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Abstract 

 
The propagation of SH-wave (a type of seismic wave) in a non-

homogeneous intermediate layer on half-space has been investigated. The 

rigidity and density of the intermediate layer are assumed as (1 )ze  and 

(1 )ze  i.e. vary exponentially as function of depth. The dispersion 

equation is obtained for the generated point source. The effect of 

nonhomogeneity on the generated SH-wave is also shown graphically for 

the various values of material parameters chosen for earth. The amplitude of 

the SH-wave falls off very sharply as the wave number increases slowly. In 

the absence of non-homogeneity factor , the dispersion equation reduces to 

the classical equation.  
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1  Introduction 
 

Seismic waves are energy waves which are the cause of a volcano 

earthquake, or explosion. The wave propagation in elastic medium having 

different boundaries is important for seismologists or geophysicists to 

predict the seismic behavior of earth. The propagation velocity of these 

waves depends on rigidity, density and elasticity of the earth. On the other, 

seismology is the study of earthquake and seismic wave that tells us about 

the structure of Earth and physics of earthquake. A geophysicist studies 

earthquakes and seismic waves. The infrastructure of the Earth’s interior can 

be understood with the help of seismic wave phenomena.  

The propagation of seismic waves in a heterogeneous elastic media is of 

great importance in earth-quake engineering and seismology on account of 

occurrence of heterogeneity in the earth crust, as the earth is made up of 

different layers. SH- waves are surface seismic waves that cause horizontal 

shifting of earth during the earthquake. The particle motion of SH- waves 

forms a horizontal line perpendicular to direction of propagation. As a 

result, the theory of seismic waves has been developed by Stoneley [1], 

Bullen [2], Ewing et al. [3], Hunters [4] and Jeffreys [5]. Jeffreys solved the 

Love-wave problem for a model earth, neglecting curvature, the layers 

represented by a single equivalent homogeneous layer of depth, rigidity and 

density. Rommel [8] presented a note for the propagation of shear waves 

with point source under the influence of heterogeneity and it was presented 

by Chattopadhyay et al. [9].  Kakar and Kakar [15] discussed Love waves 

in a non-homogeneous elastic media, Kakar and Gupta [16] purposed Love 

waves in a non-homogeneous orthotropic layer under ‘P’ overlying semi-

infinite non-homogeneous medium. Roy [17] studied wave propagation in a 

thin two-layered. Datta [18] discussed surface waves in an elastic solid 

medium with the gravity field. Goda [19]
 
studied the effect of non-

homogeneity and anisotropy on Stoneley waves.  

The Dirac delta function or δ function known as the unit impulse function is 

a function on the real number line i.e. 0 (zero) everywhere except at 0 

(zero), with an integral of one over the whole real line [6]. It is a 

mathematical abstraction which is used to approximate some physical 

phenomenon. The δ function can be considered of as a rectangular pulse that 

increases narrower and narrower while simultaneously increasing larger and 

larger. The Dirac delta function is a defined by 

 

http://en.wikipedia.org/wiki/Signal_velocity
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which are simply distributions with vanishing width. An idealized point 

source of wave can be described using the delta function. [7].  

Further, Green’s function method is very useful to solve heterogeneous 

differential equations subject to certain boundary conditions. That is why; 

we take Green’s function technique to solve the problem of wave 

propagation. Also, it is a strong mathematical tool to work out asymptotic 

approximations of solutions of differential equations. There are many papers 

on Green’s function techniques available in the literatures, a few are Vaclav 
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and Kiyoshi [10], Kazumi and Robert [11, 12], Popov [13] and George and 

Christos [14].  

Here we discuss the influence of point source on the propagation of SH-

waves in non-homogeneous elastic layer. The δ function is taken as the 

point source. The rigidity and density of the intermediate layer are assumed 

to vary exponentially as function of depth. Green's function technique and 

Fourier transform are used to obtain dispersion equation for the intermediate 

layer. The equation of transmitted wave in the lower medium is also 

calculated. Various curves are plotted for dispersion equation to show the 

effects of inhomogeneity on SH-wave in the intermediate layer.  
 

2  Formulation of the problem 
 

The medium to be considered is contained between parallel plane surfaces, 

infinite in extent. The upper plane surface is supposed free from stress, and 

the lower surface rigidly fixed. We shall assume that the seismic wave is 

travelling along x-axis and z-axis is taken vertically downwards. P is point 

source of disturbance and is taken at the line of intersection of the interface 

and z- axis (Fig. 1). Let 1 1,   be the rigidity and density of the first half-

space layer. Let 3 3,   be the rigidity and density of the lower half-space 

layer.  

