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Abstract

In this paper we will investigate the projective change between re-

cently introduced (α, β)-metric F = β + aα2+β2

α and the (α, β)-metric
F = α + β, where α and α are two Riemannian metrics; β and β are
1-forms and a ∈ (0, 1] is a real positive scalar. Also, we will investigate
the locally projectively flatness for the (α, β)-metric F .

1 Introduction

The projective change between two Finsler spaces is well known in literature
and have been investigated in a lot of papers (see for example [6],[7],[8],[9],[12]).
Recently, in [10], we introduced the new (α, β)-metric

F = β +
aα2 + β2

α
(1)

where α is a Riemannian metric, β is a 1-form, and a ∈ (0, 1] is a real scalar
and we investigate in that paper the projectivelly flatness for this new class of



886 Laurian-Ioan Pişcoran and Lakshmi Narayan Mishra

metrics.
The main purpose of this paper is to continue the study on the above mentioned
class of metrics and to investigate the locally projective flatness and also the
projective change between this class of (α, β)-metrics and the Randers metrics
F = α + β, where α and α are two Riemannian metrics; β and β are 1-forms
and a ∈ (0, 1] is a real positive scalar.

In Finsler geometry the study of (α, β)-metrics was done in a lot of impor-
tant papers (see for example [2, 6, 7, 8, 12, 13, 14]) and this type of metrics
have importants applications not only in geometry but also in biology ([1])
and other branches of science. We know from [7, 11], that two Finsler metrics
F and F are projectively related if and only if for their spray coefficients we
have the following relation:

Gi = G
i
+ P (y)yi (2)

where P (y) is a scalar function on TM − {0} and homogeneous of degree one
in y.
Also, from [6] we know that a Finsler metric is called a projectively flat metric
if it is projectively related to a Minkowskian metric. From [11], we know
that the Randers metric F = α + β is projectivelly flat if and only if α is
projectively flat and β is closed. The projectivelly flatness was investigated in
several papers (see [5, 12]).

Definition 1 ([6]) Let

Di
jkl =

∂3

∂yj∂yk∂yl

(
Gi − 1

n+ 1

∂Gm

∂ym
yi
)

(3)

where Gi are the spray coefficients of F . The tensor D = Di
jkl∂i⊗dxj⊗dxk⊗dxl

is called the Douglas tensor. A Finsler metric is called Douglas metric if the
Douglas tensor vanishes.

Some importants results concerning Douglas metrics are recently presented in
[3, 13].

The function φ = φ(s) is a C∞ positive function on an open interval
(−b0, b0) and it satisfies the following condition:

φ(s)− sφ′(s) + (b2 − s2)φ′′(s) > 0, |s| ≤ b < b0.

Also well known is the fact that F is a Finsler metric if and only if ||βx||α < b0
for any x ∈M.

In general, the (α, β)-metrics are defined as follows:
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Definition 2 ([6]) For a given Riemannian metric α =
√
aijyiyj and one

form β = biy
i, satisfying ||βx||α < b0 for ∀x ∈ M , then: F = αφ(s), s = β

α
, is

called (α, β)-metric.

The covariant derivative of β with respect to α, take the following form: ∇β =
bi|jdx

i ⊗ dxj. Also, in [6], the following notations are given:

rij =
1

2

(
bi|j + bj|i

)
; sij =

1

2

(
bi|j − bj|i

)
. (4)

It is clear that β is closed if and only if sij = 0. Also, we can take:

sj = bisij; s
i
j = ailslj; s0 = siy

i; si0 = sijy
i; r00 = rijy

iyj.

If we consider the fundamental tensor of Randers space gij = 1
2
∂2F 2

∂yi∂yj
, then the

following formulae are well known from literature:

pi =
1

α
yi = aij

∂α

∂yj
; pi = aijp

j =
∂α

∂yi
;

li =
1

L
yi = gij

∂L

∂yj
; li = gij

∂L

∂yj
= pi + bi;

li =
1

L
pi; lilj = pipi = 1; lipi =

α

L
;

pili =
L

α
; bip

i =
β

α
; bil

i =
β

L
.

