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Abstract

This paper investigates ruin probabilities in a discrete-time risk
model, where the premiums are modelled by a Markov chain, while the
claims and interest rates follow two first-order autoregressive processes.
Recursive and integral equations are given for ruin probabilities in the
risk model. Inequalities for ruin probability are derived by recursive
techniques.
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1 Introduction

Modern insurance businesses allow insurers to invest their wealth into financial
assets. Since a large part of the surplus of insurance businesses comes from
investment income, actuaries have been studying ruin problems under risk
models with interest force. For example, Sundt and Teugels [6, 7] studied the
effects of constant rate on the ruin probability under the compound Poisson
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risk model. Yang [9] established both exponential and non-exponential upper
bounds for ruin probabilities in a risk model with constant interest force and
independent premiums and claims. Cai [1] investigated the ruin probabilities
in two risk models with independent premiums and claims and used a first-
order autoregressive process to model the rates of interest. Cai and Dickson [2]
obtained Lundberg type inequalities for ruin probabilities in two discrete-time
risk processes with a Markov chain interest model and independent premiums
and claims.

In classic risk theory, the surplus process of insurance businesses is assumed
to have independent and stationary increments. However, because of the in-
creasing complexity of insurance and reinsurance products, this assumption
seems more and more unrealistic in insurance practice. Thus, actuaries have
been paying more and more attention to the modelling of dependent risks.
For example, Gerber [3] assumed that the surplus process could be written
as an initial surplus plus the annual gains and used a linear model to model
the annual gains. Yang and Zhang [10] investigated a discrete-time risk model
with constant interest force and adopted first-order autoregressive processes
to model both the premiums and claims.

In this paper, we investigate the ruin probabilities of a discrete-time risk
model. In the model, the premiums are modelled by a Markov chain, while
both the claims and the rates of interest follow two first-order autoregressive
processes. Recursive and integral equations for the finite-time and ultimate
ruin probabilities are established by using renewal recursive technique. Gen-
eralized Lundberg inequalities for ruin probabilities are derived.

Let {X,,n =1,2,...} be the amount of premiums collected in each period
and modelled by a Markov chain. Denote the state space of the Markov chain
{X,,n=0,1,...} by {zg,x1,...}. Suppose that for all n =0,1,2,... and all
states x4, Ts, Teg, Loy -+ -5 Tt 1,

PXpi=o | Xpn=0,Xp1=2¢,_,,...., X1 =14, Xo = 24)
:P(Xn+1:fl}'t |Xn:xs):pst207 S,t:0,1,2,..., (1)

where > ° ps = 1 forall s = 0,1,2,.... Relation (1) is called the Markov
property of {X,,,n=10,1,2,...}.

Let {Y,,,n =1,2,...} be the amount of claims in each period and modelled
by a first-order autoregressive process, namely,

Y,=aY, 1+ W,, n=12 ..., (2)

where Yy = 39 > 0 and 0 < a < 1 are two constants and {W,,,n =1,2,...}
is a sequence of independent, identically distributed, and nonnegative random
variables. One possible interpretation of model (2) is the following: the pa-
rameter a can be interpreted as the proportion of the old business, which will
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remain in the new portfolios; while W,, denotes the uncertainty to the n-th
period’s claims.

Let {I,,n =1,2,...} be the rates of interest and also modelled by a first-
order autoregressive process, namely,

Lo=bly 1+ 2y, n=12,..., (3)

where Iy = iy > 0 and 0 < b < 1 are two constants and {Z,,n = 1,2,...}
is a sequence of independent, identically distributed and nonnegative random
variables.

Assume the processes {X,,n=1,2,...}, {W,,n=1,2,...} and {Z,,n =
1,2,...} are mutually independent, and denote G(z) = P(Z; < z) and F(w) =
P(W; < w) with F(0) = 0.

