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Abstract

In this paper, we construct pairs of interval implications, interval
pseudo t-norms (pseudo t-conorms) and interval generalized residuated
lattice induced by pseudo t-norms. Moreover, we investigate their prop-
erties and give examples.
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1 Introduction

Bedregal and Takahashi [4] introduced interval fuzzy connectives as an ex-
tension for fuzzy connectives. This concept provides tools for approximate
reasoning and decision making with a frame work to deal with uncertainty
and incompleteness of information [1-3, 10]. Georgescu and Popescue [5-8]
introduced pseudo t-norms and generalized residuated lattices in a sense as
non-commutative property. Kim [11] introduced pairs of (interval) negations
and (interval) implications. which are induced by non-commutative prop-
erty. Let (L, A,V,®,—,=,T, 1) be a complete generalized residuated lattice
with the law of double negation defined as a = ni(ns(a)) = na(ny(a)) where
ni(a) =a = 1L and ny(a) = a — L (ref. [5-7,11)).
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In this paper, we construct pairs of interval implications, interval pseudo
t-norms (pseudo t-conorms) and interval generalized residuated lattice induced
by pseudo t-norms. Moreover, we investigate their properties and give exam-
ples.

2 Preliminaries

In this paper, we assume that (L, V, A, L, T) is a bounded lattice with a bottom
element 1 and a top element T. Moreover, we define the following definitions
in a sense as non-commutative [5-7] and interval property [1-4].

Definition 2.1 [4,5] A map T : L x L — L is called a pseudo t-norm if it
satisfies the following conditions:
(T1) T(x,T(y,2)) =T(T(x,y), 2) for all x,y, z € L,
(T2) If y < 2z, T'(z,y) < T(x,z) and T'(y,z) < T(z,z),
(T3) T'(z, T)=T(T,x) =x
A pseudo t-norm is called a t-norm if T'(z,y) = T(y,z) for x,y € L
Amap S: LxL — Liscalled a pseudo t-conorm if it satisfies the following
conditions:
(S1) S(z,S(y,2)) = S(S(x,y), 2) for all z,y,z € L,
(S2) If y < z, S(z,y) < S(z,2) and S(y,z) < S(z, ),
(S3) S(z, L)=S(L,z) =
A pseudo t-conorm is called a t-conorm if S(z,y) = S(y,x) for x,y € L.

Let (L,V,A, T, 1) be a bounded lattice. Let L¥ = {[z),29] | 21 <
X9, T1, Ty € L} where [z1,25] = {x € L | 11 < < x9}. We define

(21, 20) < [y, 90, iff 21 <1, 20 <o
(21, 22] < [y1, 2], 20 <y, 21 <o
(1, 22] C [y1, 2], iff y1 <21 < 29 < 9.

Definition 2.2 [11] A map 7 : LB x L? — LI is called an interval pseudo
t-norm if it satisfies the following conditions:
(IT1) T([z1, w2], T([y1, y2l, [21, 22])) = T (T ([x1, 22], [y1, 2]), [21, 22]) for all
(21, 2], [y1, 2], [21, 2] € Ll
(IT2) ([zla x2] [T> T]) = T([T> T]> [beQD = [Il’ 1’2].
(IT3) If [21, 2] < [21, 2] and [y1, y2] < [wr, wy], then T ([z1, x2], [y1, y2]) <
T ([21, 22, [w1, we)).
(IT4) If [21, x2] C [21, 22 and [y1,y2] C [wy, ws], then T ([z1, x2], [y1, y2]) C
T([Zl, 2’2], [’LUl, wg])
A pseudo t-norm is called a interval t-norm it T ([x1, z2|, [y1, y2]) = T ([y1, yal, [1, 22])
for [z, 2], [y1,y2] € LI
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Definition 2.3 [4,5] A map S : LB x L2l — LB is called an interval pseudo
t-conorm if it satisfies the following conditions:
(IS1) S([z1, za), S([y1, y2l, [21, 22])) = S(S([21, 72), [y1,y2]), [21, 22]) for all
(w1, @], [y1, 42, [21, 22) € LE,
(182) S([xlv x2]7 [J-v J—]) = S(U-v J—]v [I17I2]> = [Ilv x2]'
(183) If [l’l,LEQ] S [21,22] and [yl,yg] S [wl,wg], then S([l’l,l’g], [yl,yQD S
S([Zl, 2’2], [’LUl, wg])
(IS4) If [y, 2o] C [21, 22] and [y1, 4] C [wy, wo], then S([1, zo], [y1,42]) C
S([Zl, 2’2], [’LUl, wg])
An interval pseudo t-conorm is called an interval t-conormif S([x1, x2], [y1, y2]) =
8([y17y2]7 [1’1,1’2]) for [xh xQ]v [y17y2] < Lm

Definition 2.4 A pair (N}, Ny) with maps A : L2 — L2 is called a pair
of interval negations if it satisfies the following conditions:

(IN1) N([T, T]) = [L, L], Ni([L, L]) = [T, T] for all 7 € {1,2}.

