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Abstract

In this paper we will investigate the projective change between re-
cently introduced (c, )-metric F = 8 + % and the (a, §)-metric
F =@+ (3, where a and @ are two Riemannian metrics; 8 and 3 are
1-forms and a € (0, 1] is a real positive scalar. Also, we will investigate
the locally projectively flatness for the (a, §)-metric F'.

1 Introduction

The projective change between two Finsler spaces is well known in literature
and have been investigated in a lot of papers (see for example [6],[7],[8],[9],[12]).
Recently, in [10], we introduced the new (¢, §)-metric

ao® + (32

F=p+ (1)

where « is a Riemannian metric, § is a 1-form, and a € (0, 1] is a real scalar
and we investigate in that paper the projectivelly flatness for this new class of
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metrics.

The main purpose of this paper is to continue the study on the above mentioned
class of metrics and to investigate the locally projective flatness and also the
projective change between this class of («, 5)-metrics and the Randers metrics
F =a+ 3, where o and @ are two Riemannian metrics; 8 and 3 are 1-forms
and a € (0, 1] is a real positive scalar.

In Finsler geometry the study of («, §)-metrics was done in a lot of impor-
tant papers (see for example [2, 6, 7, 8, 12, 13, 14]) and this type of metrics
have importants applications not only in geometry but also in biology ([1])
and other branches of science. We know from [7, 11], that two Finsler metrics
F and F are projectively related if and only if for their spray coefficients we
have the following relation:

G'=C + P(y)y (2)

where P(y) is a scalar function on TM — {0} and homogeneous of degree one
in y.

Also, from [6] we know that a Finsler metric is called a projectively flat metric
if it is projectively related to a Minkowskian metric. From [11], we know
that the Randers metric F' = @ + 3 is projectivelly flat if and only if @ is
projectively flat and 3 is closed. The projectivelly flatness was investigated in
several papers (see [5, 12]).

Definition 1 (/6]) Let

. 03 . 1 oG™ .
o — Ty
KL i Ok Oyt (G n+1 dym ) (3)

where G* are the spray coefficients of F'. The tensor D = D;kl@@dxj@dxk@dxl
1s called the Douglas tensor. A Finsler metric is called Douglas metric if the
Douglas tensor vanishes.

Some importants results concerning Douglas metrics are recently presented in
3, 13].

The function ¢ = ¢(s) is a C* positive function on an open interval
(—bo, by) and it satisfies the following condition:

P(s) — s¢'(s) + (b* — s*)¢"(s) > 0, |s| < b < by.

Also well known is the fact that F' is a Finsler metric if and only if || 8,]]a < bo
for any x € M.

In general, the (o, §)-metrics are defined as follows:
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Definition 2 (/6]) For a given Riemannian metric o = \/a;;y'y? and one

form B = by, satisfying ||Be|la < bo for Vz € M, then: F = ag(s), s = g, is
called (o, B)-metric.

The covariant derivative of 5 with respect to «, take the following form: V§ =
bijjdz’ @ dx?. Also, in [6], the following notations are given:

1 1
T =5 (bg +bjis) 3 865 = 5 (bay = bite) - (4)
It is clear that f3 is closed if and only if s;; = 0. Also, we can take:

P ool il o il i _ i j
Sj:bsijasj_a Sljaso—siyaso_sjyaTOO—Tijyy]'

If we consider the fundamental tensor of Randers space g;; = % a‘?;g; , then the
following formulae are well known from literature:

A da p’ da
p ay - z]ayja pl 1] - 3y”
, 1 oL 0

"= "= Gij i = 9" 57— =pi +b;;
LV =99, gy T
1 . - o
lLii==p" Uli=p'p;,=1;, U'pi=—;
Lp j=Pp b I
. L ) .
p'li=—; bip'= B, b;l' = é
« « L

The geodesic coefficients G of F' and the geodesic coefficients G?, of «, are
related as follows (see [6]):

G'= G+ aQsh +{—2Qasy + oo} {\Ifbi + @oflyi} (5)
where: o
e
o 08 —s(60" + 59
2¢(¢ _ Sd)l + (62 _ 82)¢”)
/!
U = ¢ .
2(¢ — s¢' + (b* — s?)¢")
In [7] and [11], is presented the condition for an (o, 3)-metric to be locally
projectively flat, as follows:

Lemma 3 ([7, 11]) A Finsler space S" = (M, F') is locally projectivelly flat
if and only if:

OF 0*F

oo ooy Y ©)
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In [4], is presented the following condition for an («a, §)-metric to be a Douglas
metric:

a@ (séyj — sgyi) + WU (—2aQso + ro0) (biyj — bjgf) = ; (G’}'dyj — Gilyi) Yy
(10)
092G,

where G, = I'y; — 7}, and v, = ByF oyl

Theorem 4 ([4]) Let F' = a¢p(s), s = g be an («, f)-metric on an open
subset U C R™(n > 3), where a = \/a;;j(x)y'y? and one form § = biy* # 0. Let
b =||5s||a. Suppose that the following conditions holds:

(a) B is not parallel with respect to «;

(b) F' is not of Randers type;

(c) db # 0 everywhere or b = constant on U. Then F is a Douglas metric on

U, if and only if the function ¢ = ¢(s), satisfies the following ODE:
{14 (k1 + kos?)s® + kss® | ¢ (5) = (ku + k2s”) {(s) — s6/(s)} (11)

and the covariant derivative V3 = by ;y'dz? of B with respect to « satisfies the
following equation:

biy = 27 {(1+ kb®)as; + (kab® + ks)bib, } (12)

where T = 7(x) is a scalar function on U and ki, ks, ks are constants with
(K2, k3) # (0,0).

Remark 5 The above equation holds good in dimension n > 3.

Finally, let’s remark that some interesting results can be obtained using («, 5)-
metrics in Finsler-Lagrange geometry (see [16]). Also, in Lagrange-Finsler
geometry an important problem is that concerning the Whitney extension
theorem. In [15] are presented some results concerning the Whitney extension
theorem in differential geometry.

2 Main Results

Now, using the above mentioned Theorem 4, we will compute for the («, 5)-
metric (1), the coefficients b;);, taking into account that F' = a¢(s), where
é(s) = s* + s+ a, where a € (0,1] is a positive scalar.

After tedious computations, we get:

2 3
bi|j =T |:(1 + ab2) a'ij — abib]} . (13)
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Next, we compute:

= [(1+ zzﬂ) o? — 252} | (14)
Using (6), (7), (8), for ¢(s) = s> + s + a, we get:
@=3 —(b lsgb’ - 28_11 (15)
o 99 —s@d"+¢'¢) a— s*(4s +3) (16)
26(6 — s¢/ + (2 — s2)9")  2(s2+ s + a) (202 — 352 + a)
U = il = ! (17)

2(¢p — s + (b2 — s2)¢") 2> —3s2+a’
Substituing (15), (16), (17) in (5), we get:

i . a’(28+a)
=Gt %
—2a(26 + «) a’b’ (aa® — 4% — 3a3?)y’
o s+ oo +
ac? — (32 20202 — 302 + aa? (2062 + 208 + 2aa?)(20%a? — 3% + aa?)

(18)
where rq is given in (14).

Remark 6 Now, we can formulate the first result: the the («, 3)-metric (1),
is a Douglas metric with respect to Theorem 4, if and only if (13) take place:

2 3
bz’|j =T |:(1 + abZ) aij — abzb]

for some scalar function T = 7(x), where b;; represents the coefficients of the
covariant derivative 8 = by with respect to «.In this case 3 is closed.

If 8 is closed, then one obtains: s;; = 0 = b;; = b;j; and s = 0; 59 = 0.
Replacing (14) in (18), we get:

L i —aa® +48° +3a8*] ,  a?

G'=G. — T —b" 19
o™ T [a(2ﬁ2 + 2a + 2aa?) (19)

We consider a scalar function P = P(y) on TM — {0}, i.e.:
G' = GL + Py (20)

From (19) and (20), we get:
—ac® + 463 +3ap% | , , a?

