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Abstract

In this paper we study sequentially contractions and prove some theorems on the existence of
fixed points for sequentially contractions in cone metric spaces .Also, we obtain an extension of
the theorem2.6 of [1].
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1.Introduction

The concept of cone metric space was introduced by Huan Long-Guang and Zhang Xian[2],
where the set of real numbers is replaced by an ordered Banach space. They introduced the basic
definitions and some properties of convergence of sequences in cone metric spaces. some other
mathematicians(for instance [3,4,5]) have generalized the results of Guang and Zhang.

Recently, A. Beiranvand, S. Moradi, M. Omid and H. Pazandeh introduced a new class of
contractive mappings: T-contraction and T-contractive extending the Banach'’s contraction
principle and the Edelstein’s fixed point theorem,(see[6]) respectively. Authors in[7] completely
discussed on the fixed points of a TR-contraction.

In this work, we analyze the existence of fixed points for a new class of contractive mappings, so-
called sequentially contraction.

We recall the definitions of cone metric space and other results that will be needed in the sequel.

Let E be a real Banach space and P a subset of E. P is called a cone if and only if :
(P1)P is nonempty, closed and P¥ 0;
(P2)a, b€ R.a,b= 0 and x,y€ P= ax+by€ F;

(P)xePand—xeP=x=0.
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For a given cone P & E | we can define a partial ordering = on £ with respectto £ by
¥xX=y & y—xelP

We shall write ¥ <3 toindicatethat * =¥ butX # ¥ , while ¥ € ¥ will stands for
v=x€IntP where IntF denotes the interior of £ .the cone F € E s called normal if there is
a number ¥ >0 such that for all x.v € E,

0<x<vy implies lIxll < KIvll
The least positive number satisfying inequality above is called the normal constant of £ .

Throughout this paper, we always suppose £ is a Banach space, is a cone with /ntP # @ and =
is a partial ordering with respect to £ .

Definition1.1([2]).Let X be a nonempty set. Suppose the mapping @:X x X = E satisfies:

0< dy vy

(i) forallx.y€X anddC.y)=0iff x=:

dy v dy x

(i) forallx.v€ X ;

dx.V)2dx.2)+d@Ey)

(iii) forall ©.y.z € X
Then is called a cone metric on £ and (X. @) is called a cone metric space.

Examplel.2([2],.examplel).LetE = R*P={(x,y) e E:x,y 20} c R , X =R and
d:X xX - E such that

dlx,y) = Qx — vl alx — yD

Where @ = 0 s a constant. Then (X.d) is a cone metric space.
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Then is called a cone metric on £ and .d) is called a cone metric space .
Definition 1. 3 ([2]) . Let (X.d) be a cone metric space . Let (x») be a sequence
in £ Then:
(i) @n) converges to *€X jf for every €€E  with ¢> 0 there is e € N such

that for all n =1,

dlx,.x) « c.

We denote this by Hm 2n =2 00 op xp o x (1 — o).

(ii) If for any € € £ there is a number e € N such that for all .1 =n,

dlx, .x;,) « c.

Then (&x) is called a Cauchy sequence in ¥ ;

(iii) X.d) is a complete cone metric space if every Cauchy sequence is convergent
inX .

Definition 1. 4 ([1]) . Let .d) be a cone metric space, a normal cone with
normal constant £ and T:X =X  Then

(i) T is said to be continuous if lim xn = x , implies that lim Ty =Tx g5, every

() inX |

(ii) T is said to be sequentially convergent if we have, for every sequence (), if
T(w) is convergent, then (") also is convergent .

(iii) T is said to be subsequentially convergent if we have, for every sequence ()
,if T0%) is convergent, then =) has a convergent subsequence .

For more details see [2,7].

2 . Main Results
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In this section , first we introduce the notation of sequentially contraction , then
we prove some theorem and results.

Definition 2. 1. Let (X.4) be a cone metric space and 5:X =X a mapping.

A mapping S is said to be sequentially contraction if there exist a €[0,1)
constant and a sequence T») from X intoX ,such that 5 is a Tn — contraction
for each n€N | je for each n€N |

d(T,5x,T,5v) cadT,x ,T,y)
For all *.y€X

Examp|e 2.2 . Let E= CloalR) , ’X =R and dlx,y) = Ix - }-’lé’r’

Where e € E  Then (X.d) is a cone metric space. Consider the function 5: X=X py

Sx=x+1 _Also, we consider Tn:X =X defined by Tnx=¢"* for each n€N
Then:

o . I e |
ﬂT(TnS.'I.' rTnS}') = |E—1.l.’.x+1) -e n(_w‘+1}let ==Je ™ - oWV |ef = -d(TH.'I.' rTn_"r’l
e e
Where So is sequentially contraction.