(IN2) If [x1, x2] < [y1, ya2], then N ([y1, y2]) < Ni([x1,x9]) for all i € {1,2}.

(IN3) If [x1,xa] C [y1, y2|, then N;([z1, z2]) C Ni([y1, ye]) for all i € {1, 2},

(IN4) M1 (No([z1, 29])) = No(Ni([z1, 22))) = |21, 3] for all [z, 2] € LI

Definition 2.5 A pair (Z;,7Z,) with maps Z;,Z, : LIZ x Ll — L s called
a pair of interval implications if it satisfies the following conditions:

(I11) ([T, T), [T, T)) = T((L, 1, [T, 7)) = Z((L, ], [L,L]) = [T, T],
([T, T], [L, L]) = [L, L] for all ¢ € {1, 2}.

(112) If [,’,Ul,flfg] S [y17y2]7 then Ii([xth]’ [Z1722]) Z Ii([y17y2]7 [Z1722]> for
all 1 € {1,2}.

(II3) If [21,22] C [y1,92], then Zi([x1, 22], [21, 22]) C Zi([y1, y2), [21, 22]) for
all 7 € {1,2}.

(I14) Z,([T, T], [x1, x2)) = [x1, z2] for all i € {1,2}.

(II5) Zy ([w1, 22}, To([y1, ¥ [21, 22])) = Lo([y1, vo], Ta ([71, 22], [21, 22])) for all
[1, 22, [y1, 92, [21, 20] € LB

(116) 11(12([x17 x2]7 [J-v J—])u [J-v J—]) = 1-2(-,[1([']:17 x2]7 [J-7 J‘])’ [J-7 J‘]) = [xh x2]‘

Definition 2.6 [11] A structure (L2, <, v, A, T, 7y, T, [T, T], [ L, L]} is called
an interval generalized residuated lattice if it satisfies the following conditions:
(G1) T is an interval pseudo t-norm.
(G2) T([1, 2], [y1, y2]) < [21, 2] iff 21, w2] < Ti([yn, 2], [21, 22]) i [y1, 2] <
To([x1, 2], [21, 22])-
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3 Pseudo t-conorms and interval fuzzy
connectives

Theorem 3.1 Let (L,V,A, T,L1) be a bounded lattice, S : L x L — L be a
pseudo t-conorm and (ny,ns) a pair of negations. Fori = {1,...,4}, We define
8, 8" Tra Tor, Ty T Ti + L L — L

S([xl’x2]> [y1>y2]) = [S(zlayl)as(x%?ﬂ)]a

S ([z1, 2], [y1,v2]) = S([y1, yal, [21, 22]),

Tiz([21, 2], [y1, ) = Ni(SNa([zr, 22]), No([y1, 12])))

T ([21: 22], [y1, o) = No (SN (1, 22]), N1 (1, 52])))

T ([, 22, (Y1, y2)) = Trl[yr, yal, [71, 22]), k € {12,21}
Ti([z1, 22, [y1, v2]) = SN ([1, 22]), [y1, 92]).
Io([21, o) [y1, v2]) = S([y1, yol, Na([z1, 22])),
Is([21, 2] [y1, v2]) = S([y1, 9ol Ni([z1, 22])),
La([z1, 2], [y1, v2]) = SNa([w1, 22]), [y1, v2]).-

The the following properties hold.
(1) S and S* are interval pseudo t-conorms.
(2) T2, To1, T, Ty are interval pseudo t-norms.