P ‘=G, -G+ T 21
+T[a(252—|—2a6+2aa2) Y @ a+Ta (21)
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Using the fact that in the previous equation (21), the RHS of this equation is
a quadratic form, thus there must be a one form 6 = 6,3, such that:

—aa® + 4% + 3aB?
P+T =
a(2p? + 2af + 2aa?)

Then, can obtain:
2

G'=GL+ 6y — T%bi. (22)

Now using (13) and (22) and also the above results, we can formulate the
following theorem:

Theorem 7 Let F = 3+ % and F =a+ f3, be two («a, B)-metrics, where
a and @ are two Riemannian metrics; 8 and 3 are 1-forms and a € (0,1] is
a real positive scalar. Then F is projectively related to F, if and only if the
followings equations, holds:

2
G = Gt by =7

bi|j = Ti [(CL + 2b2) az’j — szbj:|

dB =0

where b' = a“b;; b = ||B]|a and by; are the coefficients of the covariant deriva-
tives of 8 with respect to a; T = 7(x) is a scalar function and 6 = 0;y" is a
1-form on M.

The proof is immediate using the already proved relations (13) and (22). Also,
we can now formulate the following corollary:

Corollary 8 Let F = [ + % and F = a + 3, be two (a, 3)-metrics on
a manifold M, where o and @ are two Riemannian metrics; 3 and (B are 1-
forms and a € (0,1] is a real positive scalar. Then F' is projectively flat if the
following relation holds:

2
Gl =Gt by — 7 b
a

where b' = a“b;; b = ||B]|o and by; are the coefficients of the covariant deriva-
tives of B with respect to a; T = T(x) is a scalar function and 0 = 0,y is a
1-form on M.

The proof is imediate using the above Theorem 7.
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Theorem 9 Let F = [ + %:52 the (a, B)-metric introduced in (1) on an
n-dimensional manifold M, with o a Riemannian metric; 5 a I1-form and
a € (0,1] is a real positive scalar. Then F is locally projectively flat if and only

if:
o (B\[o8 Boal ,
2@%§>bﬁ‘@mJy+

(o) =)o (o) o () -] =0 e

We apply Lemma 3, using

o or
oxI 8x’“8yy

First, we compute:

OF a(ma(w@?)_a@ o 2808 B da _

ork — Oz

ook "% T w ark 2ok

() o s g

Then, we compute:
o (OF\ , B\ 98 , B8\ & (B8\ oa
s (32e) ¥ =23, ()a *( o) s (e )2 (2) e (5)
Oa S =
T _
o (B 98 , 9 (B8\ da
25 (a1) 76 ( =27 g (o) e+

2)e ()

From (24), replacing k and i and substituing 3 = by (z)y*, one obtains:

OF (), 2\ (P
ort <1+ a) Gx"y +<a )8:1:’ (26)

Finally, replacing (24); (25) and (26) in (9), we get:
Oa\ 4
o)

o (p\ 0B 26\ Ob; B\ 0 (B Oa B3?
2oy <a> axky”(l * a> i <a> oy (a> axky“(a - a2>

b 2
(1 6) a;yk (a P ) e =0 (27)

and from this, we get the asertion of the theorem. The converse follow also
easily.
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Theorem 10 Let F = (§ + # the («, B)-metric given by (1), be locally
projectively flat. Asume that o is locally projectively flat. Then:

o (B 1/1 1\ (0b, b\
(2 eop-—oy== (42 - ,
oy’ <a> ( Q) 2 <25 * a) (axz 81:’6) Yy (28)
where P = i%yk; Q= %%yk_

Because « is locally projectively flat, from (9), we get:

0 (Oa\ , O«
oy (81:’“) Y o T 0 (29)

From (23) and (29), we get:

a (B\|0B Boal| , 28\ [ 0b;  Oby|
25 <a> [axk aaxk] Al Ev B el vl KA
Using the above definitions of P and @ and dividing with 25 in (30), we get:
oy’ <a> (2P=-Q)= 2 <25 + a) (&Ei 8:1:’“) 4

and this complete the proof.
Recently, in [14], was introduced the following;:

Definition 11 (/14]) We say that an («, B8)-metric F' = agp <§) on a manifold
M, satisfy the sign property, if the function

