Mathematica Aeterna, Vol. 3, 2013, no. 5, 349 - 368

Seismic Wave in Non-homogeneous
Intermediate Layer on Half-Space

Dr. Rajneesh Kakar*
Principal,
DIPS Polytechnic College, Hoshiarpur, India
* Corresponding author. Tel.: +919915716560; fax: +911886237166
E-mail address: rajneesh.kakar@gmail.com

Dr. K.C. Gupta
Guest Faculty,
DIPS Polytechnic College, Hoshiarpur, India

Dr. M.S. Saroa
Associate Professor,
MM University, Mullana, India

Manisha Gupta
Research Scholar,
MM University, Mullana, India

Abstract

The propagation of SH-wave (a type of seismic wave) in a non-
homogeneous intermediate layer on half-space has been investigated. The

rigidity and density of the intermediate layer are assumed as £4(1+ e“*) and

p(+e“)i.e. vary exponentially as function of depth. The dispersion

equation is obtained for the generated point source. The effect of
nonhomogeneity on the generated SH-wave is also shown graphically for
the various values of material parameters chosen for earth. The amplitude of
the SH-wave falls off very sharply as the wave number increases slowly. In
the absence of non-homogeneity factor ¢, the dispersion equation reduces to
the classical equation.
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1 Introduction

Seismic waves are energy waves which are the cause of a volcano
earthquake, or explosion. The wave propagation in elastic medium having
different boundaries is important for seismologists or geophysicists to
predict the seismic behavior of earth. The propagation velocity of these
waves depends on rigidity, density and elasticity of the earth. On the other,
seismology is the study of earthquake and seismic wave that tells us about
the structure of Earth and physics of earthquake. A geophysicist studies
earthquakes and seismic waves. The infrastructure of the Earth’s interior can
be understood with the help of seismic wave phenomena.

The propagation of seismic waves in a heterogeneous elastic media is of
great importance in earth-quake engineering and seismology on account of
occurrence of heterogeneity in the earth crust, as the earth is made up of
different layers. SH- waves are surface seismic waves that cause horizontal
shifting of earth during the earthquake. The particle motion of SH- waves
forms a horizontal line perpendicular to direction of propagation. As a
result, the theory of seismic waves has been developed by Stoneley [1],
Bullen [2], Ewing et al. [3], Hunters [4] and Jeffreys [5]. Jeffreys solved the
Love-wave problem for a model earth, neglecting curvature, the layers
represented by a single equivalent homogeneous layer of depth, rigidity and
density. Rommel [8] presented a note for the propagation of shear waves
with point source under the influence of heterogeneity and it was presented
by Chattopadhyay et al. [9]. Kakar and Kakar [15] discussed Love waves
in a non-homogeneous elastic media, Kakar and Gupta [16] purposed Love
waves in a non-homogeneous orthotropic layer under ‘P’ overlying semi-
infinite non-homogeneous medium. Roy [17] studied wave propagation in a
thin two-layered. Datta [18] discussed surface waves in an elastic solid
medium with the gravity field. Goda [19] studied the effect of non-
homogeneity and anisotropy on Stoneley waves.

The Dirac delta function or ¢ function known as the unit impulse function is
a function on the real number line i.e. 0 (zero) everywhere except at 0
(zero), with an integral of one over the whole real line [6]. It is a
mathematical abstraction which is used to approximate some physical
phenomenon. The ¢ function can be considered of as a rectangular pulse that
increases narrower and narrower while simultaneously increasing larger and
larger. The Dirac delta function is a defined by
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0 X # X,

5(x—x0)={ for (a)

o0 X=X,

such that, for any function f (x) that possesses a Taylor series at x = X,
Xo+&
I dxs (x—X,)f (X) = f(X,) Ve>0 (b)
In particular, setting f (x) =1, we have
Xo+&
I dxs(x—x,) =1

Xo—&

Another way to write Eq. (b) is

8 f(x X, €[a,b .
Idx5(x— X, ) f (%) :{ (O o) for oiher[wise]z given by Eq. (a)

Some analytic representations of ¢ function are

-1
y xe[-7,7]
o(x)= for as y—>0 c
() { 0 otherwise g )
5(x) = lim—2— (Lorentzian) d
e X4y
1 x°
5(x)= E!m exp(—z—yzj (Gaussian) (e)

which are simply distributions with vanishing width. An idealized point
source of wave can be described using the delta function. [7].