(3) Tia = Tar iff Tiy = T5y iff

S([z1, 22, [y1, y2]) = NoNa(S(NL (N1 (21, 22]) ), N1 (N1 ([21, 22]))))
(4) (Zh,Zs) is a pair of interval implications with

Ti(Taa([z1, 2], (Y1, ¥2]), [21, 22]) = Ti([z1, 22], Ti([y1, 92), [21, 22]))

12(712([1'1,552], [yla yz]), [2’1, 22]) = IQ([yla yz],Iz([l'l,Iz], [Zl, 22]))
(5) If w1, x2) < [y1, w2 iff Ti([z1, w2), [y1, 42)) = [T, T] iff Lo([w1, 2], [y1,92]) =
[T, T], then

Tia([71, w2, [y1, yal) < [0, 22 iff (Y1, yo] < Ta([w1, 2], [21, 22])
iff [x1, 22] < Til[y1, y2l, (21, 22]) iff Tar ([0, 2], [y1, w2]) < [21, 2]

Moreover, (L2, <V, A, Ti2, T1, T, [T, T, [ L, L]} is an interval generalized resid-
uated lattice with Trz([z1, T2, [y1, y2]) = Tar([z1, 22], [y1, v2])-
(6) (Z3,Z4) is a pair of implications with

Z3(Taa([z1, 2], [y1, ¥2)), [21, 22]) = Za([y1, yal, Ls([21, 22], [21, 22])),
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Zu(Tha([w1, w2, [y1, y2]), [21, 22]) = Zu([w1, 22, Za([21, 22, [21, 22]))-

(7) If [x1, 22) < [y, w2] iff Ts([z1, w2), [y1, v2)) = [T, T] iff Zu([21, 2], [y1,92]) =
[T, T], then

Tia([1, 22], [y1, vol) < [21, 22] iff [y1, vo] < Ts([z1, 2], [21, 22])
iff (21, 22] < Lul[y1, y2l, (21, 22]) iff Tar ([0, 2], (W1, 92]) < [21, 2]

Moreover, (L2, <V, A\, Tia, Iy, I3, [T, T1, [ L, L]} is an interval generalized resid-

uated lattice with Tiz([x1, z2], [y1,32]) = Tar([1, 2], [y1, 2]).-
(8) (Z1,Zs) satisfies (111)-(115) such that

T (T ([z1, 2], [y1, 92)), [21, 22]) = T ([0, 2], Ti([y, y2), [21, 22])),

Z3(Taa([z1, 2], [y1, 92]), [21, 22]) = Zs([y1, yal, Ls([21, 22], [21, 22])),
Ti(Zs([w1, wa], [L, L)), [L, L)) = Zs(Za ([0, 2], [L, L), [L, L]) = MiNi([21, 72]).

(9) If 1, z2] < [y1,ye] ff Ti([z1, 22], [y1, v2]) = [T, T]iff Zs([1, 22], [y1, v2]) =
[T,T], then (LB, <V, A, To1, Ty, T3, [T, T),[L, L]} is an interval generalized
residuated lattice.

(10) (Zy,Zy) satisfies (11)-(15) such that

Lo(Tia([z1, 2], [y1, 42)), [21, 22]) = Za([y1, yal, Za([21, 22], [21, 22])

)
Zo(Tiz([z1, 2], [y1, y2)), [21, 22]) = Za(([z1, 2], Za([ys, y2l, [21, 22]))
Lo(Za([w1, 2], [L, L)), [L, L)) = Za(Za([1, o], [ L, L), [L, L]) = NoNa([z1, 72]).

(11) If [z1, 22] < [y1, yol iff To([21, 2], (Y1, vo)) = [T, T] iff Zu([z1, 2], [y1, 92]) =
[T,T], then (LB, <V, A, Tio, Ty, To, [T, T, [L, L]} is an interval generalized
restduated lattice.

(12) (Z,1,Z4) satisfies (11)-(14) and (16) such that

T (T ([z1, 2], [y1, 92)), [21, 22]) = Zi([z1, 2], Ta [y, y2), [21, 22])),

Zi(Tiz([z1, 2], [y1, y2)), [21, 22]) = Za([1, 2], Za([y1, y2l, [21, 22])),
(13) If SN ([w1, z2]), SINa([y1, ¥2)), [21, 22])) = SNa([y1, 92]), SN ([1, 22)), [21, 22])) 5

then (Z1,Zy) is an interval implication.
(14) (Z,1,Zy) satisfies (11)-(14) and (16) such that

Zi(Taa ([z1, 2], [y1, 92)), [21, 22]) = T ([0, 2], Ta([y, y2), [21, 22])),

Zo(Tiz([z1, 2], [y1, y2)), [21, 22]) = Za([z1, 2], Za([y1, y2l, [21, 22])),
Io(Zu([1, 7o), [L, L), [L, L]) = Zu(Zo([1, wa], [L, L]), [L, L]) = NoNa([z1, z2]).
(15) If SN ([w1, z2]), SINa([y1, ¥2)), [21, 22])) = SNa([y1, 92]), SN ([1, 22)), [21, 22])) 5

then (Zy,Z,) is an interval implication.

