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Abstract

Higher order linear differential equations with arbitrary order and variable coefficients are
reduced in this work. The method is based on the decomposition of their coefficients and the
approach reduces the order until second order equation is produced. The method to find closed-
form solutions to the second order equation is then developed. The solution for the second order
ODE is produced by rearranging its coefficients. Exact integral evaluation is also conducted to
complete the solutions.

Keywords: Higher order linear ordinary differential equations, exact integral evaluation, reduction
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1. Introduction

It is well-known that the well-posed problem for the linear differential
equations has been settled and completed by means of functional analysis [1].
However, the concepts will not be very useful until the explicit solutions are
produced. They are capable to describe the detail features of the systems [2,3].
They may also help to extend the existence, uniqueness and regularity properties
of the solutions which are obtained from qualitative analysis [4].
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Therefore, methods for solving linear differential equations with variable
coefficients are important from both physical and mathematical point of views [5].
Especially for the second order ordinary differential equations, with
nonhomogenous physical properties, such as in waves propagation in non-uniform
media and vibration waves with anisotropic physical properties. Since that
specific problem attracts many mathematicians and physicists, the methods to
obtain exact and approximate solutions for second order equation are tackled
systematically and some interesting results are produced [6]. One case is the
method of differential transfer matrix to handle some physical problems which is
computationally milder than the previous analytic methods and the method is also
applied to the higher order ODEs [7]. Also some approximate methods can be
extended to handle nonlinear equations [8,9]. Despite the concentrated research
and reports on the problem, the closed-form solutions for the higher order and
second order ODEs with variable coefficients remain one of the important area of
differential equations [10]. Even it is recently claimed that the problem is not
solvable in general case [11].

In this work, the method for obtaining exact solutions to the second order
equations is conducted by rearranging the coefficients. The solution of the second
order equation will be implemented as a basis for tackling the higher order
equations. The coefficients of the equations are decomposed in order to reduce
their order. The reduction is continued until the second order equation is produced
and solved. The explicit expression then can be determined by the proposed exact
integral evaluation in order to complete solutions. Finally, we give ilustrations of
integral evaluation by examples.

2. Solutions for Second Order Differential Equations

Since the second order differential equation can be transformed into the
Riccati class, we begin from the following statement,

Theorem 1: Consider the second order linear ODE with variable coefficients,
Yux Yy +a2y:0

The coefficients a, and a, can be split into new functions, f,,f,,f;, f,, fs, f; and
a . By determining the new functions f, f,, f;, f,, fs, f; and «, the closed-form
solution is obtained as,
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1 -1 2 _ a,dx
y:m(jxazdx) {CGJ.X £ fGZ(J.Xazdx) e J dx+C7}
2 —J‘ a,dx B
where fy = ClJ- (I azdx) e " dx+C, and
X X

fo = {04 jx{cl L(L azdx)z eLal"Xolwcm]2 dx+C5}

Proof: The above equation can be rewritten as,

l(05yx)x"'[al_ﬂJYX"_azyzo (1a)
(04 a

-1

Suppose that, (al—ﬂj =a, to produce, azclejx(a“fxazdx)dx_ The above equation
o

X

can be rearranged as,
Ixx Tagxx a7 =0 (1b)

1 =]
i, (3%, agz(al_ﬂj{z{a[a_ﬂ] |21 } anc
(04 o (24 (24 o
1
a, =(al—ﬂj{o{(al—ﬂj } } . Equation (1b) can be rearranged as,
(04 o

(fllx)fo(aafl—flx)lx+a4f17(:0 (1c)

3

(a3 f - flx)
fy

Let, fyx=¢, equation (1e) will become,

( fL )X + ( fsﬂt)x +fx=0 (1d)

f 1 af,—f f
—%oﬁﬁ(—] @ +M¢x+—2<p=0 OF @y +a5p, +agp =0 (2a)
fy f3 ), . fy fa

with , a5:2f3£fij +a, and ag :%f{fi] + fa{ij +%. Repeat the procedure

3 1 3 f3)