 

The variations of inhomogeneous parameters in the intermediate layer are 

 

2 2(1 ), (1 ).z ze e                (1) 

 

where ' '  is small positive real constant and having dimensions m
-1

. 

 

The equation of motion for line source can be written as  

 

, ,ij j i iF u            (2) 

 

where 
ij are the stress components,  is the density of the medium and 

iF are body forces. 

 

For shear wave propagation along the x-axis, we have 

 

0, 0, ( , , ),u w v v x z t     (3)  
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Therefore, the equation of motion for upper homogeneous isotropic medium 

is ( , , 0)x y z     
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Fig. 1 Geometry of the problem 
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where, 2 21
1

1

k




  

 

Similarly, the equation of motion for lower homogeneous isotropic medium 

is ( , ,0 )x y z     
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The equation of motion for intermediate inhomogeneous isotropic medium 

is ( , ,0 )x y z H     
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( )r is the disturbances produced by the impulsive force at P. In terms of 

Dirac-delta function, these disturbances can be written as 

 

( ) ( ) ( ),r x z H        (11) 

 

Inserting Eq. (11) in Eq. (10), Hence equation of motion for the 

inhomogeneous layer in terms of point source is given by 
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Put 2 2( , , ) ( , ) i tv x z t v x z e   in Eq. (12) 
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From Eq. (1) and Eq. (13), we get 
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Dividing Eq. (14) throughout by and rearranging, we get 

 
2 2 2 2 2

22 2 2 2 2
2 2 22 2 2 2

4
( ) ( ) .

z
z z zv v v v v e

k v x z H e e e v
x z z z x


    

  
 

     
        

     

   (15) 

where, 2 2

2k




  

 

3  Boundary conditions 
 

The geometry of the problem leads to the following conditions 

 

1. Continuity conditions: 
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2. Continuity conditions: 
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3. Stability conditions: 

  1 0 .v as z                            (16c) 

 

4. Stability conditions: 

3 0 .v as z                        (16d) 

 

4  Solution of the problem 
 

To solve Eq. (7), Eq. (9) and Eq. (15), the following transforms are used. 
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The inverse Fourier transform is given as 

 

( , ) ( , ) i x

r rv x z V z e d 






           (17b) 

 

Now using the above defining Fourier transforms for Eq. (7) and Eq. (9), we 

get 

 
2

21
12

0,
d V

V
dz

      (18) 

 

where, 2 2 2

1k    

 
2

23
32

0,
d V

V
dz

           (19) 

 

where, 2 2 2

3k    

 

In terms of Fourier transforms, Eq. (15) can be written as 
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Eqs (18-20) are solved by Green’s Function technique under the prescribed 

boundary conditions in Eqs (16a), (16b), (16c) and (16d). First of all take 

the middle layer and it is solved with the help of Green’s function 2 0( )G z z , 

Stakgold [20]. The Eq. (20) will satisfy 2 0( )G z z as 
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The homogeneous boundary conditions are: 

 

2 0( )
0.

dG z z

dz
   at z=0, H  (22) 

 

where 0z is arbitrary line in the medium 2. Multiplying Eq. (20b) 

by 2 0( )G z z , Eq. (21) by 2 ( , )V z , subtracting and integrating with respect to 

z from z=0 to z=H, we get 
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Similarly, if 1 0( )G z z and 3 0( )G z z are Green’s functions corresponding to 

upper and lower homogeneous media, then Eq. (18) and Eq. (19) will satisfy 

as 
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by 1 0( )G z z , Eq. (24) by 1( , )V z , subtracting and integrating, we get 
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Multiplying Eq. (19) by 3 0( )G z z , Eq. (25) by 3( , )V z , subtracting and 

integrating, we get 
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Using boundary condition (16a) in Eq. (28), we get 
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Similarly, using boundary condition (16b) in Eq. (28), we get 
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Using Eq. (31) and Eq. (32) in Eq. (28), substituting the value of 2 0( )z and 

using the property of delta function, we get 
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where, 3 3 2( / ) , ( / ) ( / 0).C G H H A D G H H G H   

 

2 ( )V z can be found from Eq. (33) which is an integral equation . Also the 

value of 2 ( )V z can be obtained by using successive approximations and this 

will give the displacement in the intermediate inhomogeneous layer. First of 

all we neglect the terms having , we get 
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Now put Eq. (34) back in the right hand side of Eq. (33), we get 
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We see that Eq. (35) completely represents the elastic displacements which 

are due to a unit impulsive force in space and time. Here in Eq. (35); G1, G2 

and G3 are unknown. We adopt the following method to find the unknown 

Green’s function so that the value of 2 ( )V z  can be determined from Eq. 