Y
Y
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Proof (1) are easily proved as a similar method as following (2).
(2) (ISl) St(St([xla xZ]a [yla yQ])a [Zla 22]) = St([xla 1'2], St([yla y2]7 [Zla ZQ]))

from

SUS ([x1, 2], [y1,2)), [21, 22]) = SIS (Y1, 21), S (Yo, 72)], [21, 22])

= [S(21, 8(y1, 71)), S22, S(y2, 22))] = [S(S(21,41), 1), S(S(22,Y2), 72)]

= S'([w1, w2], [(S(21,11), S(22,¥2)]) = S™([w1, w2], S'([v1, 2, [21, 22]))
(IS2) 8*([w1, xa], [L, L]) = [S(L,x1), S(L, x9)] = [x1, x2]. Similarly, S*([L, L], [x1,x2]) =

(21, x2).
(IS3) If [z1, xo] < [21, 22) and [y1,y2] < [w1, wel, then

SH([w1, w2], [y1,92)) = [S(n 95) S(ya, 2)]
< [S(wr, 21), S(wa, 22)] = S*([21, 22, [w1, wa)).

(184) If [I'l,.ilfg] S [21, Zg] and [yl,yg] S [wl,wg], then
21 S 21 Sy < 2z, wy S Y1 < Yo S Wa,

S(wy,z1) < S(yr, z1) < S(y2, 22) < S(wa, 22).

Thus,

S (w1, z2], [y1, y2]) =[S SC) S(ya, 72)]
C [S(w1, 21), S(wa, 22)] = S*([21, 22, [w1, wa)).

Hence S! is an interval pseudo t-norm.

(2) (IT1) Tha(Thia([1, 22], [y1, vol), [21, 22]) = Tha([21, T2], Th2([y1, y2l, [21, 22]))

from

Tio(Ti2([71, 22, [y1, 92]), [21, 22])

_Nl( (NoTha([z1, 2], [yl,yz])) 2([21, 22])))

= Ni(SNoNL (SN2 ([z1, w2]), Na([y1, 92])))) Na([21, 22])))
=Ni(S(S (Nz([931>932]) Nz([yl Y2])), N2([ 2])))

= Ni(SWNa([z1, z2]), SN2 ([y1, y2]), Na([21, 22])))),

Tiz([z1, 22], Tha([y1, ¥2), [21, 22]))
:/\/1(8(/\/2([931,932]),/\/2(7’12([3;1,yg],[zl,ZQ]))))

= Ni(SWNa([w1, 22]), NaN 1 (S(Na([y, y2]), Na([21, 22]))))))
= Ni(SWNa([w1, 22]), SNa([y1, 92]), Na([21, 22]))))-

(IS2) S1a([21, wa], [L, L]) = Ni(T (Na([21, 22]), No([L, L])) = NMi(Na([1, 22])) =
[x1, 2], Similarly, S([L, L], [x1, z2]) = [z1, 22].

(IS3) If [z, 5] < [zl,zz] and [y1,y2] < [wy,ws], then S([xy, z2], [Y1,y2]) <
S([z1, 22, [w1, wo)).

(IS4) If [x1, 23] C [21, 22) and [y1,y2] C [w1, wel, then S([x1, z2], [y1,v2]) C
8([21,22], [wl,wg]).
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Tia([w1, 22], [y1, ya]) = Ni(SNa([21, 22]), No([y1, 12])))

Tia([1, 72], [Y1, ya])

(3)

Tiz([z1, 22], [Y1, ya]) = Tha([21, 22, [Y1, v2])

iff N1 (S(N2([z1, 22]), Na([y1,92]))) = Na(SWNi([21, 72]), Ni([y1, 12])))
iff S(N2([z1, 22]), Na([y1, y2])) = No(No (SN ([21, 932]) M([y1,%2]))))
iff S([21, x2], [y1, y2]) = Na(No(SNL (N1 ([21, 22])), NN (w1, 92))))))

