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Abstract

Some inequalities involving the (p,q)-digamma function are pre-
sented. These results are the (p, ¢)-analogues of some recent results.
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1 Introduction and Preliminaries

The classical Euler’'s Gamma function I'(¢) and the digamma function (¢) are
commonly defined as

'(t) = /000 e "' tdr, and (t) = 7 In(I'(t)) = A0k t>0.

Also, the (p, ¢)-Gamma and (p, ¢)-digamma functions are defined as (see [1])

[plg[Pla!

, t>0, peN, qe(0,1).
[t]q[t + 1][1 s [t "‘p]q

Fp,q(t) =

() _
and ¢, 4(t) = % In('p () = FZ:Z(t) where [p], = 11_qqp'
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The functions (t) and v, ,(t) as defined above exhibit the following series
representations.

w(t)=—7+(t—1)z(1+n)1<n+t) t>0
wp,q(t) = ln[p]q + (IHQ) Z 1 q_mqn, t> 0.

where 7 is the Euler-Mascheroni’s constant.

By taking the m-th derivative of the above functions, we arrive at the following
statements for m € V.

0 1
(m) _ (_1\ym+1
P (t) = (=1)"ml! E 7n+t)m+1’ t>0

mnt
up (6) = lnqm“Zl_W >0,

In 2011, Sulaiman [3] presented the following results.

Ut +s) 2 P(t) +¢(s) (1)

where t >0 and 0 < s < 1.

DIt + ) <PU(E) + U (s) (2)

where m is a positive odd integer and ¢, s > 0.

P+ 5) > (1) + U (s) (3)

where m is a positive even integer and ¢, s > 0.

In a recent paper, Sroysang [2] established the following geralizations of the
above inequalities.

t—l—Zﬁ,s, >'l7b +Zﬁz sz (4)

where t > 0, 5; >0 and 0 < s; < 1 for all i € N,.

PO+ Bisi) <)+ Bt (s) (5)
=1 i=1
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where m is a positive odd integer, t > 0, 5; > 0 and s; > 0 for all i € N,,.

P+ Bisi) > M)+ Bap™ (s) (6)
i=1 =1
where m is a positive even integer, t > 0, 3; > 0 and s; > 0 for all 1 € N,,.

The objective of this paper is to establish that the inequalities (4), (5) and
(6) still hold true for the (p, ¢)-digamma function.

2 Main Results

We now present our results.

Theorem 2.1. Letp € N, g € (0,1),t >0, 5, >0 and 0 < s; < 1 for all
1 € No. Then the following inequality is valid.

¢p7q(t + Z @SZ) > wp,q(t) + Z @wp,q(si) (7)
i=1 i=1

Proof. Let U(t) = tpq(t + > 5 Bisi) — Upg(t) — Do Bithpqg(si). Then fixing

s; for each i we have,

U'(8) = 0, (t+ D Bisi) — (1)
i=1

nqn(t—l—Zf‘:l Bisi) nqnt :|

:(lnq)QZ[ ¢ _l—q”

n=1
p nt(nd> o Bisi _ 1
— (ln q)2 Z ng (q ! ) <0.
n=1 1- qn

That implies U is non-increasing. Besides,
lim U(t) = tllglo [wp,q(t + ; Bisi) — tpq(t) — Z; 5i¢p7q(5i)]

=—Infpl, > B
=1

p
() Jin

qn(t—i-Z?:l Bisi) B qnt B i qunsl

n=

= —In[p|, Zﬁ, — (Ingq) Z fl_qml > 0.
i=1

qr

n=1 =1

Therefore U(t) > 0 yielding the result.
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Theorem 2.2. Letpe N, q€ (0,1),t >0, 5; >0 and s; > 0 for alli € N,.
Suppose that m is a positive odd integer, then the following inequality is valid.

pqt+§:@z < +§:@w 5:) (8)

Proof. Let V(t) = ¢y (t+ 3, Bisi) — i) (1) — 2%, B (s;). Then fixing
s; for each i we have,

V! (t) (m+1 t—l— Zﬁl s (m+1 ( )

nm+1qn(t+2?_1 Bisi) nmt1gnt
I—q l—q

=:(h1qY”+22§; { — -

p m—+1, nt( mnd % Bisi _ 1
= (Ingq)™* Z [n a (ij : )} > 0. (since m is odd)
— qn

n=1

That implies V' is non-decreasing. Besides,

Epvqw:iglbﬁ?@+§:@&y—ﬁﬁu)—§:&wﬁNa4
i=1 =1

p m n(t+>5  Bisq) nm nt d m,ns;
. n-q n-q
— (1 m+ll ’
(na) tgggnl[ N R ]
—(Ingq) mHZZﬁ,n ¢ <0 (since m is odd)
I—q"
n=1 i=1

Therefore V (t) < 0 yielding the result.

Theorem 2.3. Letp e N, q€ (0,1),t >0, 8; >0 and s; > 0 for alli € N,,.
Suppose that m is a positive even integer, then the following inequality is valid.

pq t+Z@Z e ‘I‘Z@@D Si) 9)

Proof. Let W (t) = tylg (t+ 325, Bisi) =yl () — iy Bitbiig (s:). Then fixing
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s; for each i we have,

W(t) = ¢S (E+ > Bisi) — it (t)
=1

nm—l—lqn(t—l—Z?:l Bisi) nm—l—lqnt :|

p
= gy [
— l—gq l—gq

p m+1 nt( nd> > Bisi _ 1
m n q\q
~ gy [ D

} < 0. (since m is even)

n=1

That implies W is non-increasing. Besides,

lim W (#) = lim [@7@ (t+D Bisi) =5 (t) =Y By (s»]
=1 =1

t—r00
p m n(t+> 5% Bisi) m nt d m,ns;
. n"q n™q n"q
= (1 m+11 . . :
P « m,ns;
noqgTt . .

= —(Ing)™"™! Bi > 0. (since m is even

YD ) B A )

n=1 i=1

Therefore W (t) > 0 yielding the result.

Remark 2.4. If we let p — oo as ¢ — 17 in inequalities (7), (8) and (9) then
we repectively recover the inequalities (4), (5) and (6).
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