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Abstract

In this paper, we study the existence and the nonexistence of positive
solutions for boundary value problems of the third-order g-symmetric
difference equations with parameter. By using the properties of the
Green function and Guo-Krasnoselskii fixed point theorem on cones,
we prove the existence of positive solutions to this equation when the
parameter belongs to different interval. And by apagoge, we prove the
nonexistence of positive solutions to this equation when the parameter
belongs to different interval.
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1 Introduction

In recent years, Quantum calculus is a very interesting field in mathemat-
ics. As calculus without limits, quantum calculus plays an important role in
several fields of physics such as cosmic strings and black holes [1], conformal
quantum mechanics [2], nuclear and high energy physics [3]. For details, We
can refer the reader to [4-7].

Quantum calculus has two types: the g-calculus and the h-calculus. The
g-symmetrigc quantum calculus is a type of the ¢g-calculus . In the ¢g-symmetric
quantum calculus, for a fixed ¢ € (0,1) and ¢ # 0 the g-symmetric derivative
of a function f at point ¢ is defined by

flgt) — f(q't)
(¢—q ")t
The g-symmetric quantum calculus has proven to be useful in several fields,

in particular in quantum mechanics [8]. As noticed in [8], the g-symmetric
derivative let the g-exponential function have unique properties.
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In 2012, Artur M.C. Brito da Cruz [9] has introduced a wealth of knowledge
about g-symmetric variational calculus, which laid a good foundation to the
continue study.

In 2015, Li Wang and Chengmin Hou[10] studied the application of differ-
ential transformation method to nonlinear g-symmetric damped systems. At
present, the research about the existence of positive solutions for boundary
value problems of the ¢g-symmetric difference equations are scarce.

In this paper we investigate the existence of solutions for the following
boundary value problem of the third-order g-symmetric difference equations
with parameter:

{ Dalt) = Ao w(),t € 0.1 "
u(0) = au(n), D,[u](0) = D2[ul(1) = 0,

where 0 < g < 1,0 <n < 1,0 < a < 1, and X is a positive parameter.
Throughout this paper, we assume that the following conditions are satisfied:
(Hy)f :]0,00) — [0,00) is continuous;

(Hy)g € C([0,1],[0,00)) is increasing, and is not identically zero on any subin-
terval of [0 1]

(H3)0 < fo d s < 00.

2 Preliminary notes

For the convenience of the reader, we give some background materials from
g-symmetric calculus theory to facilitate analysis of problem (1).
Let ¢ € (0,1) and let I be an interval (bounded or unbounded) of R con-
taining 0. We will denote by 19 the set [? := qI := {qx : * € I}. Note that
I1C 1.

Definition 2.1 [9] Let f be a real function defined on I. The q-symmetric
difference operator of f is defined by

B, f)(a) = LD =100 )

and ﬁq[f](()) := f'(0), provided f is differentiable at 0. We usually call ﬁq[f]
the q-symmetric derivative of f.

,te I\ {0},

The g-symmetric derivatives of higher order:
DY[f)(x) = f(x), Dy [f](x) = DeDy~"[f)(x),n € N*.
By the definition of the g-symmetric derivative, for any constant k, we have
Dy(kt) = k, Dy(kt?) = k(g + ¢ ")t

The g-symmetric difference operator has the following properties.
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Lemma 2.2 [9] Let f and g be q-differentiable on I, let o, f € R andt € 7.

Dyl f9](1) =~Dq[f](t) (qt) + fa 1) Dylg)(t);
4_ﬁq 5](15) _ DglfI()g(a~" )= (g~ ) Dylg](t) ,if glqt)g(g~tt) £ 0.

g(qt)g(g=11)

Definition 2.3 [9] Let a,b € I anda <b. For f : I — R and for ¢ € (0,1)
the q-symmetric integral of f from a to b is given by

[ swag=[ swdi- [ o

:/ f(t)cht _ IZQ%HJC 2k+1
0 k=0

_ 1—q Zqzkf 2k+1 ).z €1,

where

provided that the series converges at x = a and x = b. In that case, f is called
q-symmetric integrable on [a,b]. We say that f is q-integrable on I if it is
q-integrable on [a,b] for all a,b € I.

As for g-symmetric derivatives, we can define an operator Z?,o by

Rolf)(x) = f(a), Io[f)(@) = T,oliy [f)(x),n € N*.

