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Abstract

In this paper, we study boundedness and compactness of the compo-
sition operators Cy between the hyperbolic Bloch and general hyperbolic
Besov-type classes.
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1 Introduction

Let D = {z € C: |z] < 1} be the open unit disk in the complex plane C. Let ¢
be an analytic self-map of the open unit disk D. Let H(DD) denote the classes
of functions holomorphic in the unit disc D, the hyperbolic function classes are
subsets of the class B(ID) of all analytic functions f in the unit disc D such
that |f(z)| < 1. If (X, d) is a metric space, we denote the open and closed balls
with center x and radius r > 0 by

B(x,r):={y € X :d(y,r) <r}and B(z,r) :={y € X : d(z,y) <1},

respectively.
Hyperbolic function classes are usually defined by using either the hyper-

bolic derivative f*(z) = 1l]|r}((2’2))“2 of f € B(D), or the hyperbolic distance

p(f(2),0):= %1og(}j§§2i) between f(z) and zero.

The hyperbolic B}, (see [6]) is defined as the sets of f € B(D) for which

B: = {f: f analytic in D and sup(1 — |z|*)*f*(2) < oo}.

zeD
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The little hyperbolic Bloch space B is a subspace of B;, consisting of all

f € B} such that
lim (1— [z]*)*f*(2) = 0.

|z]—1—

Quite recently, the first author in [6] gave the following definitions for (p, «)-
Bloch spaces B, and B, . for f € H(D)

18,0 =5 sup @I~ 12 < oo,

2,26

and

Lim | f(2)| 27 F (I~ |2*)* =

|2|=1

where 2 <p<oocand 0 < a < 1.
Also in [6], the first author gave the following generalized hyperbolic derivative:

HOIERIEO]
L=[fG)P

when p = 2 we obtain the usual hyperbolic derivative as defined above.
A function f € B(D) is said to belong to the generalized (p,«) hyperbolic
Bloch-type class B , if

INORS: /() € HD),

53, = sup(1 — [))* 5 (2) < o0,
z€D

the little generalized (p,a) hyperbolic Bloch-type class By, , consists of all

f € B; , such that
lim (1 — [2))*f(z) = 0.

|z]—1

Remark 1.1 [t should be remarked that, the Schwarz-Pick lemma tmplies
By, = B(D) for all 1 < o < oo with || f|[s;, < 1, hence the class By, is of
interest only when 0 < a < 1.

,Q

Denote by

1—az’ B 1
& T0ul2)

the Green’s function of D with logarithmic singularity at a € A. Now, we define
the hyperbolic F,(p, ¢, s;w) type class F;(p, ¢, s;w). Let 2 < p < 00,0 < s < o0
and —2 < ¢ < oo, for given a reasonable function w : (0,1] — (0,00), the
hyperbolic class F(p, g, s;w) consists of those functions f € B(ID) for which

g(z,a) = log‘

11 =500 [ (00 = 5 d40) < o
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Moreover, we say that f € F;(p, q, s) belongs to the class I, (p, ¢, s;w) if

. e g 9°(2,0) _
|(111‘T1 D (fp(2>> (1 |Z‘ ) W(l - |Z|)dA(Z> - O

Note that hyperbolic classes are not linear spaces, since they consist of func-
tions that are self-maps of D. Thus, the result is a generalization of the recent
results of Pérez-Gonzélez, Réttyéd and Taskinen [31].

For any holomorphic self-mapping ¢ of ID. The symbol ¢ induces a linear com-
position operator Cy(f) = f o ¢ from H(D) or B(D) into itself. The study
of composition operator Cy acting on spaces of differen function classes has
engaged many analysts for many years (see e.g. [10, 11, 16, 17, 21, 26, 27, 28,
29, 30] and others).

Recall that a linear operator 7' : X — Y is said to be bounded if there
exists a constant C' > 0 such that ||T'(f)|ly < C||f||x for all maps f € X. By
elementary functional analysis, it is well-known that a linear operator between
normed spaces is bounded if and only if it is continuous, and the boundedness
is trivially also equivalent to the Lipschitz-continuity. Moreover, T": X — Y
is said to be compact if it takes bounded sets in X to sets in Y which have
compact closure. For Banach spaces X and Y contained in B(D) or H(DD),
T : X — Y is compact if and only if for each bounded sequence (z,,) € X, the
sequence (T'x,) € Y contains a subsequence converging to a function f € Y.

Two quantities A and B are said to be equivalent if there exist two finite
positive constants C7 and Cs such that C1B < A < CyB, written as A ~ B.
Throughout this paper, the letter C' denotes different positive constants which
are not necessarily the same from line to line.