Further, Green’s function method is very useful to solve heterogeneous
differential equations subject to certain boundary conditions. That is why;
we take Green’s function technique to solve the problem of wave
propagation. Also, it is a strong mathematical tool to work out asymptotic
approximations of solutions of differential equations. There are many papers
on Green’s function techniques available in the literatures, a few are Vaclav
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and Kiyoshi [10], Kazumi and Robert [11, 12], Popov [13] and George and
Christos [14].

Here we discuss the influence of point source on the propagation of SH-
waves in non-homogeneous elastic layer. The ¢ function is taken as the
point source. The rigidity and density of the intermediate layer are assumed
to vary exponentially as function of depth. Green's function technique and
Fourier transform are used to obtain dispersion equation for the intermediate
layer. The equation of transmitted wave in the lower medium is also
calculated. Various curves are plotted for dispersion equation to show the
effects of inhomogeneity on SH-wave in the intermediate layer.

2 Formulation of the problem

The medium to be considered is contained between parallel plane surfaces,
infinite in extent. The upper plane surface is supposed free from stress, and
the lower surface rigidly fixed. We shall assume that the seismic wave is
travelling along x-axis and z-axis is taken vertically downwards. P is point

source of disturbance and is taken at the line of intersection of the interface
and z- axis (Fig. 1). Let ., p, be the rigidity and density of the first half-

space layer. Let 4, p, be the rigidity and density of the lower half-space
layer.

The variations of inhomogeneous parameters in the intermediate layer are

= p(l+e’), P, = p(L+e). 1)
where ‘&' is small positive real constant and having dimensions m™.
The equation of motion for line source can be written as
rijijrFi = pl;, 2)

where 7;are the stress components, pis the density of the medium and
F. are body forces.

For shear wave propagation along the x-axis, we have

u=0, w=0, v =V(X,1,t), (3)
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Therefore, the equation of motion for upper homogeneous isotropic medium
IS (o< X,y <o0,—0<Zz<0)

of ov) of o) o,
Of, M) 9, M), %M _g 4
ax(“laxj éz(ﬂlazj Ao )
or
oV, 0. oV,
ﬂl(ale " az;}p1 Faly ®)

Taking Vv, (x,z,t) =v,(x,2)e"* in Eq. (5)

oA, 0,
i B W=

v, =0, 6
et o ©
_w
Vl
. My P,
Homogeneous Medium 1 ' X
3
ﬂ Ho = u(1+€%)
H Va p, = pL+e”)
Inhomogeneous Medium 2
A <N~
MmN
P (0, H)
Homogeneous Medium 3 Vs Har s
v z
+00

Fig. 1 Geometry of the problem

or
0%, o
ot Tk =0 )
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where, k= L
H

Similarly, the equation of motion for lower homogeneous isotropic medium
IS (o< X,y <00,0<2<0)

2 2

0 V23 +_8 V23 +&a)2v3 =0, (8)

oxX" 01"
or

o, 0

oo w0 ©)
where, kZ = Ps 2.

Hs

The equation of motion for intermediate inhomogeneous isotropic medium
is(—o< X, y<o0,0<z<H)

0 ov, 0 ov, 52V2
— — |+ — —L |—p,—==4 r), 10
ox [/Jz 5 j P [:uz o ] P> o 7o (r) (10)

o(r)is the disturbances produced by the impulsive force at P. In terms of
Dirac-delta function, these disturbances can be written as

o(r) = 5(x)5(z—H), (11)

Inserting Eqg. (11) in Eg. (10), Hence equation of motion for the
inhomogeneous layer in terms of point source is given by

0 ov, 0 ov, 82V2
—| o, =2 |+—| u,—= |- =4r6(x)o(z—H), 12
5 (ﬂz axj pe (ﬂz 62] P o 76 (X)( ) (12)

Put v,(x,z,t) =V,(x,z)e"" inEq. (12)

0 o, 0 ov, )
|, =2 |+ =2 |+ v, =4ro(x)o(z—-H), (13
ax(/uz axj 62(/‘2 82) P00V, =475 (X) 5 ( ), (13)

From Eq. (1) and Eq. (13), we get
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82VZ+ e’ 82VZ+ 82VZ+ e’ —82V2+ ge“%
o e e T g THEE Ty (14)

+(p+ pe?)o’V, =475 (X)5(z - H),

7,

Dividing Eq. (14) throughout by « and rearranging, we get

2 2 2 2 gz 2
OV, L OVs gy, ={4—”j5(x)5(z—H)—e“%—ge“%—eﬂﬂ—"’e—”v
7,

Eair 4 oz’ oz ox’ r
(15)
where, k2 =2 &
y7;
3 Boundary conditions
The geometry of the problem leads to the following conditions
1. Continuity conditions:
Vv, =V,,
v, v, (at z=0, —0<X<o) (16a)
o =My
0z 0z
2. Continuity conditions:
V, =V,,
) OV, ov, (at z=H, —0< X<0)(16b)
+ e )=, —2.
(pr pe™ ) ==ty —
3. Stability conditions:
v, >0 as Z—>—o0, (16c)
4. Stability conditions:
v, =0 as Z — 4o, (16d)

4 Solution of the problem

To solve Eqg. (7), Eq. (9) and Eq. (15), the following transforms are used.