(1c —d) to produce,

f,— f
ngﬂg{ij 9 +M3X+53=0 or 9, +a,9 +a3,9=0 (2b)
fe fe Xy fe 13
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where the relations, af, = f5+(a5f4—f4x)%, a7=2f6[fi] +ag,
6 6 Jy
fa o [ 1 1 fg
g =—Xf| — | +fs| —| += and fop=9 are hold. Let,
s fo ), fo o Ta

as:hfe ij Jrfﬁ[i +%=o,the solution for f, is,

XX 4

-1
— 1 f5
f4 ——(f—B ) ['[Xf—dX+C (2C)

6

Substituting the above equation into, agf, = f; +(asf, - f4x)% , o get,
6

-1 -1 -1
—aﬁ(ij U de+cj=f5—a5 fox (ij [ de+CJ+(ij T Tox
f6 M X f6 f6 f6 N X f6 f6 X f6 fG
>, or
f X fg X fo \Ix fg

Take, a, :%, the solution for f. can be obtained as,
1

fo (1) (1)1
fo = asﬁ{—] [—] X (2d)
° [ 1:6 f6 XX f6 X f6 !
Recall the definition of a. and a4, substitute a,f, = f2+(a3fl—flx)% and
3

equating with (2d) to form,

aﬁ_th +fH +£_a5h+[i] H‘lh or
flsfsxsfsxX f; fs fo )\ Ts ), To

f i +a, —a &:i a _2h h_f i (3a)
3 f R Rl T ) S f
3 Jyx 3 1 3 6 6 Jyx

Let, a, :fia3 ffﬁx , the above equation can be written as,
1 6
fs[i) gL _zhh_ff{i) (3b)
fa - fa f; fy 1 fg XX

Suppose that, f, [fi} —ag%zo, the solution for f, and f, are then,
3 Jxx 3

1 -2 -
f3=£cl_[xej*a3dxdx+C2j and fs{qjx[cljxeLa“’*dxwz] dx+05] (3¢)

Note that, f, =(f, —a fl)%m4 f,, with flz%% and f; is expressed by (3c).
3 46
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Therefore, equation (2b) becomes,
8y +3;9, =0 Or 3xx+(a5—2%}9x =0 (4a)
6
The solution for (4a) is then,

fﬁx

2——asjdx _[ aud
9= Cijejx[ fo dx+C, or 9=C, IX f2fle Joa “dx+C, (4b)

The solution for y is defined as,

1 o -1 2.2 —j aydx
f3 f6 o X
1 -1 262 2 —Ixaldx
E(Lazclx) {CGL F2F, (Lazdx) e b4k c,

2 -1
where f, {clj. (I azdx) o LalddeCz} and
X X

(4c)

2

. -1
fs :{CJX{CJX(J-Xade)Z e_LalddenLCz} dx+05} . This proves theorem 1.

3. Cases of Order Reduction

Consider a non homogenous third order linear differential equation with
variable coefficients below,

Yiox T Yxx t Yy T3y =34 (5a)

Lemma 1: Equation (5a) is reducible into second order equation and has closed-
form exact solutions.

Proof: Let,
Asx
a=h+ = (5b)
' a
Then, the equation can be rewritten in the following form,
1
_(a5yxx )x T Y ta Yy tagy =2y

8
Set,

aGX
a, =b, +b == (5C)
2 2
Thus, the following relation is obtained,

1 by
w )y T x )y TYx Td3y =94
o (BYd)y - (@¥), +Bay+aay =2
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Multiply by an arbitrary function « to generate [8],

%(ag,yxx ), +%(aeyx ), +abyy, +aagy = aa, (5d)

Suppose that the following expression is satisfied,

2 gx
a,b, = aa; then, a = ClejX & (5e)

Let C, =1, equation (5d) is rewritten as,

[
1(%yxx)x+%(%yx)x+bz[e %y | = aa,
X

a
Suppose that,
J'de [ Bax
e y=u,and y=ue " (5f)