Now, we introduce the following definitions:

Definition 1.1 A composition operator Cy : By , — F;(p,q,s;w) is said
to be bounded, if there is a positive constant C' such that ||Cyf]
Cl fllsy., for all f € B;,,.

Definition 1.2 A composition operator Cy : By, , — F;(p, q, s;w) is said to
be compact, if it maps any ball in By , onto a pre-compact set in F)(p,q, s;w).

<
Fr(p,g,sw) =

We can find a natural metric on the generalized hyperbolic (p, «)-Bloch class
B; ., and the class F(p, ¢, s;w). Let 2 < p < 00,0 < s <00, -2 < ¢ < 00, and
0 < a < 1. First we can find a natural metric in B, , [6] by defining

d(f.9:B;.) =dp: (f,9)+ |If = glls,. +1£(0) = g(0)]?,

where

y
2_1

[ PEEET gElate)
R {6 e

a€eD

(1= |21

|p
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For f,g € F;(p,q, s;w), define their distance by

d(f,9; F; (P, 4, 5;w)) = drzpg.s) ([, 9) + 1 = 9l By pg.siw) + [£(0) = g(0)],

where

g1 = (s [ 1) = G2)P(1 = 3P EACLOITEA
i

2eD 121)

The following result of the complete metric spaces d(., .; B} ,) is proved in ([6]).
Now we prove the following proposition:

Proposition 1.1 The class B;,, equipped with the metric d(.,.; B, ) is a
complete metric space. Moreover,By ., is a closed (and therefore complete)
subspace of B

Proposition 1.2 The class F)(p, q,s) equipped with the metric
d(., s F5(p,q,s;w)) is a complete metric space. Moreover, F(p,q,s;w) is a
closed (and therefore complete) subspace of F(p,q, s;w).

The proof is very similar to the corresponding result in [7], so it will be omitted.
The following lemma follows by standard arguments similar to those outline
in [34]. Hence we omit the proof.

Lemma 1.3 Assume ¢ is a holomorphic mapping from D into itself and let
2<p<o0,0<a<l 0<s<oo, and —2 < q < oo. Then the composition
operator Cy : B, — F(p,q,s;w) is compact if and only if for any bounded
sequence (fn)nen € By, which converges to zero uniformly on compact subsets
of D as n — oo we hcwe

lim o,

Ex(pa,siw) = 0.

There are some papers used the weight function w to study some classes of
function spaces, for more details, we refer to [7, 8, 13, 14, 15, 18, 32, 33].

2 Boundedness of composition operator

ForO0<a<1 2<p<oo. Let f,g € B, we will suppose that

PCV’

(5 (D) +1g5(2)]) = =P

for some constant C' and for each z € D.

Now, we give the following result.
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Theorem 2.1 Assume ¢ is a holomorphic mapping from D into itself and
letd <a<l1l 2<p<o00<s<o0,—2<qg< o0 Suppose that (1) is
satisfied. Then the following statements are equivalent:

(i) Cy : B, — F(p, q, s;w) is bounded;
(i) Cy : By, — F(p, q,s;w) is Lipschitz continuous;

(iii)

| (2)[P L g 9(za) ) < o
ow [ o A <

Proof: To prove (i)« (iii), first assume that (iii) holds and that f € B

P a’
then, we obtain

¢(z,a)
sup/D((pr¢)())(1—\z|) S AACR)

aeD k)

—sup [ (oI - E A

ach |Z‘)
. (FEP e o)
<|f B o aE]II)))/]D) (1— |¢(Z)p|)poc(1 1#1%) w(l— \z|)dA( 2

Hence, it follows that (i) holds.

Conversely, assuming that (i) holds, then there exists a constant C' such that

1Cof By a.s) < Cllf Iy,

For giving f € B; ,, the function fy(z) = f(tz), where 0 < ¢ < 1, belongs to
B, , with the property | fills; . < [|fll5;.- Let f, g be the functions from (1),
we have o

15 (2) +1g,(2)] = T epe "

for all z € D, then

¢'(2)|
(1—=1lo(2)))

WP e o)
/D<1—|t¢<z>p|> (1= =7 oA

< [ (o0 @7 + ooy @) - 2 LEDdae)
< CUICo g + I Cal

(p.q,5w) Fﬁ(p’q’s))
< C!|C¢Hp(!|f 5.+ ll9lls; ),

< (fpod)(2) + (g 0 0)"(2),

thus,
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this estimate together with the Fatou’s lemma, implies that Cy is bounded, so

(iii) is satisfied.