The geodesic coefficients Gi of F and the geodesic coefficients Gi
α of α, are

related as follows (see [6]):

Gi = Gi
α + αQsi0 + {−2Qαs0 + r00}

{
Ψbi + Θα−1yi

}
(5)

where:

Q =
φ′

φ− sφ′
(6)

Θ =
φφ′ − s(φφ′′ + φ′φ′)

2φ(φ− sφ′ + (b2 − s2)φ′′)
(7)

Ψ =
φ′′

2(φ− sφ′ + (b2 − s2)φ′′)
. (8)

In [7] and [11], is presented the condition for an (α, β)-metric to be locally
projectively flat, as follows:

Lemma 3 ([7, 11]) A Finsler space =n = (M,F ) is locally projectivelly flat
if and only if:

∂F

∂xj
− ∂2F

∂xk∂yi
yk = 0. (9)
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In [4], is presented the following condition for an (α, β)-metric to be a Douglas
metric:

αQ
(
si0y

j − sj0yi
)

+ Ψ (−2αQs0 + r00)
(
biyj − bjyi

)
=

1

2

(
Gi
kly

j −Gj
kly

i
)
ykyl

(10)

where Gi
kl = Γikl − γikl and γikl = ∂2Giα

∂yk∂yl
.

Theorem 4 ([4]) Let F = αφ(s), s = β
α

be an (α, β)-metric on an open

subset U ⊂ Rn(n ≥ 3), where α =
√
aij(x)yiyj and one form β = biy

i 6= 0. Let

b = ||βx||α. Suppose that the following conditions holds:
(a) β is not parallel with respect to α;
(b) F is not of Randers type;
(c) db 6= 0 everywhere or b = constant on U. Then F is a Douglas metric on
U , if and only if the function φ = φ(s), satisfies the following ODE:{

1 + (k1 + k2s
2)s2 + k3s

2
}
φ′′(s) = (k1 + k2s

2) {φ(s)− sφ′(s)} (11)

and the covariant derivative ∇β = bi|jy
idxj of β with respect to α satisfies the

following equation:

bi|j = 2τ
{

(1 + k1b
2)aij + (k2b

2 + k3)bibj
}

(12)

where τ = τ(x) is a scalar function on U and k1, k2, k3 are constants with
(k2, k3) 6= (0, 0).

Remark 5 The above equation holds good in dimension n ≥ 3.

Finally, let’s remark that some interesting results can be obtained using (α, β)-
metrics in Finsler-Lagrange geometry (see [16]). Also, in Lagrange-Finsler
geometry an important problem is that concerning the Whitney extension
theorem. In [15] are presented some results concerning the Whitney extension
theorem in differential geometry.

2 Main Results

Now, using the above mentioned Theorem 4, we will compute for the (α, β)-
metric (1), the coefficients bi|j, taking into account that F = αφ(s), where
φ(s) = s2 + s+ a, where a ∈ (0, 1] is a positive scalar.
After tedious computations, we get:

bi|j = τ
[(

1 +
2

a
b2
)
aij −

3

a
bibj

]
. (13)
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Next, we compute:

r00 = τ
[(

1 +
2

a
b2
)
α2 − 3

a
β2
]
. (14)

Using (6), (7), (8), for φ(s) = s2 + s+ a, we get:

Q =
φ′

φ− sφ′
=

2s+ 1

a− s2
(15)

Θ =
φφ′ − s(φφ′′ + φ′φ′)

2φ(φ− sφ′ + (b2 − s2)φ′′)
=

a− s2(4s+ 3)

2(s2 + s+ a)(2b2 − 3s2 + a)
(16)

Ψ =
φ′′

2(φ− sφ′ + (b2 − s2)φ′′)
=

1

2b2 − 3s2 + a
. (17)

Substituing (15), (16), (17) in (5), we get:

Gi = Gi
α +

α2(2β + α)

aα2 − β2
si0

+

{
−2α(2β + α)

aα2 − β2
s0 + r00

}{
α2bi

2b2α2 − 3β2 + aα2
+

(aα3 − 4β3 − 3αβ2)yi

(2β2 + 2αβ + 2aα2)(2b2α2 − 3β2 + aα2)

}
(18)

where r00 is given in (14).