Therefore equation (5d) can be expanded as,

[ Zax [ Zax 2 [ By [ Zax [ Bax
a as | Uy,e Lb? +2u, [—ﬁje Lbz +u[—ﬁj e LbZ +ﬂ ag | u.e Lbz +u[—%Je Lb?
a5 b, b, 8 b,
X X
Differentiate the above equation once again and set the following relation,

2 _ idx - idx
%[—&j g b 65(—%16 Lb? } =0 (62)
b,
X X

a

8

by

+_

3 b,

Now assume that b, is given, then % can be determined from (6a) as,
6
£ 3% 1 p f, 4 f,
B . % (6b)
8 by fo
Substituting into (5¢) to give the expression of b, as a function of x| Performing

85
the resulting expression into (5b) to generate a,. Therefore equation (5a) is
reduced into,

Uyxx 87Uy +3gUy =34

Let, u, =v, thus the above equation be transformed to the second order ODE,

Vi +85V, +8gV =g (6¢)



Reduction of Higher Order Linear Ordinary Differential Equations 181

Then, by the application of theorem 1, equation (6¢) is solvable in closed-form.
The non homogenous part is covered by taking homogenous solution of (6¢) as a
particular solution in the following form,

Uy = gy (6d)
where ¢ is a particular solution from equation (6¢). The solution for y is stated
as,

w=¢L[¢—1ze_La7dxfxeLa7dx¢a9dx]dx (6e)

The combination of (6e) with (6f) and (6d) will produce the final solution. This
proves lemma 1.

Lemma 2: The fourth order linear differential equation,

Yo T8 Yo T2Yxx +83Yx +84Y =85
is reducible to third and second order equations and has closed-form solutions.
Proof: Suppose that,

X X aX
a1:b1+a:3¥, a2:b2+bl% and a, =b; +b, 2 (7a)

7
Therefore the equation become,

1 b.
_(a‘:':yxxx)x +&(a6yxx)x +a_2(a7yx )x +b3yx +tay=ag
7

23 8
Multiplying by an arbitrary function « to give,
b

ﬁ(aSyxxx)X +ﬁ(a6yxx )x +2(a7yx )X +ab3yx +aa4y = aS (7b)
23 8 87
Let,

a—“dx
a,b; = aa, then, a =Cpe™"™ (7¢)
Equation (7c) is transformed as,
a ab, ab, xzfdx
—(@ Y ), T (86Yx ), T—(a7¥x), +hs| € y| =aa
2, (3o + 7 (36 a7(7)b3[ e

Let us assume that,

J‘a—“dx - ﬁdx
e y=u,and y=ue *® (7d)
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Expanding equation (7b) as,

a, « a, 3 a, X
“ as uxxxeIde +3u, ( j Ib3 +3u [ ] Ib3d +u[ % J b3d +
8 by by by

ﬂ dg | Uy, € Izd +2u ( “Jeszdx+u(—a—4j2eszdx +06_b2 ay uxeLde+u(—a j b:dx
ag b; b, a b,

+hu, = aag

Performing the following relation,

3 3y 2 a, a,
_ag ) e, (_] e Y (_j 2" o (ea
as( bJ x ag b, T 7| b, X (8a)

Suppose that b, and a, are given, then ;X can be determined form (8a) as,
6

a

a5

ab,
%

fio Box +by g + i
S 5 (8b)
85 by f5

Substituting (8b) into the second relation of (7a) to give b as a function of Zﬂ
5

The next step is implementing into the first relation of (7a) to produce a.
Therefore, the fourth order equation is reduced into,

Uyox T 8gUxxx T 8gUyx + Uy =843

Let, u, =v, thus the above equation can be transformed to the third order equation,

Vix T 8gVyx +8gVy + 80V =33 (80)
Then, by the application of theorem 1 and lemma 1, equation (8c) will have
closed-form solutions. This proves lemma 2.