(4) Since Zy ([T, T1, [x1, 22]) = SINL([T, T1), [21, 22]) = [x1, x2] and Zo([T, T], [x1, 22]) =
S([z1, 2], No([T, T1)) = [w1, @), then ([T, T], [L, L]) = [L, L] ([T, T], [T, T]) =
[T, T]. Moreover, Z;([L, L],[L, 1]) = [L, J_] I([J_ 1T, 1)) =T, T]

(112) If [21, 2o < [y1, yo), then Ni([z1, 22]) > Ni([y1, y2)). Hence I;([z1, 22], [21, 22]) >
Ii([yl,yQ]’ [21,22]) for all 7 - {1 2}

(I13) If [z, 22] C [y1, Y], then N([z1, 22]) C Ni([y1, y2]). Hence Z;([x1, x2], [21, 22]) C
Zi([y1, ya2l, |21, 22]) for all i € {1,2}.

Ty ([z1, 2], Zo([y1, y2l, [21, 22]))
S(Nl([l"l z2]), Lo([y1, yal, [21, 22])))
SN ([w1, 22]), S([21, 22), Na([y1, 12])))
S(SWNL([21, 72]), [21, 22]), Na([y1, 92]))
S((Tu([w1, 2], [21, 22])), Na([y1, v2])
To([y1, yol, Ta ([21, @2], [21, 22]))-

SS(N([%’@])’[J-’ 1]) = Mi([z1, 72]) and Zy([21, 7o), [ L, L]) =

Il([x17x2]7 [J-vj-]) =
S(Na([x1, x2]), [L, L]) = Na([x1, x2]). Moreover, Zy(Z; ([21, 2], [L, L]), [L, J_]) =
)( [21, 2] and Ty (Zo([z1, 2], [L, L]), [L, L]) = Ni(No([21, 22])) =

7,) is an pair of interval implications.

Nz(Nl([l“b 2

[z1, x2]. Hence

Tor([21, 22], [y1, y2)), [21, 22])

Nl((Tzl([l“l Tal, [y1,92)))); [21, 22))

N (NoS(Ni([21, 72]), Mi([y1, 92]))))s [21, 22])
S( ([951 o)), Ni([y1, v2])); [21, 22])
/\/1([931 o)), (Nl([yl Y2]), [21, 22]))
Nl([lb"l T2 ) Il([?/la?ﬂ]a [2’1>Z’2]))

([1, 2], T ([y1, y2), [21, 22]))-

—~—~ o~~~

L\w;cf;oww;A
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(Ti2([21, 22], [y1, 42]), [21, 22))

S([z1, z2), No(Tiza([z1, 2], [y1, ¥2])))

S([z1, za], No(N1(S(Na([21, 22]), Na([y1, 92])))))
S([Zl 2’2] (NQ([xl 552]) NQ([yby?])))
S(S([z1, 2], Na([z1, 23])), Na([yr, 12]))
S(Zy([w1, x2], [21, 22]), N1 ([y1, 92]))

1-2([y1 y2] IZ([xlaxﬂv [Zlv’z?]))‘

L T T (o

(5) Since [z1, zo] < [y1, y2] i Ty ([21, T2], [y1, yol) = [T, T] i (21, 22, [y1,42]) =
[T, T], by (4), then

Lo(Tha([x1, w2, [y1,92]), [21, 22]) = o[y, 2], Za([21, 22), [21, 22])) = [T, T]

iff Tha([z1, 22, [y1, ya]) < [21, 20 iff [y1, 2] < Za([z1, 23], [21, 22])

iff 7y ([21, 2], Zo([y1, yal, [21, 22])) = La([y1, vol, Tu([w1, 2], [21, 22]))
= Li(Tar([z1, 22], [y1, y2]), [21, 22])

iff [21, 2] < Zi([y1, yal), [21, 22]) i Tar([21, 22), [y1, y2]) < [21, 22]

Hence (L, <V, A, Ti2, 71, T, [T, T],[L, L]} is an interval generalized resid-
uated lattice. Sil’lCQ 7—12([251, .CL’Q], [yl, y2]) S [21, 22] iff 751([.?171,252], [yl, yg]) S
[21, 22), then Tio([z1, 2], [y1, o)) = Tar([21, 22], [Y1, 42)).

