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Abstract

In this paper, the quantum Lie algebras and quantum 3-Lie algebras
over a field K with chK = 0 are discussed for ¢ generic, where ¢ €
K,q # 0,1. A quantum Lie algebra is realized by a Z-graded algebra
(Theorem 2.3), and a Lie algebra is realized by a quantum algebra which
satisfying the property ¢ 'z;(z;zt), = (z;2;)qor (Theorem 2.4). From
quantum Lie algebras and linear functions, two classes quantum 3-Lie
algebras are constructed (Theorem 2.6 and Theorem 2.7).
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1 Introduction

Recently one can observe a growing interest in the investigations and expla-
nations of the quantum groups and algebras [1-4]. These structures appeared
in the study of integrable models especially during the searching for solutions
of the quantum Yang-Baxter equation [3-4]. So in this paper, we construct
quantum Lie algebras from quantum algebras which satisfy some conditions,
and from quantum Lie algebras, we also can construct general Lie algebras.
We also define a class of quantum 3-Lie algebras [5-6], and realized two classes
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quantum 3-Lie algebras from quantum Lie algebras. In the following, denote
K an arbitrary field with char(K) =0, ¢ € K,q # 0,1, and Z be the set of

integers. For a positive integer n, set (n), = 11—qu'

2 main Result

In this section we study quantum Lie algebras and quantum 3-Lie algebras.
For convenience, in the following, for a quantum Lie algebra and a quantum
3-Lie algebra, is simply called a ¢-Lie algebra and a ¢-3-Lie algebra for ¢ € K,
respectively.

Definitions 2.1. For a Z-graded vector space L = ®;czL; over a field
K equipped with a bilinear g-bracket product [,], ( where ¢ € K,q # 0,1, dim
L; < oo ) satisfying [Li, Lj]l; € Liy;, and for all z; € L;, Vi € Z, if

(i, 5]y = —[z), Tilq, (1)

(2)qi [zi’ [Ij> zk]q]q = (2)qj [Ij> [xk’ xi]q]q + (2)qk[[xi’ xj]tp Ik]q’ (2)

are fulfilled under [,],, then (L,[,],) is called a q-Lie algebra, and [,], is called
the q-Lie product.

Example 2.2. Let K be an arbitrary field with char(K) # 2,3, and g €
K,q # 0,1 be generic. We define g-differential operator 9, over K[z, z~'] by
0,(P) = W, VP € K[z,z']. Let 7, denote an algebra automorphism
of K[z,x™'] defined by 7,(x) = gz. The g-differential operator 9, is called a
7,~derivation or skew derivation if for all P,@Q € K[z, z7!], we have

0y(PQ) = 0,(P)Q + 74(P)9,(Q)-

Let Der,(K[z,z7']) denote the set of all 7,—derivation over K|z,z™ '],
and let e, = z"™'9, for all n € Z. If we define a g-bracket product [,],
on Der,(K[z,z"]) by

[eivej]q = [(] + 1)!1 - (Z + 1)q]ei+jvi7j € Z, (3>

then the ¢-bracket product [, ], is bilinear over K and satisfies the antisymmetry
(1) and the weighted g-Jacobi identity (2). Thus (Der,(K|z,z7']),[,],) is a
¢-Lie algebra [1].

Theorem 2.3. For a Z-graded vector space L = @;czL; over a field K
equipped with a bilinear multiplication satisfying L;L; C L;y;, and

(2)g-1zi(zjTR) = (2) g (Ti5) - (4)
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Then for all x; € L;, and x; € L;, Vi,j € Z, define the q-bracket product
(i, 25y = ¢y — ¢y, (5)

(L,[,]q) is a q-Lie algebra, where g € K,q # 0,1, dimL; < co.
Proof The bilinearity of the g-bracket product [, ], is obvious over K, since
(25, @iy = ¢y — ¢ iy = —[a
we only need to prove the identity (2). Now for all z; € L;, x; € L;, and
rr € Ly, Vi, j, k € Z,

(2)gi i, [, Trlalg + (2)gi [T5, (2, Tilglg + (2) e[ [0, 75]qq

= (2)gi[wi, @y — gl + (2)g g, e — ¢,
+(2)grlzn, ¢ iz — ¢ ]

= (1+¢") ¢ i, mjmelg — (L+0") - " g, ]y + (L4 ¢7) - ¢ [, 2
—(1+¢") - ¢ g, wiwg]g + (L+ %) - ¢ g, wiagly — (1 +6%) - ¢/ g, 2j24]
= ¢/ o, wjwplg + ¢ g, wjae]y — ¢ g wragly — ¢ [, )
+q" g, wwily + @ g, anwy — ¢ g, wimlg — ¢ g, vy

+q g, x4, + gy, zixily — ¢, T, — @y, x;xilq = 0.
Therefore, (L, [,],) is a ¢-Lie algebra.

Theorem 2.4. If a Z-graded algebra L = @;czL; over a field K satisfies
LiLj C Li+j7 and '

g "wi(Tjwh)q = (T325) g T (6)

Then (L,[,]) is a Lie algebra, where for Vx;eL;, x;eL;, the product [,] is defined

by
[, 3] = ¢ (@im)g — 7T (@520, (7)

where q € K,q # 0,1, dim L; < co.