It is interesting to note that, by induction, the procedure can be applied to any
order higher than two and the considered equations are transformed into the
second order equations.

Theorem 2: Higher order linear differential equation is reducible into the second
order equation and has closed-form solutions.
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4. Remarks on Integral Evaluation

It is important to note that the integrals which appear in the exact solutions
are usually approximated in series form [12]. The solutions consequently are no
longer exact. In order to resolve the problem, now the following integral is
considered,

- [ se “a (9%)
By setting,
B=Liejffdédgz(R+Q)neLgdg (9b)

Equation (9b) can be differentiated once to give,

el - (Re +Q; )”efggdg +(R +Q)’7¢eLgd§ +(R +Q)f79eL"gd§

Rearranging the above equation as,

R§+[ﬂ—§+gJR:£eI§fgdg—{Q§+(U_§+g)Q} (9C)
n n n

The solution of R is then expressed by,

R =1e_Lgd§ {LﬂeLgdé [%ejﬁf_gdé —{Qg +[%‘5+ g]QHMﬂQ} (9d)

n

Let,
A ) frode

—ejs ’ —{Qf +{’7—§+ QJQ} = i (%)
n n

Then, R is evaluated in the following,

R-— %ejfgdé H L fund g)ejfgdf - L(L fud gj geLgd{;dcf + cl} (9f)

Suppose that from equation (9e),

2k

where C, is also a constant.

. s .
The expression for eL' IS written as,

ieL " eLgM (10a)
Con
Thus, equation (9f) will become,
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1 [ A J;fdg“ A | 1e
R_C_zﬂe : [(L f1477d§);e —L(L f1477d§j[;ef J

. . fd . .
Without loss of generality, set .[,; fndé=1In [ieL gJ, and the expression of f,, is
n

d§+C1] (10b)
¢

obtained as,

f = l{ln(ie[ﬁ fa¢ j} (10c)
n n c

The solution for Q is consequently obtained from (9e) as in the following
relation,

1 -) gd¢ _gd¢
;e J L(Cz—fm)neL dé

Substituting (10a) to get,

Q=

1 e [ 1
Q= @e L(Cz —fi4) A€ d& (10d)

Equations (9b), (10b) and (10d) will give the evaluation as,

[ 1o [ode 12 [ 1
Ales déE=(R+ gt T = — et T4 —
'L : ( Q)?? C,n C,

where f,, is determined by (10c).
Equation (10e) can be differentiated once and rearranged to be,

Ig(cz - f14)/1eI§ fd§d§+c1 (10e)

J‘ ﬂ,eL fd§d§: i{iej: fdéj dé (11a)
¢ ¢ fa(m c
Now suppose that iejﬁ “_L and fly =1{In [ieL’ fdf’tj} =L", with n is an
n n n :
arbitrary constant. The relation of 7 is then given by,
n p)
anele e pen _’7_5+[_f+ fj (11b)
n A
1
Let = y2-n, equation (11b) will then produce,
n p)
z:=(n-1)A" jffdélz+(1—n)(7§+f];( (11c)
1

Let y=- 7 , the above equation will then become,
Y

(n—l)/1”enL e



Reduction of Higher Order Linear Ordinary Differential Equations 185
A
—+
ot ey Y e (a0 |7 (11d)
o .1 |y SR R R T
(n-1)a"e * (n-1)a"e * Ale 7
Equation (11d) can be rearranged as,
[/Inenj;fdg]
£ A
Ve = NKCE +(1-n) — e
Ae ¢
The solution for y is
J' fd&
=| 2e* d 1lle
y L ¢ (11e)
The solution for 7 is
— 1 7 B
n= " = (11f)
nf fds y
(n-1)a"e *
The step is now perfoming the integration of (11a) to give,
1-n
1-n n
p)
[ T g e A R
¢ 1-n 1-n{7n 1-n|n n : 1-n|n A
(12a)
Rearranging (12a) and substituting (11f),
2
1-n n
n fd 1-n
(1=n)i-n L Ifdéy_‘f U sek 5dgj -
(1-n)A"e * 4 :
1 1 (12Db)
1-n 1-n
{f+%] - fd 7_5 - fd 7_5
(1 n)/l”eJ x4 (1-n)A"e L x4

