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Abstract

This paper investigates the existence of Rota-Baxter operators on
the simple 3-Lie algebra over the complex field. It provides the classifi-
cation of all Rota-Baxter operators of weight zero with the rank 1,2, 3,
respectively. And it gives the concrete expression of every Rota-Baxter
operators.
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1 Introduction

In recent years, kinds of multiple algebras are studied [1-3]. For example,
Rota Baxter 3-Lie algebra was introduced in paper [3], and the structure of
Rota Baxter 3-Lie algebras is discussed. Rota-Baxter (associative) algebras,
originated from the work of G. Baxter [4] in probability and populated by the
work of Cartier and Rota have connections with many areas of mathematics
and physics. The paper [5] proved that there does not exist Rota-Baxter
operators with rank 3 of weight zero over the simple 3-Lie algebras.
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In this paper we investigate the existence of Rota-Baxter operators of the
weight zero with rank 1,2,3 on the simple 3-Lie algebras over the complex
field. First we introduce some basic notions.

Let A be a 3-Lie algebra, A\ € F', if a linear mapping P : A — A satisfies

[P(x1), P(12), P(x3)] = P([P(21), P(22), 23] + [P(21), v2, P(23)]

+lay, Pla2), Pas)]) (1)

for any x1,zo,x3 € A, then P is called a Rota-Baxter operator of weight zero,
and (A, [,,], P) is called a Rota-Baxter 3-Lie algebra.

2 Classification of Rota-Baxter operators

In this section we study the Rota-Baxter operators on the simple 3-Lie algebras
over the complex field F'. From paper [5], there does not exist Rota-Baxter
operators P with R(P) = 3 of weight zero on the simple 3-Lie algebra. In
the following we will study the Rota-Baxter operators P of weight zero with
R(P) # 3 on the simple 3-Lie algebra. Ling in [6] proved that there exists
only one simple 3-Lie algebra, that is, the 4-dimensional 3-Lie algebra A in the
following multiplication

[61, €2, 6’3] = €4, [6’1, €2, 64] = €3, [61, €3, 6’4] = €2, [6’2, €3, 64] = €1, (2)

where eq, es, €3, €4 is a basis of the 3-Lie algebra A.
4
Let P : A — A be a linear mapping. Set P(e;) = X a;jej, a;; € F,1 <
j=1
1,7 < 4. Then the matrix form of P in the basis ey, es, €3, €4 is
a1 a2 @13 QA4
M(P) = Q21 Qg2 Q23 0G24
agy Qg2 0a33 (34
aq1 Q42 Q43 Q44
The rank of the matrix M (P) is called the rank of P and is denoted by R(P).

Theorem Let A be the 4-dimensional 3-Lie algebra with the multiplication
(2) in the basis eq, e, €3, e4. And linear mapping P of A is a Rota-Baxter oper-
ator of weight zero. Then P is one and only one of the following possibilities:

4
1. If R(P) = 1, for any P(e;) = Zlaljej # 0, P(es) = AP(ey), P(es) =
J:
pP(er), Ples) = vP(e1), Yair, arg, ar3, awa, A, p, v € F.
4 4
2. If R(P) =2, P(e1) = X ayjej, P(e2) = X agje; are linearly indepen-
j=1 j=1

dent, and
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all CL12 CL13 a14
CL21 CL22 CL23 a24
2 2 2 2
M(P) = Z )\'ajl Z )\'CLjQ Z >\‘CLj3 Z >\'aj4 ) (3)

Z Njayl E ,ujaﬂ E ,ujaj3 Z ,ujay4

where a;1, a2, Clzg, a,4, )\,, ,uz, 6 Fi= 1 2 and satzsfy
L+M =i —m M — papie
D, = a11+)\1+ﬂl aiq Qi+ Ao+ po | =0, (4)
Ay + A1+ 1 G age + Ao+ o
papi — My prg L4 ps — A3
Dy=|an+M+pu as az+A+p | =0, (5)
Ay + A1+ p1 a4 aga + Ao+ o
L+ = A Mg — e
D3 =|an+M+pu a3 ap+A+p | =0, (6)
a1 + A+ 1 ags age + Ao+ fio
papiz — My —Xo 1+ p3— A3

Dy=|an+M+pu a3 az+A+pu | =0. (7)
Ay + A1+ 1 s aga + Ao+ o
0 a2 (13 A1y
a2 0  ax agy
b IFR(P) =4, then M(P)= | 2 P G k) (8)
ayy  —agy azy 0
a1z Q14

£ 0.