(6)

) ,14([.@1,?/2] [21 2])

[y1, 2], [21, 22))), Na([1, 22]))
2([y1, 92]), [21, 22]), Nl([xlaxz]))
N([y1 Y2]), S([21, 2], Ni([1, 22])))
Na([y1, va]), Zs([21, o], [2 1>Zz])
([y1, v2l, Zs([z1, 2], [21, 22])).-

iy

| T B T
AAAA?
O) =
’2 5

RO onono

Is([w1, w2), [L, L]) = S([L, L], Mi([w1, 22])) = Ni([21, 22]) and Zy([21, 22, [L,
SN2 ([z1, x2]), [L, L]) = Na([z1, 22]). Moreover, Zy(Zs([z1, z2], [ L, L]), [L, L]) =
No(Ni([x1,22])) = [21,22] and T3(Zy([z1, 7o), L), L) = Ni(Na([z, $2])) =

(21, x2).

1)) =

(Tz ([Il 932] [yl y2]) [yl yz])

S([z1, 2o], N1 (T ([z1, 23], [y1,92])))
S([z1, w2), N\i(Na (SN ([21, 72]), M1([y1,92])))))
S([21, 22], SN ([21, 22]), M ([y1, 92])))
S(S Yo
S(
Is

([Zl 2], N1([w1, 22])), M ([y1, v2]))
3([71, 2], [21, 22]), N1 (w1, 2]))
([y1, v2l, Zs([1, 22], [21, 22]))

(O
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Zu(Tha([x1, w2, [y1, v2]), [21, 22])
= SN ((Tha([1, z2], [y1,92)))), (21, 22])
= S(MNa (N, ( (Nz([l“l o)), 2([?/1 Y2])))); [21, 22])
= S(SWNa([21, 72]), Na([y1, y2]))s [21, 22])
=S\ ) [21, 22]))

2([w1, 22]), SN2 ([, 92

= SWNa([z1, 22]), Zu([y1, 1], [21, 22]))
= Lu([21, 22}, Zu([y1, yol, [21, 22]))

(7) It is similarly proved as (5).

(8) We only show the condition (II5) because other cases are easily proved.

Zi([w1, wa], Zs([yr, yal, [21, 22])) - = Tal[w1, w2], S([21, 22], Mi([y1, 2])))

= SWi([1, 22]), S([21, 22), M1 ([y1, 12])))
Zs([y1, vol, Zi([21, w2], [21, 22])) - = Zs([w1, wa), SINA([y1, 92]), [21, 22)))

= S(SWi([21, 22]), [21, 22]), M1 ([y1, 92])))

By (4) and (6),
Ti(Taa([z1, 2], [y1, 92]), [21, 22]) = Ti([z1, 22], Ti([y, y2), [21, 22])),

Ti(Taa([z1, 2], [y1, 92)), [21, 22]) = Ti([z1, 2], Ta([y, y2), [21, 22]))-
(9) By (8), (L2, <, V, A, To1, 71, T3, [T, T], [ L, L]} is an interval generalized
residuated lattice from:

Tor([1, T2, [y1, ya]) < [21, 20] M [z, 2] < Ti([yn, 92), [21, 22])
iff [y1, ya| < Zs([x1, 22], [y1, y2])-

(10)

Ly([21, 2], Tu([y1, y2l, [21, 22])) - = Za([w1, wa), SIN2([y1, w2l [21, 22])))

= S(SWNa([y1, v2, [21, 22])), Na([21, 72]))
Zu([y1, yal, Zo([z1, w2), [21, 22])) - = Zal[yn, yal, S([21, 2], Na([1, 72])))

= SWNa([y1,92]), S([21, 2], Na([w1, 22])))

(11) By (10), (LB, <,V, A, Ti2, Iy, I», [T, T, [L, L]} is an interval general-
ized residuated lattice.

Tia([21, T2, [y1, yal) < [21, 20] M [21, 2] < Tu([y1, 92), [21, 22])
iff [y1, y2] < Zo([21, 22, [21, 22]).

(12)

T (Za([w1, o], [L, L)), [L, L]) = MiNa([z1, 22)) = [21, 72]
= Li(Ti([z1, 22, [L, 1]), [i L]).
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Other cases follows from (8) and (10).
(13)

Ti([w1, w2], Zu(lyr, yal, [21, 22])) - = Za([w1, 22], SNa([ya, val,s [21, 22))))
—S(Nl([l“lal"z]% (Na([y1, yal, [21, 22])))
Zu([y1, vol, Tu([21, w2], [21, 22])) - = Zal[yn, vo), SN ([21, 9]), [21, 22]))
= SN ([y1,42]), SN ([1, 22]), [21, 22]))

If SN (71, 22]), SINa([y1, 9al), [215 22]) = SN2 ([y1, v2]), SN ([21, 22)), [21, 22])),

then (Zy,Z,) is an interval implication.
(14) and (15) are similarly proved as (12) and (13).