The polynomial equation for » =L/1ejf fdgdg is then,

U5

all

n

in
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ES 2V n
(1-n)en KEp2y" :(1—n)[f +75J Koy + K{72| = (Kagre + Kayzs )7 + Koy | (12c)

1

(1—n)/1"ean e

. Without loss of generality let n=2 to get,

-1
[Kfyg (Kléyé +Kyyee )}7/3 +[K13;/;1 +[ f +%J Kyye (K1§7’§ +Kyyee )}’2 +

-1
A
[(f+7‘fj Kfyg]ymfyg:o

By using the cubic formula,

-1 -1
2 A
|:[f+,1§j Kf??} [Kf’7§+(f+;] K17§(Kl§7§+K17§§)]
1

[KEVE(KWHK%:)] S [K127:2(K1§7¢+K17¢¢)]

-1 -1
A A
[[f-ﬁ-;j Kf}/?"Kf’yg—i-[f+jJ Klyg(Kl§y§+Kl)/§§)]

N== _
[K127’§(K1§7§+K17§§)T [K12752(K15y5+K1y55)J

(12d)

M = : (12¢)

W

3K{yE

-1
A
[Kf}/g -i{ f +;] Kyve (Kléyé +Kyyee )}

27 [ K272 (Kagre + Kz )|

(12f)
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1 1

3

113

1
With the relations slle +(M3+N2)2] and SZ:{N—(M?#NZ)?} , the root of

(12d) is written as,
1 -1
[Klsyg+(f +fj Klyg(K1§y§+Kly§§)}

[Kfﬂf? (K1§7’§ +Kyyee )]
This will solve the integral in (9a). Therefore, the following theorem is just
proved,

y:L/zeLfdgdgz(lersz)—% (129)

Theorem 3: Consider the following integral equation,
[.f()0¢
B=| 2 ¢ d
J A e

There exists a functional y and » which are defined by,
1 7%
(n—l)l”enjﬁfdg 4

such that the integral B can be evaluated as,

-1
A
1 L % [Kfy§+[f+f) K17§(K1§7§+K17§§)}

Lzejﬁfd‘fdgle +<M3+N2);r +[N —(M3+N2)2] —%

;/:J. ﬂejifd§d§ and y=-
¢

[K127§(K157§+K17§§)}

1

/1262[5 fde

where K; =- , M and N are defined by (12e) and (12f).

Examples;

Now, the examples of the proposed integral evaluation taken from the
integral table are given [13]. Consider the integral,

a’x? —2ax+2 o
— = e
a
where according to theorem 3 the functions 2 and f are x* and a respectively.

The comparison are shown as in the following,

y= L x2edx =
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a=3

a=0.2

Integral Table
Proposed Integral Evaluation |7

Integral Table
Proposed Integral Evaluation |7

2.|5 3 i‘ 2.I5
Figure 1. The comparion of the known integral formula againts the proposed

integral evaluation

Figure 1 shows that the computations of the proposed integral evaluation for the
spesific integral equation are very close to the known result, even coincide for
certain constant coefficient.

5. Conclusions

The method of reduction of the higher order linear ordinary differential
equations is proposed in this article. The main strategy is to decompose the
coefficients and the process thus continued until second order equation is obtained
and solved. The procedure for solving second order equation and exact integral
evaluation are also conducted and developed to complete the solutions. The paper
have ilustrated the new idea of coefficient decompositition to solve the general
ODEs with variable coefficients. It is shown that the method can obtain the
solutions of arbitrary coefficients and arbitrary order higher than one in closed-
form. Moreover, the new formulation of integral evaluation will make the results

are tractable for computer simulations. We plan to conduct the applications in our
future works.
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