To prove (ii)« (iii), assume first that Cy : By, , — F(p, ¢, s;w) is Lipschitz

continuous, that is, there exists a positive constant C such that
d(fod,god; Fr(p.q s;w) < Cd(f,9;8B;,), foral f,geB
Taking g = 0, this implies
1f © Blligas) < CUIf Iy, + 1f |5, + [F(0)]2),  forall f € B

The assertion (iii) for o = 1, follows by choosing f(z) = z in (2).
If 0 < a <1, then

2 < /\f (s)ds + | £(0)3
ds p
scufngp,afo Ty O
||f||Bpa +|f( )|§

this yields

000 - go)ff < o=y 2170) o)

[SIiS)

Moreover, from (1), for f,g € B}, we deduce that

i
([f, )| + g, (2))(1 —|z)*>C >0, forallzeD.

Therefore,

P
2

1/ 115, +||g||B + £ 15,0 + llgll5,.0 + 1£0)]% + 19(0)]

> o[ i L E Y da),

For which the assertion (iii) follows :
Assume now that (iii) is satisfied, we have

d(fO(ﬁ,gO(ﬁ;FS(p,q,S;W)) dF*(pqsw)(fo¢ go¢)
HIf 0 & = g0 Gl rppgse) + [ F(9(0) = 9(6(0))?|
(

()P = =) _g°
SdB;'“(f’g)<ilelg/1m (1 — (p(2))P)Pe w(l - |2])

|
o [ QPO )
+17 =gl (398 | S oG~

+1£(0) = g(0)[2 < Cd(f,g;B;)-

1

dA(z)) ’

z,a)

dA(z))%

If — 9||Bpa

Ay

(2)
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Thus Cy : By, = Fp(p, ¢, s;w) is Lipschitz continuous and the proof is estab-
lished.

Remark 2.1 We know that a composition operator Cy : By , — Fy(p, q, s;w)
is said to be bounded if there is a positive constant C such that ||Cy f | px (p.g,sm) <
Clfllss,.; for all f € By, ,. Theorem 2.1 shows that Cy : B, , — F;(p, q, s;w) is
bounded if and only if it is Lipschitz continuous, that is, if there exists a positive
constant C such that d(foe, god; I (p, ¢, s;w)) < Cd(f,9;B;,), forall f,g¢€
By

By elementary functional analysis, a linear operator between normed spaces
1s bounded if and only if it is continuous, Since the boundedness is trivially also
equivalent to the Lipschitz-continuity. Our result for composition operators in
hyperbolic spaces is the correct and natural generalization of the linear operator
theory.

3 Compactness of Cy: B, , — F;(p, q, s;w)

Recall that a composition operator Cy : By, — F;(p,q,sw) is said to be
compact, if it maps any ball in B, , onto a pre-compact set in F; (p,q, s;w).
Now, we give the following important results.

Proposition 3.1 Assume ¢ is a holomorphic mapping from D into itself.
Let2 < p<oo, -2<qg<o0,0<a<land0<s<oo IfC;: B, —
F,(p,q,s;w) is compact, it maps closed balls onto compact sets.

Proof: If B C B;, , is a closed ball and g € F; (p, q, $;w) belongs to the closure
of Cy(B), we can find a sequence (f,,)7>,; C B such that f, o ¢ converges to
g € F;(p,q,s;w) as n — oo. But (f,);2, is a normal family, hence it has a
subsequence (f,,)32; converging uniformly on the compact subsets of I to an
analytic function f. A s in earlier arguments of Proposition 2.1 in [31], we get
a positive estimate which shows that f must belong to the closed ball B. On
the other hand, also the sequence (f,, 0 ¢)52, converges uniformly on compact
subsets to an analytic function, which is g € F¥(p, ¢, s;w). We get g = f o ¢,

i.e. g belongs to Cy(B). Thus, this set is closed and also compact.

Compactness of composition operators acting between By , and F)(p,q, s;w)
classes can be characterized in the following result.

Theorem 3.1 Assume ¢ is a holomorphic mapping from D into itself. Let
2<p<o0, 2<qg<oo,0<a<land0<s < oo. Then the following
statements are equivalent:

(i) Cy : B, — F(p, q, s;w) is compact.
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(ii) G(¢,g) = 0, where

. ¢'(2)[” 9°(z,a)
o) = Jmm s [ e~ S A o
Proof: We first assume that (i) holds. Let B := B(g,0) C B, g € B,
and 6 > 0, be a closed ball, and let (f,,)7°,; C B be any sequence. We show
that its image has a convergent subsequence in F; (p, q, s;w), which proves the
compactness of Cy by definition.