V (£,2) = %Tvr (x,2)e"*dx (17a)



356

Rajneesh Kakar et al.

The inverse Fourier transform is given as
v, (x,2) = j V. (& z)e9d & (17b)

Now using the above defining Fourier transforms for Eq. (7) and Eq. (9), we
get

2
V,
where, a® =& -k’
d?v.
d223 —yV, =0, (19)

where, y*=¢£%—kZ

In terms of Fourier transforms, Eq. (15) can be written as

d2v2_ _ E _ _ gZd2V2_ £z dV2 £z
o ﬂzvz—(ﬂjé(z H)-e W ge - +e%EN,, (20a)
or

ddzz\ﬁz _,Bzvz = 0-2(2)’ (20b)

where, g% =¢&%-k:

and 0,(2) = 2 o(z—H)-e” dZ\? —ge“%wszfzvz A,
H dz dz P

Eqgs (18-20) are solved by Green’s Function technique under the prescribed
boundary conditions in Eqgs (16a), (16b), (16c) and (16d). First of all take
the middle layer and it is solved with the help of Green’s functionG,(z/z,) ,

Stakgold [20]. The Eq. (20) will satisfy G,(z/z,) as

d ZGZ (Z/ZO)

e ~B°G,(2/2)) = 5(z2~ 1), (21)
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The homogeneous boundary conditions are:

46,(2/2,) _

atz=0, H (22)
dz

where z, is arbitrary line in the medium 2. Multiplying Eq. (20b)
byG,(z/z,), Eq. (21) byV,(&,z), subtracting and integrating with respect to
z from z=0 to z=H, we get

GZ(H/zO{%} —GZ(O/zO){%} [ 0,621 2)02 -V, (2,).23)

z=H z=

Similarly, if G,(z/z,)and G,(z/z,)are Green’s functions corresponding to

upper and lower homogeneous media, then Eq. (18) and Eq. (19) will satisfy
as

0C(2/7)) _o o 2=0: 9GZ%) Lo s 7seo (24
dz dz
and
dGséz/Zo)zo at z=H; %Z/ZO)—)O as Z—>o (25)
7 z

where z, is arbitrary point in the medium 1 and 3. Multiplying Eqg. (18)
byG,(z/z,), Eq. (24) byV,(&,z), subtracting and integrating, we get

av.

6.0/2) 5| =w(), )
z z=0

Multiplying Eq. (19) byG,(z/z,), Eq. (25) byV,(&,z), subtracting and

integrating, we get

G,(H /zo)[%} ~V,(z,). (27)

Replacing z by z,and using symmetry of Green’s function, Eq. (23), Eq.
(26) and Eq. (27) become
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V,(z)=G,(z/0) {%} -G, (z/ H)[%} + T 0,(2,)G,(z/z,)dz,, (28)
_dVl_

Vi(2)=-G,(2/0) "t | (29)

V,(2) =G,(z/ H)_%_ : (30)

Using boundary condition (16a) in Eq. (28), we get

dV2 _ 1 dV2 H

{El—o B K{Gz (07 H)[E}Z_H __(!.O-z(zo)Gz(O/ Zo)dzo}, (31)
2u

where, A=G,(0/0)+~=G,(0/0)
Hy

Similarly, using boundary condition (16b) in Eq. (28), we get

[%} _ 1

dz |,

cH H
H {AB—GZZ(H /0) + He AG,(H / H)} +Aj 0,(2,)G,(H / z,)dz,
0

M

—G,(H /O)To'z(zo)ez(O/ 2,)dz,

(32)

where, B=G,(H/H)+%-G,(H/H).