Remark 6 Now, we can formulate the first result: the the (α, β)-metric (1),
is a Douglas metric with respect to Theorem 4, if and only if (13) take place:

bi|j = τ
[(

1 +
2

a
b2
)
aij −

3

a
bibj

]
for some scalar function τ = τ(x), where bi|j represents the coefficients of the
covariant derivative β = biy

i with respect to α.In this case β is closed.

If β is closed, then one obtains: sij = 0⇒ bi|j = bj|i and si0 = 0; s0 = 0.
Replacing (14) in (18), we get:

Gi = Gi
α − τ

[
−aα3 + 4β3 + 3αβ2

a(2β2 + 2αβ + 2aα2)

]
yi + τ

α2

a
bi. (19)

We consider a scalar function P = P (y) on TM − {0}, i.e.:

Gi = Gi
α + Pyi. (20)

From (19) and (20), we get:

P + τ

[
−aα3 + 4β3 + 3αβ2

a(2β2 + 2αβ + 2aα2)

]
yi = Gi

α −Gi
α + τ

α2

a
bi. (21)
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Using the fact that in the previous equation (21), the RHS of this equation is
a quadratic form, thus there must be a one form θ = θiy

i, such that:

P + τ

[
−aα3 + 4β3 + 3αβ2

a(2β2 + 2αβ + 2aα2)

]
= θ

Then, can obtain:

Gi = Gi
α + θyi − τ α

2

a
bi. (22)

Now using (13) and (22) and also the above results, we can formulate the
following theorem:

Theorem 7 Let F = β+ aα2+β2

α
and F = α+ β, be two (α, β)-metrics, where

α and α are two Riemannian metrics; β and β are 1-forms and a ∈ (0, 1] is
a real positive scalar. Then F is projectively related to F , if and only if the
followings equations, holds:

Gi = Gi
α + θyi − τ α

2

a
bi

bi|j = τ
1

a

[(
a+ 2b2

)
aij − 3bibj

]
dβ = 0

where bi = aijbj; b = ||β||α and bi|j are the coefficients of the covariant deriva-
tives of β with respect to α; τ = τ(x) is a scalar function and θ = θiy

i is a
1-form on M.

The proof is immediate using the already proved relations (13) and (22). Also,
we can now formulate the following corollary:

Corollary 8 Let F = β + aα2+β2

α
and F = α + β, be two (α, β)-metrics on

a manifold M, where α and α are two Riemannian metrics; β and β are 1-
forms and a ∈ (0, 1] is a real positive scalar. Then F is projectively flat if the
following relation holds:

Gi = Gi
α + θyi − τ α

2

a
bi

where bi = aijbj; b = ||β||α and bi|j are the coefficients of the covariant deriva-
tives of β with respect to α; τ = τ(x) is a scalar function and θ = θiy

i is a
1-form on M.

The proof is imediate using the above Theorem 7.
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Theorem 9 Let F = β + aα2+β2

α
the (α, β)-metric introduced in (1) on an

n-dimensional manifold M , with α a Riemannian metric; β a 1-form and
a ∈ (0, 1] is a real positive scalar. Then F is locally projectively flat if and only
if:

2
∂

∂yi

(
β

α

)[
∂β

∂xk
− β

α

∂α

∂xk

]
yk+(

1 +
2β

α

)(
∂bi
∂xk
− ∂bk
∂xi

)
yk +

(
a− β2

α2

)[
∂

∂yi

(
∂α

∂xk

)
yk − ∂α

∂xi

]
= 0. (23)

We apply Lemma 3, using

∂F

∂xj
− ∂2F

∂xk∂yi
yk = 0.