Proof The bilinearity of the product [,]| is obvious over K. The anti-
symmetry (1) is clear according to identity (7). Now we consider the Jacobi
identity of Lie algebras. For all z; € L;, z; € L; and x, € Ly, Vi,5,k € L,
from

(2, 25, 25]] = [ 6 (325 )g — @7 (2502))

= ¢ ¢ M an(@im))g — ¢ (@img) grn] — TG (i) g — ¢ (@) ).

And the cyclic permutation of (4, j, k), we have [z;, [z}, zi]] +[x;, [Tk, z4]]
+[zg, [2i, x;]] = 0. Tt follows the result.

In the following, we construct quantum 3-Lie algebras from quantum Lie
algebras. First we give the following definition.
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Definitions 2.5 For a Z-graded vector space L = ®;czL; over a field K
equipped with a 3-ary linear g-3-bracket product [,, ], satisfying [L;, L;, Ly], C
Liijip. If for all x; € L;,x; € Lj, ), € Ly, we have

[zla Ta, $3]q = Sgn(a) [I'U(l) ) zU(g) ) $0(3)]) \V/l'l, T, T3 €L (8)

and the weighted q-Jacobi identity
(2>qi+j [xiv Ly, [xkv Ls, xt]q]q = (2)113“ [[xlv Ly, xk]qv Ls, xt]q

+(2)qk+t [xk’ [Ii’ Ly xé’]m It]q + (2)qk+5 [ZL’k, s, [:L’,', Ly, Ik]q]tp (9)
(L,[,,]q) is called a q-3-Lie algebra, where ¢ € K,q # 0,1, dim L; < co.

Theorem 2.6 Let (L,][,],) be a q-Lie algebra over a field K, and xy ¢ L.
Define the q-3-bracket on vector space A = L+Fx, by

(23, 2, Tolq = 24, 744,
{ [xh xj7 xk]q = 07 (10)

for all z; € L;,x; € L; and x, € L. Then (A,],,],) is a ¢-3-Lie algebra.
Proof It is clear that the ¢-3-bracket is skew-symmetric, so we need to

consider the weighted g-Jacobi identity on (2),i[xo, x;, [Ts, ¢, Zolg]q- From
(2)qt Hx0> Ly, IS]Q’ Lty ZEO]Q +(2)qs [xs’ [IO’ Ly, It]!l? ZEO]Q

= (2)gllzy, slgs Telg + (2)g=[zs, [25, wlolq = (2)ga[zjs [T55 Telglg-
The result follows.

Theorem 2.7 Let (L,[,],) be a q-Lie algebra over a field K, f : L — K
be a linear function satisfying f([z;,z;];) = 0, for all z; € L; and x; € Lj;.
Define q-3-bracket product |, ,], on L by

(i, 25, welg = f (@)@ Py, walg + f (@) o, 2y + flo)g e, 2]y, (11)

then (L,[,,]) is a q¢-3-Lie algebra.
Proof From Eq.(11), the ¢g-3-bracket is skew-symmetric. So we only need
to prove the g-Jacobi identity (9). Since

q“‘j [Ii, xj, [xs, Tt, xr] ]

= ¢ f(x) @ T (f () g™ [y, [, xT] Jg +f(@)q" 1w, [, 24llg
1 (@)q s [ea @iddle) +4 S (@) (f (2)g ™ [l @) il
+f(@)g " [, 2]g, wilg+ flar) @ s, meg, wilg)-
q" [, Tj, Tslg, T, Tplq +G" 026, (14, 25, 1] g, 24 g + s, @, [, Zj; rlg: Jo
= ¢ f(20)q z+]+r+s[xr’ [, %, 444 +¢"t f(2,)q Z+]+s+t[[l’z, T, Tslgs Ttlg
+ f(2s) g I [0, @5, il g, welg @7 f () g [, [ g, 2l
+q8+tf(l’s)qi+j+t+r[xta (i, T5, Trlglq + ¢ f () gt [, Tj; Trlg, Tslg

= ¢ @) g (f (@) @ a (25, wslgle + f (@) @, [, vl
+f(@)g ™ [, (s, 25])g) +4 (@) g4 (f ()@ ([, 26]q, 2]
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+1(@))q ([, wilgs Talg + f(25) g™ [[23, 7], 7:4]g)

H@ f (@) g I (f () @ [, wel gy 2lg + f(2)d T ([, wilg, 2]
+f(x)qd ™ (20, 25]g, 2elg)+@° T f (@)@ (f () @ [, [, 2l g
+ 1 (@) g™ [, [, Tilg)g + f@0)g" [, [, 7] 4))

@ f (@)@ T (f () @ [, [, ] glg + F ()0 e [0, 2] og
+F()d e [0, 25]0le) + @ f () g (f () 4 ([, 2y, 2]

+f(@)d [, wilg, wlq + f (@) g e, m5]q, 2])-

Therefore, (L, |,,],) is a ¢-3-Lie algebra.
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