Example 3.2 Put L = {(z,y) € R?

| (3,1) < (z,9) < (1,0)} with a
bottom element (4, 1) and a top element (1,0)

(x1,y1) < (X2,y2) & o1 < Ty OF T = To, Y1 < Yo.

(1) Define amap S: L x L — L as

S((z1,11), (22, y2)) = (22122, Y2 — 229 + 229y1) A (1,0).

S(S((z1, 1), (22, 92)), (23, Y3))
= S((Qxlx% Y2 — 229 + 2I2y1) (17 0)7 (I37 y3))
= (4.3(712525(73, Y3 — 25(73 + 25(73y2 45(72253 + 4$2I3y1> A (1, 0)

S(((z1, 1), (2, y2), (23, 93)))
Moreover, S((z,y),(3,1)) = S((3,1),(z,y)) = (z,y). Thus S is a t-

conorm.

(2) Define N; : LB — LI as follows:

NMi(((@1,91) (2,2)]) = (55, 52, (57, 52
No([(@1,91), (22,32)]) = (55,1 — 32),

We easily show that (N7, N5) is a pair of interval negations. Moreover,

NN ([(21, 1), (22, y2)])
NoNa([(z1,91), (22, y2)])

(3)
S([(l’l, y1)> (I2> '3/2)], [(217 wl)a (Z2a w2)])

[S((Ila y1)> (2’1, wl))a S((x% y2)> (Z2> w2))]
[(2z121, w1 — 221 + 22191) A (1,0), (22229, we — 229 + 220y2) A (1,0)]

(21,221 + 241 — 2), (22, 209 + 2y2 — 2)]
(21,1 =21+ %), (22,1 — 22 + &)
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S ([(z1,91), (22, y2)], [(21, w1), (22, w2)])
S([(zlv w1)7 (Z27 w2)]7 [(xlu yl)v (x27 y2)])
[(25(7121, Yy — 2LU1 + 225'1’(1]1) N (1, O), (2.3(7222, Yo — 2:172 + 2LU2U)2) N (1, 0)]

Tia([(2

1, 91), (T2, y2)]; [(21, w1), (22, w2)])
= M SN ([(Il Y1), (72, y2)]), No([(21, w1), (22, w2)]))
=MS((555,1 = 2), (555 1 — 32, [(2% 1-32), (551 = 32)])
Nl([(2Z2m2> ;Uzi - 2229@) (1 0) (221m1>1 - ;1]711 - 2Zyl_1ml) A (170)])
= [(z121, T1w1 + y1) V (3,1), (220, Tows + 12) V (5, 1)]

Tor([(w1, 41), (2, 92)], [(21, w1), (22, w2)])
=N2S (Nl([(f’fl,yl) (z2,92)]), Nl([(zl,wl) (22, w2)]))
= NS ([(2;,232) (o2 5] (55 1522), (52, 159)])

N w2 %Ely; “ 1 0222’ = w1221_ lzbl 1 O
- 2([(222$2 + 220 ) ( ) (221ZE1 21 z )/\( ) )])

I =
>—e_-

= (2121, B0 +y1) (5, 1), (2222, Tows + y2) V (571)]
(4) We have T = T5; from

NoNoSNIN (1, 1), (22, 92) ] NiNi[(21, wr), (22, w2)])
= NQNQS([(xl, 2I1 + 2y1 — 2), (ZL’Q, 2$2 + 2y2 — 2)],
[(Zl, 221 + 2w1 - 2), (22, 22’2 + 2w2 - 2)])
= NQNQ([(QZL’lZl, 2’&01 -2+ 22’1(21’1 + 2y1 - 2)) AN (1, 0),
(21’222, 211)2 — 24 222(25(72 + 2y2 — 2)) N (1, O)]
= [(25(7121, wy + 2y121 — 221) N (1, O), (2.3(7222, Wo + 2y222 — 222) N (1, 0)]
= S([(x1, 1), (22, 42)], [(21,w1), (22, w2)])

Zi([(w1,91), (22, y2)], [(21,w1), (22, w2)])

= SWN1([(z1,11), (22, 2)]), [(21, w1), (22, w2)])

:5([(ﬁa 1962‘1/2) (29101 19;;1)] [(z1, w1), (22, w2)])

= [(2,wy — 22 + 2212 A (1,0), (2, wy — 22 + 22220 A (1,0)].