Suppose the claims are paid at the end of each period and the premiums are
collected at the beginning of each period. Then, the surplus process {U,,n =
1,2,...} with initial surplus u > 0 can be written as

Up=Up-1+ Xn)(1+1,) = Yy, (4)

which can be rearranged as

U, :uﬁ(1+1k)+§n: ((Xk(1+[k) ~Y;) H (1+1j)>, (5)

j=k+1

where szs(l +1;)=1if s > ¢.
Denote finite-time ruin probability and ultimate ruin probability of model
(5) with models (1)-(3) and initial surplus u > 0, respectively, by

U, (u, s, Yo, ig) = P (U{Uj < 0}> o U(u, x4, yo,70) = P (U{Uj < 0}> :

j=1 j=1

It is clear that

lim \Dn(ua Ts, Yo, 20) = \Ij(ua Ts, Yo, 20)
n—o00

2 Recursive and integral equations for ruin
probabilities
Throughout this paper, denote the tail of any distribution function B by

B(x) = 1 — B(x). In this section, we give the recursive equation for ¥,
and the integral equation for ¥ by using the renewal recursive technique.
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Theorem 2.1. Forn=1,2,..., we have

\Iln-i-l(ua Ts, Yo, 7’0)

= gpst /OOO <F(ﬁt,z)+/ohm U, (R, — w, 4, y,4)dF (w )) dG(2),

and

U (u, ,yo,wo,ls)
2 /OO( (he.2) + /Oht'Z\If(ht —w, 2, y,1)dF(w ))dG(z)

with
By, = (u+x)(1+14) —ayy, y=ayo+w, i="Dbip+z. (6)
Proof. Given X; = z;, W, = w and Z; = z, by (5),
U=@w+X)(1+6hL)—Y
= (u+ )L+ big+ 2) —ayo —w = hy, —
Thus, if w > Ry, then,

]P)(Ul<0|X1=l’t,W1:w,Zl:Z):1.

Hence, PP (U"“{Uk <0} | Xi=a,Wi=w,Z,=2) = 1.

Let {Xn,n =0,1,2,...}, {Wn,n =1,2,...} and {Zn,n =1,2,...} be
independent copies of {X,,,n =0,1,2,...}, {W,,n=1,2,...} and {Z,,n =
1,2,...}, respectively. Given W; = w, consider a process {?n,n =1,2...}
described as

Yn = ai}n—l + Wna

where 570 = ayp + w = y. Clearly, {17”, n = 1,2,...} has a similar structure
to that of {Y,,,n = 1,2,...}, but with different initial values. Given Z; = w,

consider a process {I,,n =1,2,...} defined as
Tn = bfrz—l + Zna

where fo = big + z = 1. Trivially, {fm n =1,2,...} has a similar structure to
that of {I,,n = 1,2,...} but with different initial values. Thus, if 0 < w <
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Ry ., from (5) we have

n+1
P <U{Uk <O}‘X1 :ZL't,Wl :w,Zl :Z>

k=1

n+1
:P(U{Uk <O}‘X1 :xt,lew,lez)

—P (U {(ht,z —w)H(1+fj)
+Y X0+ -v) [ a+5) < 0} ’Xl :xt>
=P (U {(hm —w) [Ja+1)

k k
D)) [T 04T <0} |% =)

= \I]n(ht,z —w, T, Y, ’l),

where in the second step we used the Markov property of {X,,n=0,1,2,...}
and the independence among {X,,n = 0,1,2,...}, {W,,n = 1,2,...}, and
{l,,n=1,2,...}.

Therefore, by conditioning on X, W and Z;, we can get

W1 (u, s, Yo, io) <U{Uk < O}>
_Zpst// (U{Uk<0})X1—l’t,W1—w Z1—2>dF( )dG()

= Zpst/ (/ﬁ dF(w) + /Oh U, (B — w, 0,y ) AF (w )) aG(2)
= P /OOO (7(@2) + /Oh Uy (hez — w, 24, y, i)dF(w)) dG(z).

