem.

Theorem 1. LetT € L(H) be a binormal operatorI” satisfies withl" = CT*C,
whereC' is a conjugation or#{. If C' commutes with™*7T andT'T*, thenT is a
normal operator.

Proof. SinceT is a binormal and complex symmetric operator, we obf&ir=
CT*C andT*TTT* =TT*T*T, so

™TrTTr* = TT*T*T
recrrccrc = 1T1rCTCCTTC
"TcT*rc = TT*CTT*C.

Since,C commutes withl™ T andTT*, we havel*TT*T = TT*TT*, therefore
TT* =T*T. Hence,I' is a normal operator. ]
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Itis obvious thafl’ is n-normal, theW" is n-binormal, in the following theorem,
we will give connections between n-binormal operators andmmal operators.

Theorem 2. LetT € L(#H) be an n-binormal operatofl’ satisfies witl" = CT*C,
whereC is a conjugation or#{. If C commutes with™ 7™, 7"T* and 7"}, then
T is an n-normal operator.

Proof. SinceT is an n-binormal and complex symmetric operator, we obifaia
CT*CandT*T™T™T* =T™T*T*T", then

T*T"T"T* = T"I*T*T"
T*T"CT™CCTC = T"I*CTCCT™C
T*rCT"CTCTC = TT*CTCTCT™ ™C
T*T"CT"*CT?*CTC = T"T*CTCT?*CT" *C.

SoT*T"CT*CT" 'CTC = T"T*CTCT" 'CT*C.

SinceC' commutes witd ™!, we havel*17"CT*CCT"C = T"T*CT"CCT*C.
SinceC commutes witll™* 1™ and7™T™*, we obtainil *7"T*T"CC = T"T*T"T*CC,
therefore,I*T™ = T™T™*. Hence,I' is an n-normal operator. O

Theorem 3. LetT € L(H) be an (n-1)-normal operatorl satisfies withl" =
CT*C, whereC'is a conjugation ori{. If C' commutes witld'T*, thenT is an
n-normal operator.

Proof. SinceT is an (n-1)-normal and complex symmetric operator, we olitai
CT*C andT*T" ! = T 'T* we havel*T"'T = T"'T*T. Then, T*T" =
T AT*T = T 1CTCCT*C = T 'CTT*C. SinceC' commutes withl'T™*, we
haveT*T" = T"~'TT*CC = T"T*. Hence,T is an n-normal operator. ]

Theorem 4. LetT € L(H) be an (n-1)-normal operator]’ satisfies withl" =
CT*C, whereC'is a conjugation ori{. If C' commutes witii'7T™, thenT is an
n-binormal operator.

Proof. SinceT is an (n-1)-normal and complex symmetric operator, we olifta
CT*C andT*T™ ! = T 1T*. we have

T*Tn—lTn—lT* _ Tn—lT*T*Tn—l

TT* T 7T T T T T
crccrortrvcrecortc TTr*T*T"
crrortrlcrrc = TVTTTTTT.

SinceC commutes withl'T*, we havel™*T"T"T* = T*T*T*T". Hence, I is an
n-binormal operator. ]
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Theorem 5. LetT € L£(H) be complex symmetric with conjugatioh If C' com-
mutes witH™, thenT is an n-binormal operator.

Proof. SinceT € L(H) is complex symmetric with conjugatiafi, we havel’ =
CT*C andCT™C = T™. SinceC' commutes with/™. We can obtain

T T = T*T"CCT"T* = T*CT™CCCT"T*
= T*CT™CCCT"CTC =T o1 C
= CT"TCCTT"C =T"CTCCTCT™
T T*T*T™.

Hence, T is an n-binormal operator. O

Theorem 6. LetT € £(H) be a normal operator, thef? is binormal.

Proof. Since,T" € L(H) is a normal operator, we hal&T = T'T*

rrrrrrre = TTTrrTTTrT*
= TT*T*TTT*T*T
= TTT*T*T*TT*T
= TTT*T*T*T*TT.

Hence,T? is a binormal operator. O

Theorem 7. LetT € L(#) be a normal operator, theh™ is binormal.

Proof. Since,T" € L(H) is a normal operator, we hal&T = T'T*.
We have:

TR = e bepep sl lp el
TS T TTY AT AT T T
Tn—lTn—l*T*TTT*Tn—l*Tn—l
/A Ay A A A A A A Ay A
— Tn—lTn—2*TT2*T2*TTn—2*Tn—1
— = lym=3srprp3srpdsrprpn—3spmn—1.

By induction, we hav@™* T = Tl n-pn-tpppn-1 — pnpnepnepn
Hence, 1™ is a binormal operator. ]
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3 Binormal is Closed under an Additional Condition

From [5], we know that a binormal operat@f has some good properties: G)Y’

is binormal, wherex is complex number. (ii)/’* and7~! is binormal, if it ex-
ists. However, the binormal is not closed under an additiomadition, we give an
example.