Hs

Using Eq. (31) and Eq. (32) in Eq. (28), substituting the value of o,(z,)and
using the property of delta function, we get

V,(2) = 2(2u + pe™) G,(z/H)C—G,(z/0)D

cH
Hbs AB—G2(H /0)+ € AG,(H /H)

Hs
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G,(z/ H)G,(H /O)—{B+ pe’” G,(H /H)}GZ(ZIO)

H

cH
AB—G2(H /0)+ € AG,(H /H)

Hs

X

T { oy AV, (zo) oo OVa(Z0)
5 d

Zy

e (&2 - L o)V, (zo)}Gz(O/ z,)dz,
y7;

€1, szZ(ZO)
dz;
G,(z/0)G,(H/0)-G,(z/H)A |} e, AV, (2
,(210)G,( ysz ,(2/H) f*g“% G, (H /2,)dz,
AB-GZ(H /0)+*=— AG,(H/H)|® ’
Hs G ——w 2V, (2,)

T azo 2(20) £24 dvz(zo) _
5 d

Zo

e’ (52 -2 a)Z)Vz (Zo)}(’z (z/12,)dz,, (33)
u

where, C=G,(H/H)A,  D=G,(H/H)G,(H/0).

V,(z) can be found from Eq. (33) which is an integral equation . Also the
value of V,(z) can be obtained by using successive approximations and this

will give the displacement in the intermediate inhomogeneous layer. First of
all we neglect the terms having ¢, we get

V)=t {G ,(z/H)C - G(z/O)D}. (34)

AB—GZ(H /0)

Now put Eq. (34) back in the right hand side of Eq. (33), we get

V,(2) = 2(2u + pe™) G,(z/H)C—G,(z/0)D

cH
HHs AB—G2(H /0)+ % AG,(H /H)

Hs
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luegH

3

Gz(z/H)GZ(H/O)—{BJr G3(H/H)}Gz(z/0)

cH
Ha AB-G2(H /0)+*C  AG,(H/H)

3

H 2
d! {e D) | pern O] _gen i —Baf)@(zo)}‘i (01 2,)dz,
0 d d 7

ZO 0

eszo d2®(20)
dz?
4| G,(z/0)G,(H/0)-G,(z/H)A |} o, 4O(Z
= ,(210)G,( ylgH @A LT, # G,(H /2,)dz,
3| AB—G2(H /0)+ AG,(H /H)|? 0
Hs —e (&2 - L 0)0(z,)
y7i

H 2
_iJ- g% d®—(220)+gegzo w_egzo (éfz _£w2)®(zo) Z(Z / ZO)dZO’ (35)
J7s dz; dz, yr

where,

o(z)=1 &% H)IC-G,(%,/0)D
71 AB-G(H/0)

We see that Eq. (35) completely represents the elastic displacements which
are due to a unit impulsive force in space and time. Here in Eq. (35); Gy, G,
and Gz are unknown. We adopt the following method to find the unknown
Green’s function so that the value of V,(z) can be determined from Eq.

(35).

We have considered G,(z/z,) asasolution of Eq. (18).

A solution of Eq. (18) can also be found as

O 2’L=0 (36)
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The two independent solutions of Eq. (36) will vanish at z=-o0 and
Z=o00 are

L (z) =e" and L(z)=e™ (37)
Hence, the solution of Eq. (36) for an infinite medium is
LOLG) o e,
" (38)
—Ll(zol\)/l 2(2) for z> 1,
where, M =L (2)l,(2) - L, (2),(2) = —2«.
Hence, we can write the solution of Eq. (18) as
efa‘zfzo‘ 39
2 (39)
Since G,(z/z,) is to satisfy the condition (Eq. (24)
4G,(z/z,) =0 at z=0; 4G,(z/z,) —0as z— —oo, (40)
dz dz
Therefore, we assume that
—a|z-17|
G,(z/z2))=- + Pe** +QBe ™. (41)
The conditions as mentioned in Eq. (40) give
G,(z/z ):—i[e”‘ZZU +e“(z”°)}, (42)
1 0 26¥

Similarly

Gg(z/zo) = _2_];/[6—72—20 4 e 7@ n-2H) } (43)
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Green’s function G, (z/z,) for the intermediate inhomogeneous layer can be

obtained in the similar manner as above by using the boundary conditions
Eq. (16a) and Eq. (16b).