The integral equation for ¥ in Theorem 2.1 follows immediately by letting
n — oo in the equation above and dominated convergence theorem. O
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3 Inequality for ruin probability

Using the recursive equation for ¥, in Section 2, we can derive a Lundberg-
type upper bound for ultimate ruin probability ¥. To this end, we need the
following proposition.

Proposition 3.1. Foralls =0,1,2,..., assume that E[(1 4 a)W; + ayp] <
E(X; | Xo = xs) and there ezists some constant 75 > 0 such that

EfemslttoWi=Xtawl | ¥, = 7] =1, (7)
then, with v = MiNg<s<oo{Ts},
E[eVl0taWi=Xutawl | ¥ — 21 <1, 5=0,1,2,.... (8)
Proof. For all s =0,1,2,..., consider the following function
f£.(r) = Efe’l0raWai—Xovaw] | x — ] 1.
Clearly,
fo(r) = B{{(1 4+ a)W; — X; + ayp?e"lTOWi=Xatawl | X — 2.} > 0,
which implies that fs(r) is a convex function. Notice that f(0) = 0 and
f(0)=E[14a)W, — X; +ayo | Xo =, <0.

Thus, 7, is the unique positive root of the equation fs(r) = 0 on (0, 00).
Furthermore, if 0 < 7 < 74, then f,(7) < 0. Therefore, for all s =0,1,2,...,
v = miNg<t<oo{7t} < 75, which implies that f(y) <0, i.e. (8) holds. O

We now derive a probability inequality for ¥ by an inductive approach.

Theorem 3.2. Under the conditions of Proposition 3.1, for alls =0,1,2, ...
and u > 0,

\If(u, Zs, Yo, ZO) S 5Ee—y(1+a)WlE[e—'y[(u+X1)(l+I1)—ayO} | XO — zs] (9)
with
g1 — g J AR (w)
t>0 ev(1+a)tf(t)

Proof. For the case t > 0, it is trivial that

-1
0 y(1+a)w 00
F(t) _ (j; e” dF(w)> e—fy(1+a)t/ e'y(1+a)wdF(w)
t

1+t F ()

< Be_”’t/ I P () < Be MR IHOWL (10)
t
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For the case t < 0, since

1 e'y(1+a)tf(t)
< sup

(EeV(H“)Wl)_l —
fooo e’Y(l-i—a)wdF(w) >0 too e’Y(l-i—a)wdF(w)

=0,

we can get that

Fit)y=1< (Eev(lm)wl)—l MRV (1+aW:

< Be VRO — Be_'yt/ Vv (). (11)

t

Hence, from inequalities (10)-(11), we can derive that

\Ifl(u,l's,yo,io) ]P)( X )(1 + [1) — Yo | X() = ZL’S)

>
:Z / ((u~+x4)(1 4 big + 2) — ayo)dG(2)

S ﬁEe'y(l—i-a YW1 Zp . / e 'y[(u-l—:ct)(l-i-bio—l—z)—ayo}dG(z)
0

t=0
= BE eY(1+a) WIE[ —[(u+X1)(1+11)—ayo] | Xo = z4].

Assume that for all u, yo,ip > 0 and ming<scoo{zs} > 0,

‘I’n(u,x’s,yo,io) < BEev(1+a)W1E[e—v[(U+X1)(1+h)—ayo] ‘ X, = xs] (12)
< ﬁEev(1+a)W1E[e—v[(U+X1)(1+Zl)—ayo} | Xo = z]. (13)

Recall the definitions of y, ¢ and A, in (6). For 0 < w < hy,, from (8), (13),
Z1 > 0and 0 <a <1, we can get that

\I]n(ht,z —w, T, Y, Z)

< 6Eev(l+a)WlE[e—v[(ﬁt,z—w+X1)(1+Zl)—a(ayo+w)] | Xo = x]
— ﬁEefy(l—i-a)WlE[e—fy[Xl(1+Z1)—a2yo]e——y[(ht,z—w)(l-i-Zl)—aw} | X, = xt]