Again, (f,);2; C B(D) is normal, hence, there is a subsequence (fy;),
which converges uniformly on the compact subsets of D to an analytic func-
tion f. By Cauchy formula for the derivative of an analytic function, also the
sequence (f! ])°° , converges uniformly on the compact subsets of D to f. It
follows that also the sequences (f,; 0 $)32; and (f;, 0¢);2; converge uniformly
on the compact subsets of D to f o ¢ and f’ o ¢, respectively. Moreover,
[ € B CB;, since for any fixed R,0 < R < 1, the uniform convergence yield

o [F@IEET g@lgE ey
i P I S PP (= [:P)
+ IS&%If’(Z) — g ()| f(z) = g(2)| T A = 2™ + | £(0) — g(0)[27
e | L g A g, e
_]Loo| R L= fu ()P 1= g2 ‘(1 2]%)
+jlggo(|slu<%|f (2) = g () fa, (2) = 9@ (1 = |21 + | £, (0) = g(0)]27)
<.

Hence, d(f,g;B;,) < 6.

Let € > 0. Since (ii) is satisfied, we may fix 7,0 < r < 1, such that
¢ (2)[” 9°(z,a)
sup | (1 |2y aA(:) < ¢
aeD Jig(z)>r (1 — [@(2)[P)P* w(1—|[z])

By the uniform convergence, we may fix N; € N such that

[y 0 (0) = fod(0)] <&, forall j > Ny, (3)

The condition (ii) is known to imply the compactness of Cy : B, » — F,(p, ¢, s;w),
hence possibly to passing once more to a subsequence and adjusting the nota-
tions, we may assume that

[ fn; 00— fodllEpas <€ foralj> Ny NyeN. (4)
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Now let

B@r) =510 [ [, 006 — g0 0 (P01 — 2P E D),
lp(2)|>r

aeD w(l = |z])

and

B(er) =5 [ [(pn, 09)% () = (g0 0 (1 — |2 AGL T
|p(2)|<r

aeD w(l = |z])

Since (fy,);2, C B and f € B, it follows that

her) = s [ [, 00() = ooy (P - L E )
l¢(2)[>r

o= 2]
p _12[2) 9°(z,a) .
< fow [ L 0.0)0 - B A
. IR g'(za)
. dﬁia<f“wg>ae£/¢(z)>r T (0P o[ )
where
(g 2 O 0 D)NE (90 9)(2((gn, 0 D)ED)IE
Ens»9,9) = L=, 0 ()P I llgod )P
hence,
Li(a,r) < Ce. (5)

On the other hand, by the uniform convergence on the compact disc D, we can
find an N3 € N such that for all j > Nj,

(Fa, (DD (U, 0 DDIE gl G 2 DENET)
L= (fu; 0 @)(2)I” —[(god)z) I~

For all z with |¢(z)| < r. Hence, for such j,

Ll(fnwgagb) =

Ber) = s [ [(f,00)() = ooy (P - L)
l¢(2)|<r

aeD w(l = |z])

< sw [ Ll old@P - rEE A c)
|(z)|<r

aeD

GEPA - 2P g(za)
: 5<ilé§/|¢<z>|gr L (P o iAe) < e

hence,
L(a,r) < Ce. (6)
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where C'is bounded which is obtained from (iii) of Theorem 3.1. Combining
(4), (5), (6) and (7) we deduce that f,, — f in F;(p,q,s).

For the converse direction, let f,(z) := sn*'z" for all n € N, n > 2.
- 2\a
N L S ) 1 ap) jap ) 2y
Il = o o < (2 swpa ¥ 2| (0 o)

Then the sequence (f,)52, belongs to the ball B(0; (277! + 1)) C B, [6].
We are assuming that Cy maps the closed ball B(0; (227! + 1)) C B;, into a
compact subset of F)(p,q, s;w), hence, there exists an unbounded increasing
subsequence (n;)52; such that the image subsequence (Cyfn, )2, converges
with respect to the norm. Since, both (f,)p2; and (Cyfn,)ne; converge to
the zero function uniformly on compact subsets of D, the limit of the latter
sequence must be 0. Hence,

3 a—1 n;
}LIEO Hnﬁ ¢ ! ||F5(p,q,s;w) =0. (7)

Now let 7; = 1 — L. For all numbers a, 7; < a < 1, (see [6]) we have the
J
estimate
nfa"! 1

I—am ~e(l—a)*

(8)

Using (8), we deduce

Ing ™ |

Fr(p,g,s:w)
) RS ()16 ()10 1 (1 = |+[2)1g° (2, a)
—su dA(z
=55 /|¢(z)|>rj L—|¢mi(2)[P w(l—|z]) )
Cp GEP (- 2= a)
dA(z). 9
Z%%ﬁ%&ﬂ@MAL4MMWM Sy Ak ®)

From (8) and (10), the condition (ii) follows. The proof is therefore completed.

Remark 3.1 [t is still an open problem to study composition operators in
Clifford analysis. For more details on some classes of quaternion function
spaces, we refer to ([1, 2, 3, 4, 5, 9, 19, 20, 23, 24, 25]) and others.
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