where ay;, Aoz, Aog, az4 € F,1=2,3,4 and satisfy aioas4 + A
23 Q24

Proof By Eq.(1) and (2), for 1 <1 <m < n <4, we have
[P(er), P(em), Pen)]
4 4 4
= [X aej, X amje;, 3 anjej]
7j=1 7j=1 7=1
= (A1 Am20n3—011 Q3002 ) €4+ (1 Qm2Gna— 011 Qrmaln2) €3+ (A1 Qm3Gna — Q1 Gmalng ) €s
+(120m3001—120m4003) €1+ (A20maGn1 —A120m1 Ana) €3+ (A2Am3 01 —A120m1An3) €4
+(@130ma0n2—0130m2004) €1+ (A130mAaGn1 —Q130m1 Ana) €2+ (—Q130m2 001+ Q130m1 Gn2) ey
+(@14Am20n3 — Q14 m30n2) €1 (QaQm1 Qns—A1aGm3an1 ) €2+ (—Q1aQmaGn1 01401 An2) €3
= [a12(Am30ns — Qmatng) + @13(Amaln — Am2na) + Ga(Amaang — amsanz)]er
i (am3ans — Gmatng) + @13(Amatn — Qi Gpa) + Aa(am1ang — Gmzani)le
+an (Am2ans — Amatn2) + @2(AmaGn1 — Gm1ang) + @a(Am1ana — Amaan)]es
) ( ) ]
n] +

Han (Am20n3 — Am3an2) + @2(Am3an1 — Am1ans) + 3(Am1an2 — Gmaan)]es.
P([P(e), ( m)s€n] + [P (61) em, P(e )] ler, P(em), P(en)])
—P([Z Qi;€j, Z AmjCj, €n) + [Zl 15€5; Em, ,Zl anjejl)
j= j=

4 4

+P([er, 3 amjej, 3o anjej))
j=1 Jj=1

W~
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= P((a14@ma — @120ma — Q13004+ A140n3) €1+ (Q1a0m1 — Q11 Qs+ Q3 Gng — Gmalns ) €2
(@ ana — Qa1 + Am2Gng — Qmalpz)es + (A ame — G2am1 + a4 ams
—Q30n1 + Am20p3€4 — Am3an2)es)

4
=(aum2 — Q2ama — Q3Ana + Q1aan3) '21 arje; + (atm1 — a10na + Am3ana
]:

4 4
— 4 Qn3) '21 agi€j + (A ang — Qa1 + Q2ng —AmaGn2) ‘21 as;€;
j= j=

4
+(aname — Q2am1 + Q1an3 — Q3AR1 + Am2an3€4 — Gp30n2) Zl a45€;.
]:
For [ =1,m = 2,n = 3, comparing coefficients of basis vectors, we get

&12(6123034 - a24a33) + a13(az4a32 - a22a34) + a14(a22a33 - &23a32)

= a11(a14a22 — Q12024 — Q13034 + CL14CL$3) + 021(a14a21 — (11024

+a23a34 — A24033) + A31(A11034 — Q14031 + Q22034 — A24032) + a1 (A11022
—@12G21 + 11033 — (13031 + Q22033 — A23032),

&11(6123@34 - a24a33) + a13(az4a31 - a21a34) + a14(a21a33 - &23a31)

= a12(A14G22 — 12024 — 13034414033 ) +C22( Q14021 — 11 Q24 +A23034 —A24a33) +
a32(a11a34 — Q14031 + Q22034 — a24a32) + a42(a11a22 — (12021

+a11a33 — a13031 + 22033 — A23032),

CL11(G22G34 - a24a32) + a12(a24a31 - CL21034) + 014(CL21@32 - CL22CL$1)

= a13(a14G22 — A12024 — 13034+ Q14033 ) +A23( 14021 — 11 Q24 +A23034 —A24a33) +
&33(6111@34 — 14031 + Q22034 — a24a32) + a43(a11a22 — (12021

+a11a33 — a13031 + Q22033 — A23032),

an(a22a33 - a23a32) + a12(a23a31 - CL21033) + 013(CL21@32 - CL22CL$1)

= a14(A14G22 — A12021 — Q13034+ 014033 ) +A24(A12021 — Q11 Q24+ 23034 — A24a33)+
a34(a11a34 — 14031 + Q22034 — a24a32) + a44(a11a22 — G12021

+a11a33 — a13031 + 22033 — G23032).

Forl=1,m=2,n=4, we get

&12(a23a44 - a24a43) + a13(az4a42 - a22a44) + a14(a22a43 - a23a42)

= a11(a12G23— 13092 — Q13044+ Q14043 ) +C21 (A11023 — 13021 + 23044 —A24Q43)+
031(a11a22 — Q120921 + G11044 — Q14041 + Q22044 — CL24CL42)

+a41 (011043 — 13041 + Q22043 — G23042),

CL11(G23G44 - a24a43) + a13(a24a41 - CL216L44) + CL14(CL21@43 - CL23CL41)

= a12(a12G23— 13092 — Q13044+ Q14043 ) +A22( 11023 — 13021 + 23044 —A24Qs3)+
032(a11a22 — Q120921 + G11044 — Q14041 + Q22044 — CL24CL42)

+a42(a11043 — 13041 + Q22043 — G23042),

CL11(G22G44 - a24a42) + a12(a24a41 - CL216L44) + 014(CL21@42 - CL22CL41)

= a13(@12G23— 13092 — Q13044+ Q14043 ) +C23(A11023— 13021 + 23044 — A24Qs3)+
a33(011a22 — Q12021 + 11044 — Q14041 + Q22044 — a24a42)

+a43(a11043 — 13041 + Q22043 — G23042).
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a11(022a43 - a23a42) + a12(az3a41 - a21a43) + alg(a21a42 - a22a41)

= a14(A12G23 — 13022 — Q13044+ Q14043 )+ Q24 (11023 — Q13021 +A23041 — 24 Qa3)+
a34(a11a22 — Q12021 + 11044 — Q14041 + Q22044 — a24a42)

+a44(a11043 — Q13041 + Q22043 — G23042).