Lo([(z1,91), (22, 92)], [(21, w1), (22, w2)])
= S([(=21, w1), (22, w2)], No([(21, 1), (72, 92)]))
= 8([(21771)1)7 (Z27w2)]7 [ ﬁvl - ﬁ)v (ﬁv I— 2%0_11)])
=[G - -+ ) AL0 (B - 8 - 5+ 2 A(L0)
Z3([(w1,91), (22, y2)], [(21, w1), (22, w2)])
= S([(21, w1), (22, w2)], N1 ([(z1, 11), (22, 92)]))
= S([(zlv w1>7 (Z27w2)]7 [(ﬁv 1;32)7 (ﬁv 1;31 )])
= [(2,“52) A (1,0), (2, 222) A (1,0)],
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- 2
(2w — 22) A (1,0), (2, ws — “224) A (1,0)]
[S(nl(x%yQ) (Zl wl)),S(nl(fIfl,yl) (22 ’w2>>]
(6) The converse of Theorem 3.1(5) is not true for which Tj5 = Ta1, but

7([(1,0), (3.0 [(3. —3). (5, =3)]) = [(1,0), (1,0)]
but [(% 0), ( =53]

Za([(1, v1), (02, y2)], [(21, W), (22, w2)])
= SN ([(1,11), (22, 2)]), [(21, w1), (22, w2)])
= S((z+1~ 32 (s L #DL(nwn). (a, wa))

|

PA &I
—
oo,
I
N
S~—

(N[9V]

NP N U
SN—
~—~
—_
=)
SN—
~—~
—_
=)
SN—

NN
~ ~—

(7) We define [(z1,
and (xa,y2) < (21, wy).

Zs([(w1,91), (22, y2)], [(21, w1), (22, w2)]) =
i EZl w1— y2) (1 0) (22 w2 — y1) (1 O)

iff
iff 21 > X OT 21 = Tg, W1 > yg) and (22 > T Or 29 = X1, W > y1>
iff

[(1,0), (1,0)]

iff (z2,92) < (21,w1) and (z1,91) < (22, w2)
[(Il yl)’ (x2>y2)] < [(wal)a (Zg,wg)]

Zu([(21, 1), (22, y2)], [(21,w01), (22, w2)]) = [(1,0), (1, 0)]

(2w — 22) 2 (1,0), (2, uwz — 22) > (1,0)

(z1 > Ty O 2] = Tn, Wy > yg) and (22 > X1 0r 23 = X1, Wy > YY)
iff (22,92) < (21,w1) and (z1,y1) < (22, w2)

[(z1,91), (22, 92)] < [(21,w1), (22, w2)]

—e

iff
iff
iff

By Theorem 6, we have

Tiz([(1, y1), (2, 92)], [(21, w1), (22, w2)]) < [(a1,b1), (az, ba)]

iff [(21,w1), (22, w2)] < Zu([(21,91), (T2, y2)], [(a1, b1), (a2, b2)])
iff [(z1,91), (22, 92)] < Ts([(21,w1), (22, w2)]), [(a1, 1), (az, b2)])
i Tor ([(71,91), (T2, ¥2)], [(21, w1), (22, w2)]) < [(a1,b1), (az, ba)].

Since Tio = To1, (L, <, VA, Tia, Iy, Ts, [T, T1, [ L, L]} is an interval general-
ized residuated lattice
(8) (Z1,Z;) is not a pair of interval implications from:

L(Z5(((3.1). (3,21, (5, 1), (5.1, (5. D))
: (3:1), (5]
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(9) (Z,,Zy) is not a pair of interval implications from:

L(Zi(((3, 1), (5.2)1 [(3. 1), (3. DD, [(5, 1), (5. D)D)
= 1-4(1-2([(%7 1)7 (%7 2 ]7 [(%7 1)7 (%7 1)]>7 [(%7 1>7 (%’ 1)])
—N2N2([(2%7 1>7 (%’Q)D = [(%’ %)7 (%’ %)]

L([(£,0), (5, D], Zs([(3, —1), (3.2)]. [(5, 1), (5,5)]) = [(1,=3), (1, 0)]
13([(%7 _1>7 (%7 2)]71—2([(%7 0)7 (%7 1)]7 [(%7 1>7 (%7 5)])) = [(17 g)v (17 0)]
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