First, we compute:

∂F

∂xk
=

∂

∂xk

(
β + aα +

β2

α

)
=

∂β

∂xk
+ a

∂α

∂xk
+

2β

α

∂β

∂xk
− β2

α2

∂α

∂xk
=

(
1 +

2β

α

)
∂β

∂xk
+

(
a− β2

α2

)
∂α

∂xk
. (24)

Then, we compute:

∂

∂yi

(
∂F

∂xk

)
yk = 2

∂

∂yi

(
β

α

)
∂β

∂xk
yk+

(
1 +

2β

α2

)
∂

∂yi

(
∂β

∂xk

)
yk−2yk

(
β

α

)
∂

∂yi

(
β

α

)
∂α

∂xk
+

(
a− β2

α2

)
∂

∂yi

(
∂α

∂xk

)
yk =

2
∂

∂yi

(
β

α2

)
∂β

∂xk
yk +

(
1 +

2β

α

)
∂bi

∂xk
yk − 2

(
β

α

)
∂

∂yi

(
β

α

)
∂α

∂xk
yk+(

a− β2

α2

)
∂

∂yi

(
∂α

∂xk

)
yk. (25)

From (24), replacing k and i and substituing β = bk(x)yk, one obtains:

∂F

∂xi
=

(
1 +

2β

α

)
∂bk
∂xi

yk +

(
a− β2

α2

)
∂α

∂xi
. (26)

Finally, replacing (24); (25) and (26) in (9), we get:

2
∂

∂yi

(
β

α

)
∂β

∂xk
yk+

(
1 +

2β

α

)
∂bi
∂xk

yk−2

(
β

α

)
∂

∂yi

(
β

α

)
∂α

∂xk
yk+

(
a− β2

α2

)
∂

∂yi

(
∂α

∂xk

)
yk−

(
1 +

2β

α

)
∂bk
∂xi

yk −
(
a− β2

α2

)
∂α

∂xi
= 0 (27)

and from this, we get the asertion of the theorem. The converse follow also
easily.
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Theorem 10 Let F = β + aα2+β2

α
the (α, β)-metric given by (1), be locally

projectively flat. Asume that α is locally projectively flat. Then:

∂

∂yi

(
β

α

)
(2P −Q) =

1

2

(
1

2β
+

1

α

)(
∂bk
∂xi
− ∂bi
∂xk

)
yk (28)

where P = 1
2α

∂α
∂xk

yk; Q = 1
2β

∂β
∂xk

yk.

Because α is locally projectively flat, from (9), we get:

∂

∂yi

(
∂α

∂xk

)
yk − ∂α

∂xi
= 0. (29)

From (23) and (29), we get:

2
∂

∂yi

(
β

α

)[
∂β

∂xk
− β

α

∂α

∂xk

]
yk =

(
1 +

2β

α

)[
∂bi
∂xk
− ∂bk
∂xi

]
yk. (30)

Using the above definitions of P and Q and dividing with 2β in (30), we get:

∂

∂yi

(
β

α

)
(2P −Q) =

1

2

(
1

2β
+

1

α

)(
∂bk
∂xi
− ∂bi
∂xk

)
yk

and this complete the proof.
Recently, in [14], was introduced the following:

Definition 11 ([14]) We say that an (α, β)-metric F = αφ
(
β
α

)
on a manifold

M, satisfy the sign property, if the function

Aφ(s) := φ′(−s)φ(s) + φ(−s)φ′(s)

has a fix sign on a symmetric interval (−b0, b0). Here, with s is denoted s = β
α

.

Using this important definition, we will try now to investigate in which condi-
tion, the metric (1) satisfy this new property. So, we give the following:

Example 12 Let us consider the metric (1), F = β + aα2+β2

α
, with φ(s) =

s2 + s+ a, where a ∈ (0, 1] is a positive scalar.
In this case, we have:

Aφ(s) := φ′(−s)φ(s) + φ(−s)φ′(s) = −2s2 + 2a.

We conclude that, for s ∈ (−
√
a,
√
a), Aφ(s) has a fix sign. Thus this metric

satisfy the sign property.

Remark 13 The above quantities P and Q from Theorem 10, were presented
in [11] and used in that paper to describe the locally projectively flatness of some
other important (α, β)-metrics, such as: Kropina and Matsumoto metrics.
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3 Conclusion

In this paper we have continued the investigations started on paper [10] on

the new family of (α, β)-metrics F = β + aα2+β2

α
and we succed to obtain

some important results concerning the projective change and locally projective
flatness of this type of metrics. Also the sign property for this new type of
(α, β)-metrics were investigated. In our future papers we will try to investigate
other important properties for this class of (α, β)-metrics.
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