(35). 

 

We have considered 1 0( / )G z z  as a solution of Eq. (18). 

 

A solution of Eq. (18) can also be found as 
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The two independent solutions of Eq. (36) will vanish at z    and 

z   are 

 

1 2( ) ( )z zL z e and L z e     (37) 

 

Hence, the solution of Eq. (36) for an infinite medium is 
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Since 1 0( )G z z  is to satisfy the condition (Eq. (24) 
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Green’s function 2 0( )G z z  for the intermediate inhomogeneous layer can be 

obtained in the similar manner as above by using the boundary conditions 

Eq. (16a) and Eq. (16b). 
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Substitute the value of Eq. (42), Eq. (43) and Eq. (44) in Eq. (35), 

simplifying and neglecting square and higher powers of , we get 
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Taking inverse Fourier transform of Eq. (45), the displacement in the 

intermediate inhomogeneous layer is 
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Eq. (46) is obtained by performing contour integration. The dispersion 

equation of surface waves in non-homogeneous elastic media subjected to 

point source will be obtained by equating the denominator of the above 

integral with zero.  

 

Replacing   by ik  , the dispersion relation will become 
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Special Case 
 

In the absence of non-homogeneity i.e.  =0, the relation reduces to 
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The Eq. (48) is the dispersion relation for love waves in homogeneous 

media given by Ewing et al. [3]. 

 

5  Transmitted waves 
 

The equation for the transmitted surface waves can be obtained from Eq. 

(46). We note that the poles of the integral are roots P 2, n (n=1, 2, 3...) of 
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Simplifying, we get 
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Eq. (49) is the expression for surface waves travelling in the x-axis. 

 

6  Numerical analysis 
 

The effects of non-homogeneity in the intermediate layer are studied 

numerically by taking parameters in following table Gubbins, [21]. In fig. 2, 

the various curves are plotted between kH  v/s   at various values of 

non-homogeneity parameter
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2 24 k





  by taking values of 

/ = 0.1 to 

0.4. In fig. 3, we have shown the effect of another non-homogeneity 

factor
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  by taking 

/ / = 0.0 to 0.4.   Here, the various curves 

are plotted between kH v/s . The amplitude of the scattered waves falls 

off very rapidly as the kH increases slowly. The amplitude of the reflected 

SH-wave decreases rapidly with the kH and ultimately becomes saturated 

which shows that the reflected SH-wave take a very long time to dissipate 

making these the most destructive waves during the earthquake. It is clear 

from graphs that the phase velocity of SH-waves is affected by non-

homogeneity parameters. 

 

Table Material Parameters 

Layer Rigidity Density 

I 10 2

1 6.54 10 /N m    3

1 3409 /Kg m   

II 10 211.77 10 /N m    34148 /Kg m   

III 10 2

3 8.84 10 /N m    
3

3 3944 /Kg m   

   



 

 

 

 

Seismic Wave in Non-homogeneous Intermediate Layer  365 

 
 

Fig. 2 Dispersion of SH-wave for 
/  

  

 

 
 

Fig. 3 Dispersion of SH-wave for 
/ /  
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7  Conclusions 
 

In this problem we assume the upper layer and lower layer to be 

homogeneous, isotropic and semi infinite, whereas the intermediate layer is 

taken non-homogeneous isotropic with exponential variation in rigidity and 

density. We have employed Green’s function method to find the frequency 

equation due to a line source. Displacement in the intermediate layer is 

derived in closed form and the dispersion curves are drawn for various 

values of inhomogeneity parameters. Eq. (47) gives the dispersion of surface 

waves in non-homogeneous elastic media subjected to point source. We 

observe that 

 

1. Dimensionless wave number kH  and the inhomogeneity 

parameters (
/  and

/ / ) affect the phase velocity of surface waves. 

In general, phase velocity decreases with increase in wave number 

kH  but at a particular value of kH , phase velocity increases with 

increase in 
/  and 

/ / . 

 

2. Effects of inhomogeneity parameters (
/  and

/ / ) on phase velocity 

are negligible after certain range of dimensionless wave number kH . 

 

8  Acknowledgments 
 

The authors are thankful to unknown reviewers and editor of the journal for 

their valuable comments. 