Example 8. [5] Let T} = 8 (1) andT, = (1) ]

Ty, and T, are binormal. Letl’ = T} + 15, we obtainT*TTT* = TT*T*T =
{ 0 —2 } £ 0. Hence,T is not binormal.

, it is easy to verify that

2 0
The following theorem will solve this problem.

Theorem 9. LetTy, T, € L(H) be binormal and complex symmetric with conjuga-
tiOI’l C T1 andT2 SatiSfy W|tW1T2 - T2T1. If C Commutes W|tﬂ—‘1T1*T2*T1, TQTl*TQ*Tl,
LT Ty Ty, VT Ty Ty, VT2 Ty, Ty T2 T, Ty T Ty, TV 2Ty, Th T3 Ty, Ty Ty Ty, then
T, + T is a binormal operator.

Proof. SinceT; and T, are complex symmetric and binormal, we havé,C' =

Ty and C'T,C = Ty. We also havel 7TV VT = TVITTYT, and TS 11015 =
LTyTyT,. LetT =Ty + Ty, we conside™TTT* andTT*T*T.

T*TTT™
= (T +15)(M + T) (T + To)(T7 +T5)
= TyTET + TTe Ty + TEToTy + TiTy Ty + Ty TeTy + Ty TeTy + Ty To Ty
+ TETETS 4 2T Ty TV T + 2T TV TS Ty + 2T TV TN T + 215 T LT

TT*7T*T

= (Ty + T)(T7 + T5)(T7 + T5)(Th + 1)

= NPT +TVTPTy + VTP Ty + TV Ty + Ty T2 Ty + To T2 Ty + To Ty T

+ DTPT, + 2TVT Ty Ty + 2T T T3 Ty + 20T T3 T + 21T Ty T
S|nceT1*T12T1* = T1T1*2T1, T;T;Tz* - TQTz*QTQ y T1 andTQ SatiSfy W|thT1T2 -
T,.

SinceC commutes withl 777577, we have:
WL = ChCoCTyCCT;CCT\C = CTITTy T C
= NIyT; T CC =TT7T5T).

SinceC commutes withl’ 777575, we have:

T T; = CTCCT;CCT;CCT,C = CTVT! T ToC
= TTITT,CC = VT T T,
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SinceC' commutes withl, 77757, we have:

TiTNTT; = CTCCT;CCT;CCT\C = CTT T T,C
= DITITTCC = LTI T,

SinceC commutes withl, 777575, we have:

TTTT; = CT,CCT;CCT;CCT,C = CTyTI Ty ToC

SinceC' commutes withl 772 T,, we have:

TiT!Ty = CT\CCTP*COT,C = CTYT*T,C
- TlTl*QTQCC = TlTl*zTQ.

SinceC' commutes withl 72Ty, we have:

TiT3Ty = CT\CCT*CCTVC = CTVTL*T,C
= NTP*TCC = TVT3T.

SinceC commutes withl; 75Ty, we have:

TiT3Ty = CTCCTCCTyC = CTYT*TLC
T\T3*ToCC =TTy Ty.

SinceC commutes witi, 77Ty, we have:

T;TTy = CTL,CCTP*CCOT\C = CTLT*T,.C
LTP*TCC = ToT*Th.

SinceC' commutes withl, 77275, we have:

T;TTy = CTLCCTPCOT,C = CTLT*T,C
- TQTFQTQCC = TQTl*zTQ.

SinceC' commutes withl, 75Ty, we have:

T;T3Ty = CTL,CCT*COT\C = CTLTy*T,.C
- TQT;QTlcYC = T2T2*2T1.

Therefore, we obtaif™*T7TT* = TT*T*T. Hence,T; + T5 is a binormal
operator. (]
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4 Conditions that Skew Complex Symmetric Opera-
tors become Binormal or Quasinormal

From [3], we can learn about some results of complex symmetric,rbiabopera-
tors. We will give some results of skew complex symmetriopbmal operators.

Theorem 10. LetT € L£(H) be a skew complex symmetric operator with conjuga-
tion C. T is a binormal operator, if and only if’ commutes with" 77T

Proof. SinceT is skew complex symmetric, thelll'C = —T*. We assume that’
commutes withll"7* 7T, then
™rrr- = 1T'recrrr=1T"-Ccr--1cr
= CTT"'T"-CT*=CTT*T*"TC

= TT*T*TCC =TT*T"*T.

Conversely, supposE is binormal, then
™rrTrc = T1T'rocrre=Tr-Ccr*-T"CcT*C
= CTT"'T*-CT*C =CTT*T*T.

O

Theorem 11. LetT € L(H) be a skew complex symmetric operator with conjuga-
tion C, if C' commutes with™7T". ThenT is quasinormal.

Proof. SinceT is skew complex symmetric, thel'C' = —T™*.

Tr*r = 1TCCT*T =-CT*-TCT
= CT"'TCT =CCT*TT
= T'TT.

Hence,T" is quasinormal. ]
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