Note 2. 3. If 5: X=X s sequentially contraction , then need not not be a
contraction ; for instance , in example 2.2, 5 isn’'t a contraction ; since

dSx,5v) = lx —vle® > alx — vle® = ad(x.y)
Forall 0= a<1

The next theorem extends the theorem 2. 6 of [1].

Theorem 2 . 4 . Let (.d) be a complete cone metric space, £ be normal cone

with normal constant £ | in addition let 2:X =X pe sequentiall contraction with
a sequence T») . Then for ¥ €X |
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2 Tl Mo Y} =
njlgmﬂd{ﬁE x,TEpSMx)=10

For all kKeN |
Proof . Let *s €X and (n) given by *n+s =5xn =5"x, , n=01,.. . Notice
that

dTyxy , TpXne) = d(T,S" 2xy , TS xp) € ad(T, 5™ 3x, , T,5 ™" 1x,)

For all k€N _Hence, recursively we obtain

dT,S" txy , TS " xy) S a™ ' dTyx, , Ty S5x,)

For all k€N |

Since P is a normal cone with normal constant % ,we get
NAT . S"  xg , TS " xe M€ @™ kAT xa , TreSxo)ll

Which , taking limits , implies that

lim d(TyS™ *xg , TS 24) = 0 (2.4.1)

For all keN |

Now, Let m.n €N wijth m>n  Then

dT S" txy , T, S™ x ) sd TS 2x, , T, S x )+ -+ dT,S™ 2x, , T, 5™ 1x,)

If m—7n s odd,and

A 5™ 2%, , T S™ 22 )< AU 5™ %, . .52 M+ = + AT 5™ 2x, . T, 5™ *x.)

For m—n even.Since for any €N can be oroved analogously to (2.4 .1) that
d(T,S"x, ,TpS"x)—=0,a5s n—=0w (2.4.2)

For all k€N Then by (2.4.1) and (2.4 .2) we have

lim d(Ty S""1x, , TxS™ 1x4) = 0
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For all X €N  which proves the assertion .

The following result is the localization of theorem 2 .4.

Theorem 2.5 . Let X.d) be a complete cone metric space,” <E be a normal
cone with normal constant £ and 5:X—=X pe sequentially contraction with a
sequence T»). Also, LetS be continuous mapping for all x.¥ € BUI,x,.¢) and

d(TySxg , Tpxg) = (1 - ade (k e N)

Where ¢ €E with ¢ >0 x,€X and
B(Tyxg.c)={veX:d(Tyx,.v)sc .keN}

Then for each K€ N 5 has a unique fixed point in Bx,.¢)

Proof . We only need to prove that B(Tuxs.¢) is complete for any ¥ €N _ Suppose

keeN Let On)cB (Tkuxn -'5) be a Cauchy sequence. By the completeness of £ |
there exist ¥ € X such that yn =¥ , (n = ©) . Thus we have

d (Tkn.r, 1) <d (_1-*“ .Tkux,)+ dy, .¥)sc +dly,.y)
Since yx =y, (=) 50 ¢ (Tig¥o. ¥ ) <€ .Hence € B(Tko%o . €) |
Therefore & (Tkux“ "') is complete. Since ko € N was arbitrary, so BUxxs.¢) s

complete, forany k€N O

In the following by ¥ we mean the family of mappings whose members are
either contractive , nonexpansive or @ - contraction (0 < a < 1) mappings.

Theorem 2 .6 . Let X.d) be a complete cone metric space,f be a normal cone
with normal constant £ | in addition let 5:X =X be sequentially contraction with
a sequence @n) . Also, Let 5 be continuous and T») be one to one and
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continuous mapping in ¥ . Then for every Xs €X | the iterate sequence (" xq)
converges .

Proof. Let xa €X and (5"xs) be as follow

Xney = Sxpy = 5x, n=0,1,....

If 5"xs) does not converges, then for each €N

lim d(S"xo,5"xg) » 0 (n— ) (2.6.1)

On the other hand, notice that

d(Tk S'nx,0 .TkS'mx,0)<d(T,kSnx0 , T kS n+1)x,0)+dT,kS"n+1)x,0 .TkS (m+1):
For all KeN |

Then

1
<
T1-aldTSTx, , T, S™ 1 x )+ AT, S™+1x, , T, S™x )]

dTS"xq , TyS™x4)

Since for any k€N Ty is in the family F ,then inequality above can be rewrite
as

1

d "xg T SMx,)<
'U"kS Ko LS 'lﬂ,) 1-a[ﬁd[S“.\“,,sn"lx.)'l"}fdﬁm‘lxu;5”:35;)]

Where .By (2.6.1) we can conclude that

r!l_l'!L dT 5" xg , TpS™Mxg)» 0 (M — )

Which is a contradiction with Theorem 2.4. Therefore, we have that there is Vo € X
such that lim S%xq =ve

Note 2. 7. One can prove that the sequence (G"xs) above converges to the fixed
point of 5 .
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