Ag(s) = ¢ (=s)o(s) + d(—s)¢'(s)
has a fix sign on a symmetric interval (—by, by). Here, with s is denoted s = g

Using this important definition, we will try now to investigate in which condi-
tion, the metric (1) satisfy this new property. So, we give the following:

Example 12 Let us consider the metric (1), F' = ( + %, with ¢(s) =
s* + s+ a, where a € (0, 1] is a positive scalar.
In this case, we have:

A(5) = & (=5)8(5) + D(~9)(5) = ~26 + 20.
We conclude that, for s € (—y/a,\/a), As(s) has a fir sign. Thus this metric
satisfy the sign property.

Remark 13 The above quantities P and Q) from Theorem 10, were presented
in [11] and used in that paper to describe the locally projectively flatness of some
other important (a, B)-metrics, such as: Kropina and Matsumoto metrics.
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3

Conclusion

In this paper we have continued the investigations started on paper [10] on
the new family of («, 8)-metrics F' = § + “QQO&J and we succed to obtain
some important results concerning the projective change and locally projective
flatness of this type of metrics. Also the sign property for this new type of
(o, B)-metrics were investigated. In our future papers we will try to investigate
other important properties for this class of (a, 3)-metrics.

References

1]

[10]

Antonelli P.L., Ingarden R.S. and Matsumoto M., The Theory of Sprays
and Finsler Spaces with Applications in Physics and Biology, FTPH, 58,
Kluwer Academic Publishers, 1993.

Bacsé S., Cheng X. and Shen Z., Curvature properties of (a, B)-metrics,
Advanced Studies in Pure Mathematics, Mathematical Society of Japan
48 (2007), 73-110.

Bacso S., Matsumoto M., On Finsler space of Douglas type. A general-
ization of the notion of Berwald space, Publ. Math. Debrecen, 51(1997),
385-406.

Benling L., On a class of Douglas metrics in Finsler geometry, Studia Sci.
Math. Hungarica, 46(3) (2009), 355-365.

Benling L., Projectively flat Matsumoto metric and its approximation,
Acta Math. Scientia, (2007), 27B(4), 781-789.

Cui N. and Shen Y.-B., Projective change between two classes of («, [3)-
metrics, Differential Geom. Appl., 27 (2009), 566-573.

Jiang J. and Cheng X., Projective changes between two tmportant classes
of (o, B)-metrics, Advances in Math., Vol.41, Nr.6, (2012), 732-740.

Park H. and Lee Y., Projective changes between a Finsler space with

(o, B)-metric and associated Riemannian metric, Tensor, 24 (1984), 163-
188

Narasimhamurthy S.K. and Vasantha D.M., Projective change between
Randers metric and Special («, B)-metrics, J. Informatics and Mathemat-
ical Sciences, 4(2012), Nr.3, 293-303.

Pigcoran L., Mishra V.N., Projectivelly flatness of a new class of («, [3)-
metrics, Georgian Math. Journal (in press).



894

[11]

[12]

[13]

[14]

[15]

[16]

Laurian-lIoan Piscoran and Lakshmi Narayan Mishra

Senarath P.; Differential geometry of projectively related Finsler spaces,
Ph.D. Thesis, Massey University, (2003).

Shen Z., On projectively flat («, 5)-metrics, Canadian Math. Bulletin,
52(1)(2009), 132-144.

Tayebi A. and Sadeghi H., On generalized Douglas-Weyl («, 5)-metrics,
Acta Mathematica Sinica, English Series, (2015), Volume 31, Issue 10,
1611-1620.

Tayebi A., Barzegari M., Generalized Berwald spaces with (a,f)-
metrics, (accepted), Indagationes Mathematicae, DOI: 10.1016/
j.indag.2016.01.002.

Bierstone E., Milman P.D., Pawtucki W., Higher-order tangents and Fef-

fermans paper on Whitneys extension problem, Annals of Mathematics,
164 (2006), 361-370.

Miron R., Finsler-Lagrange spaces with («,f3)-metrics and Ingarden
spaces, Reports on Math. Physics, 58(3):417-431, (2006).

Received: November 11, 2016