1 —ﬁ‘z—zo‘ 52 e_ﬁ(ZO+H) + e_ﬂ(H_ZO) _p eﬂ(H_ZO) +e_ﬂ(H_ZO)
G,(z/2)=——]| e te FH_apH +e PH _ g=PH '
23 e _e e _e

(44)

Substitute the value of Eq. (42), Eq. (43) and Eq. (44) in Eq. (35),
simplifying and neglecting square and higher powers of &, we get

V,(z) = _E(ﬂﬂ cosh 62 + asinh ﬂz-) | )
th10f8°y { AB—G3 (H 1 0)} d(s)sinh AH
where,
[ (y — ) 1
oty
M Gupay +3u° ) + (upay + 1° %) coth ffH |
tupip Bty
HH{uB(uar+ psy) + (wpsay +° ) coth fH |
D(s) =1+ £ ey
4{AB-GI(H/0)}| HE {(mumay —u’B*)+ up(usy — wer) coth SH
) upp By
H 2 up (e + pay) + (pay + 1 ) coth H |
tpp o3y
&y — )
0P’y |

Taking inverse Fourier transform of Eq. (45), the displacement in the
intermediate inhomogeneous layer is

v.(x.2) = _iT’ 2(uf cosh Bz + pyasinh fz)e
2 o sty { AB—GJ (H 10)} ®(¢)sinh SH

dé, (46)
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Eq. (46) is obtained by performing contour integration. The dispersion
equation of surface waves in non-homogeneous elastic media subjected to
point source will be obtained by equating the denominator of the above
integral with zero.

Replacing g by ik , the dispersion relation will become

tan kM — ul;(ﬁtal + 157)
MK = sy
(7 — o) tan kH
—ﬂ{(S,uluaay—E,uzkz) tan kH + (3, +5,usy)}
Y7

H 2k

{(apay — pk?) + pk (e + pzy) tan kH |

£Z

N se He?
4{ 17K — oy § | + e
H2§2

-2

{Gapay + 1Pk tankH + uk (upy — 100)

{(apay — p*k?) = pk (e + pzy) tankH |

—%{(,%y—,ula) tan kH }

“n)
Special Case

In the absence of non-homogeneity i.e. & =0, the relation reduces to

tankH = 2K T 167) (48)

HKE = gy

The Eq. (48) is the dispersion relation for love waves in homogeneous
media given by Ewing et al. [3].

5 Transmitted waves

The equation for the transmitted surface waves can be obtained from Eq.
(46). We note that the poles of the integral are roots P, , (n=1, 2, 3...) of

J(&H) = wuapf’y {AB—G; (H 1 0)} d(z)sinh gH
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Simplifying, we get

g e { pk, cosk z+ e sink z}

V,(X,2)=2 y 49
1 2) =27, ) )
dg §:p2,n
where, k| =k , a_ =a,

EQ. (49) is the expression for surface waves travelling in the x-axis.

6 Numerical analysis

The effects of non-homogeneity in the intermediate layer are studied
numerically by taking parameters in following table Gubbins, [21]. In fig. 2,
the various curves are plotted between kH v/s « at various values of

_ &
4[u¥]

0.4. In fig. 3, we have shown the effect of another non-homogeneity

non-homogeneity parameter &’ = by taking values of &'= 0.1 to

factore” = — 0 by taking & =0.0t0 0.4.  Here, the various curves
4{,uzk2}

are plotted between kH v/sa . The amplitude of the scattered waves falls
off very rapidly as the kH increases slowly. The amplitude of the reflected
SH-wave decreases rapidly with the kH and ultimately becomes saturated
which shows that the reflected SH-wave take a very long time to dissipate
making these the most destructive waves during the earthquake. It is clear
from graphs that the phase velocity of SH-waves is affected by non-
homogeneity parameters.

Table Material Parameters

Layer Rigidity Density
| 1, =6.54x10"°N /m’ p, =3409Kg / m®
Il 1 =11.77x10° N/ m? p =4148Kg / m’

i #; =8.84x10°N / m? P, =3944Kg / m’®
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Fig. 3 Dispersion of SH-wave for ¢
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7 Conclusions

In this problem we assume the upper layer and lower layer to be
homogeneous, isotropic and semi infinite, whereas the intermediate layer is
taken non-homogeneous isotropic with exponential variation in rigidity and
density. We have employed Green’s function method to find the frequency
equation due to a line source. Displacement in the intermediate layer is
derived in closed form and the dispersion curves are drawn for various
values of inhomogeneity parameters. Eq. (47) gives the dispersion of surface
waves in non-homogeneous elastic media subjected to point source. We
observe that

1. Dimensionless wave number kH and the inhomogeneity

parameters (&' ande&’’) affect the phase velocity of surface waves.
In general, phase velocity decreases with increase in wave number
kH but at a particular value of kH , phase velocity increases with

increase in &' and &”.

2. Effects of inhomogeneity parameters (&' and e’ ) on phase velocity
are negligible after certain range of dimensionless wave number kH .
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