 

References 

 
[1] Stoneley, R. (1924), Proc. R. Soc. A 806. pp. 416-428. 

 

[2] Bullen, K.E. (1965), “Theory of Seismology”, Cambridge University 

Press. 

 

[3] Ewing, W.M., Jardetzky, W.S., and Press, F. (1957, “Elastic waves in 

layered media”, Mcgraw-Hill, New York. 

 

[4] Hunter S.C. (1970), “Viscoelastic waves”, Progress in solid 

mechanics, I. (ed: Sneddon IN and Hill R) Cambridge University 

Press. 

 

[5] Jeffreys, H. (1970), “The Earth”, Cambridge University Press. 

  



 

 

 

 

Seismic Wave in Non-homogeneous Intermediate Layer  367 

[6] Dirac, P. (1958), “Principles of quantum mechanics (4th ed.)”, Oxford 

at the Clarendon Press, ISBN 978-0-19-852011-5. 

 

[7] Arfken, G. B., Weber, H. J. (2000), “Mathematical Methods for 

Physicists (5th ed.)”, Boston, MA: Academic Press, ISBN 978-0-12-

059825-0. 

 

[8] Rommel, B. E. (1990), “Extension of the Weyl Integral for Anisotropic 

Medium”, Fourth International Workshop on Seismic Anisotropy, 

Edinburgh. 

 

[9] Chattopadhyay, A., Gupta, S., Sharma, V. K., and Kumari, P. (2010), 

“Effect of point source and heterogeneity on the propagation of SH-

waves”, Int. J. of Appl. Math and Mech., 6 (9), 76-89. 

 

[10] Vaclav, V., and Kiyoshi, Y. (1996), “SH-wave Green tensor for 

homogeneous transversely isotropic media by higher-order 

approximations in asymptotic ray theory”, Wave Motion, 23, 83-93. 

 

[11] Kazumi, W., and Robert, G. (2002), “Green's function for SH-waves in 

a cylindrically monoclinic material”, Payton Journal of the Mechanics 

and Physics of Solids, 50(11), 2425–2439. 

 

[12] Kazumi, W., and Robert, G. (2005), “Payton Green’s function for 

torsional waves in a cylindrically monoclinic material”, International 

Journal of Engineering Science, 43, 1283-1291. 

  

[13] Popov, M. M. (2002), “SH waves in a homogeneous transversely 

isotropic medium generated by a concentrated force”, Journal of 

Mathematical Sciences, 111(5), 3791-3798. 

  

[14] George, D., Manolis, Christos, Z., Karakostas (2003), “Engineering 

Analysis with Boundary Elements”- ENG ANAL BOUND ELEM, 

27(2), 93-100.  

 

[15] Kakar, R., Kakar, S. (2012), “Propagation of Love waves in a non-

homogeneous elastic media”, J. Acad. Indus. Res., 1(6), pp. 323-328. 

 

[16] Kakar, R., Gupta, K. C. (2012), “Propagation of Love waves in a non-

homogeneous orthotropic layer under ‘P’ overlying semi-infinite non-

homogeneous medium”, Global Journal of Pure and Applied 

Mathematics, 8(4), pp. 483-494. 

 

http://en.wikipedia.org/wiki/International_Standard_Book_Number
http://en.wikipedia.org/wiki/Academic_Press
http://en.wikipedia.org/wiki/International_Standard_Book_Number
http://en.wikipedia.org/wiki/Special:BookSources/978-0-12-059825-0
http://en.wikipedia.org/wiki/Special:BookSources/978-0-12-059825-0


 

 

 

 

Rajneesh Kakar et al.  
 

368 

[17] Roy, P.P. (1984), “Wave propagation in a thin two layered medium 

with stress couples under initial stresses”. Acta Mechanics, 54, pp. 1-

21. 

 

[18] Datta, B.K. (1986), “Some observation on interactions of Rayleigh 

waves in an elastic solid medium with the gravity field”, Rev. 

Roumaine Sci. Tech. Ser. Mec. Appl. 31, pp.369-374. 

 

[19] Goda, M.A. (1992), “The effect of inhomogeneity and anisotropy on 

Stoneley waves”, Acta Mechanics, 93, no.1-4. pp. 89-98. 

 

[20] Stakgold, I. (1979), “Green’s Functions and Boundary Value 

Problems”, John Wiley and Sons, New York, pp.51-55. 

 

[21] Gubbins, D. (1990), “Seismology and Plate Tectonics”, Cambridge 

University Press, Cambridge. 

Received:  March, 2013 

 