< ﬁEev(lJra)WlE[e—v(Xl—ayo) | X, = It]e—y[ht,z—(ua)w}

S 5e—y[ﬁtyz—(l+a)w} — ﬁe—'y[(u—i-xt)(l-i—bio—i-z)—ayo—(1+a)w}. (14>
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Thus, by Theorem 2.1, (10)-(11) and (14), we obtain

\Ijn-i-l(ua Tsy Yo, ZO)
<8 Zpst /OO o~ (uta:)(1+bio +2)—ayo] /OO I+ A F (1)dG(2)
t=0 0 ht, =

ht,z

163 pa / o= (k) (1+bio+2)—ayo] / 0 (1) dG(2)
t=0 0

0
=583 pa / o= a0)(1+bio+2) ~ayo] / 400 (1) dG(2)
t=0 0 0

= BEIFOWig et XD+ ) —ayo] | x ) — g ]

Therefore, we can conclude that inequality (12) holds for all n = 1,2,.... The
inequality (9) follows immediately by letting n — oo in (12). O

The refinement of the upper bound in Theorem 3.2 can be obtained when
F' is new worse than used in convex ordering (NWUC). A lifetime distribution
B is said to be NWUC if for all x > 0, y > 0,

/x h B(t)dt > B(x) / h B(t)dt.

+y

The class of NWUC distributions is larger than the class of decreasing failure
rate (DFR) distributions. See Shaked and Shanthikumar [5] for properties of
NWUC and other classes of lifetime distributions.

Corollary 3.3. Under the conditions of Theorem 3.2, if F' is NWUC, then
for all u > 0,

U (u, s, Yo, i) < EleMwtX00+H)=awl ) x0 — 41 (15)

Proof. From Proposition 6.1.1 of Willmot and Lin [8], we can get that if F
is NWUC, then ' = Ee"(*9W1 Thus, by Theorem 3.2, we conclude the
proof. O

ACKNOWLEDGEMENTS. The first author was supported by Na-
tional Natural Science Foundation of China (Project No: 71001017) and the
second author was supported by the plan of Jiangsu Specially-appointed Pro-
fessors and also by National Natural Science Foundation of China (Project No:

70871104).



Ruin Probability with Investment Returns and Dependent Structures 271

References

1]

2]

J. Cai, Ruin probabilities with dependent rates of interest, Journal of
Applied Probability, 39, (2002), 312-323.

J. Cai, D. Dickson, Ruin probabilities with a Markov chain interest model,
Insurance: Mathematics and Economics, 35 , (2004), 513-525.

H. Gerber, Ruin theory in the linear model, Insurance: Mathematics and
Economics, 1, (1982), 213-217.

R. Norberg, Discussion of “Stochastic analysis of the interaction between
investment and insurance risks”, North American Actuarial Journal, 1,
(1997), 75-76.

M. Shaked, J. Shanthikumar, Stochastic Orders and their Applications,
Academic Press, San Diego, 1994.

B. Sundt, J. Teugels, Ruin estimates under interest force, Insurance:
Mathematics and Economics, 16, (1995), 7-22.

B. Sundt, J. Teugels, The adjustment function in ruin estimates under
interest force, Insurance: Mathematics and Economics, 19, (1997), 85-94.

G. E. Willmot, X. S. Lin, Lundberg Approximations for Compound Dis-
tributions with Insurance Applications, Springer-Verlag, New York, 2001.

H. Yang, Non-exponential bounds for ruin probability with interest effect
included, Scandinavian Actuarial Journal, 1999, (1999), 66-79.

H. Yang, L. Zhang, Martingale method for ruin probability in an autore-
gressive model with constant interest rate, Probability in the Engineering
and Information Sciences, 17, (2003), 183-198.

Received: April, 2012