Forl=1,m=3,n =4, we get

a12(a33a44 - a34a43) + a13(a34a42 - CL32CL44) + CL14(CL32CL43 - CL33CL42)

= a11(@12a33 — A13G32 — Q14042 + Q12044) + G21(a11a33 — A13A31 + Q11044

— Q14041 + 33044 — A34043) + a31(A11A32 — Q12031 + A32044

—a34042) + Q41 (@12041 — Q11042 + A32043 — A33042),

&11(6133@44 - 0346143) + alg(a34a41 - a31a44) + a14(a31a43 - a33a41)
= a12(a12a33 — Q13032 — Q14042 + CL12CL44) + a2 (a11a33 — (13031
+011G44 — Q14041 + Q33044 — A34043) + 32(A11032 — Q12031 + A32044
—Q34042) + Qa2(@12041 — 11042 + A32043 — A33042),

CL11(G32G44 - a34a42) + a12(a34a41 - CL316L44) + 014(CL31@42 - CL32CL41)

= a13(a12a33 — A13032 — Q14042 + A12G41) + G23(a11033 — 13031 + Q11044
— Q14041 + 33044 — A34043) + 33(A11A32 — Q12031 + A32044 — U34042)
+a43(a12041 — A11Ga2 + Q32043 — A33042),

a11(6l32a43 - 0336142) + a12(a33a41 - a31a43) + a13(a31a42 - a32a41)

= a14(a12a33 — Q13032 — Q14042 + CL12CL44) + CL24(CL11@33 — (13031

Q11044 — Q14041 + A33044

—a34043) + a34(A11032 — Q12031 + A32044 — A34042)

+a44(A12041 — A11Ga2 + Q32043 — A33042).

Forl=2,m=3,n=4, we get

a22(a33a44 - a34a43) + a23(a34a42 - CL32CL44) + ag4 (CL32CL43 - CL33CL42)

= a11(ag2a33 — A3a32 + 22044 — A24Ga2 + G33 + Qg — A34Q43) + G21(a21a33
—Q93031 + 21044 — A24041) + a31(A21A32 — Q22031 + A34041 — U31044)
+a41(a2041 — A21G42 + 33041 — (31043),

&21(a336l44 - 0346143) + a23(6l34a41 - a31a44) + a24(a31a43 - a33a41)

= a12(a220a33 — A23032 + A22044 — Q24042 + G353 + Qaq — A34G43) + G22(a21a33
—Q93031 + Q21044 — A24041) + G32(A21A32 — 22031 + A34041 — A31044)

42 (2041 — A21G42 + A33041 — A31043),

a21(a32a44 - a34a42) + a22(a34a41 - CL31G44) + CL24(CL31G42 - CL32CL41)

= a13(a22a33 — 3032 + 22044 — A24Ga2 + G33 + Qg — A34Q43) + G23(a21a33
— Q93031 + Q21 g — Q24041 ) + A33(A21 Q32 — 22031 + 34041 — 31044) + Q43 (22041
—Q91 042 + G33041 — A31043),

a21(a32a43 - a33a42) + a22(a33a41 - a31a43) + a23(a31a42 - a32a41)

= a14(a22a33 — U332 + A22044 — Q24042 + G353 + Qag — A34043) + G24(a21a33
—Q93031 + Q21044 — A24041) + 34(A21A32 — 22031 + A34041 — A31044)

+a44( Q22041 — A21G42 + Q33041 — A31043).
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If R(P) = 1, it is easy to see, that for any linear mapping P satisfying
P(el) 7é 07 P(62) = )‘P(el)a P(63) = :up(el)> P(64) = Vp(el) for V)\,u,y € F>
is a Rota-Baxter operator.

If R(P) = 2, without loss of generality suppose P(ey), P(e2) are linearly
independent. Then P(es) = A\ P(e1) +A2P(e2), Ples) = 1 P(er) + paP(e2),
ALy Ao, i1, fo € F.

Denotes € = e3 — A\jey —Aaea, €) = €4 —pie1 — lses, then ey, eg, €}, €} is
a basis of A, and P(e}) = P(e)) = 0. From R(P) = 2, Eq.(2) and the direct
computation, we obtain that P is a Rota-Baxter operator on A with R(P) = 2
if and only if P satisfies Eqgs.(3)-(7).

If R(P) = 4, then M(P) is non degenerate. By Eqs.(1) and (2), and the
direct computation we obtain Eq.(8). The result follows.
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