For operators defined in this manner, the following is valid:

Dylyolf)(x) = f(x), IooDy[f](x) = f(x) = f(0).
By the definition of the g-symmetric integral, for any constant k£, we have

[q70(k‘) = /0 k‘&;t = k?l’,ff%()(/{?l’) = /0 k’t&;t — 1 iqq2gj2.

On this basis, we have
I3, D2 f)(x) = f(&) + o + cxw + o2 @)

Lemma 2.4 [9] Let a,b € I,a < b and f : I — R continuous at 0. Then
for s € [a,b] the sequence (f(q*"1s))nen converges uniformly to f(0) on I.
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Corollary 2.5 [9] If f : I — R is continuous at 0, then for s € [a,b] the
series Z:i% " f(¢*s) is uniformly convergent on I, and, consequently, f
is q-symmetric integrable on |a, b].

Lemma 2.6 [9] Let f,g: I — R be g-symmetric integrable on I, a,b,c € I
and o, 8 € R. Then
L[ f(t)dgt = 0;
2. f; ft)dgt = — fba f(t)dgt;
b 7 c 7 b
3. fa f(t)dqt = fa f(t)dqt + fc f(t)dqt

L[, af +B9) (Dt = o [, F()dyt + 5 [ g()dt
5. Suppose that f(t) >0, Vt € {¢*c:n e No} U{0}. If ¢ >0, then

/cf(t>51;t >0,
0

In general it is not true that if f is a positive function on |a,b], then

/ i >0

Lemma 2.7 I3,[f]() = 1z [ (¢ — ¢ ')(x — qt) f(t)d,t.

Proof By Definition 2.3, we have
7570[_]0](25) _ 1 . q Zq2nf 2n+1

— (1 . q2)2$2 Z Z q2mq2n+2m+1f(zq2n+2m+2)

m=0 n=0

_ (1 _ q2)2x2 Z Z q2mq2k+1f(:cq2k+2)

m=0 k=m

o k
_ (1 _ q2)2x2 Z Z qzmq2k+1f(xq2k+2)

kOmO

= (1-¢ 222

oo

= q1-=¢)z ) (z—

= [ w-nrwi

2k+1f(l’q2k+2)
1—gq?

2k+2 ) 2kf( 2k+2)

bl
o



Positive solutions for boundary value problems of the third-order... 121

and
Bolfl(x) = Iol%[fl(2)

oo [e.e]
_ q(l _ q2)2x3 Z Z q2k+2n+2q2k(q2k . q2n+2k+2)f(xq2n+2k+3)

k=0 n=0
_ 1 o q 2 23 Z Z q2k 2n+2 q2n+2)f(l,q2n+3)
k=0 n=k
_ 1 _ q 2 23 Z Z q2k 2n+2 q2n+2)f(l,q2n+3)
n=0 k=0
e 1— q4n+4 1— q2n+2 . . .
_ q(l —q2)2:):3 Z( - — - - . q2 +2)q2 +2f(q2:)3q2 +1)
0 -4 -4
> 2n+2 2n+4
= (1 —q2)qz( 11( 5 g f(gPxg® ™)
n=0 q
q o 1 5
= (. — ¢ t)(z — qt) f(t)dyt

1+ ¢

The proof is complete.

Lemma 2.8 [11] Let X be a Banach space, and let P C X be a cone in
X. Assume Q,Qs are open subsets of X with 0 € Oy C O C o, and let
S : P — P be a completely continuous operator such that, either
(2) | Sw [|<|| w |l,w e PN, || Sw||>] w]|,we PNy, or
(id) || Sw =] wl,w € PN, || Sw ||<[|w |, w € PN Q.

Then S has a fized point in PN (Qy\ ).

3 Green function and related lemmas

Let E = C0,1], C*[0,1] = {u € C[0,1] : u(t) > 0,t € [0,1]}, then E is a

Banach space with norm ||u|| = maxo<;<1 |u(t)|.

Lemma 3.1 Let0 <n < 1,0 < a < 1. Suppose that h(t) : [0,1] — [0, +0o0)
18 continuous function, 0 < fo d s < 00, then the boundary value problem

D3[u)(t) = —h(t),t € (0,1);
{ u(0) 1 )

has the unique solution

- /0 1 G(t, s)h(s)d,s
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where
G@@zﬁﬂt$+T%EKmﬁ) (4)

s corresponding Greens function, and

_ t2, 0<gt<s<l,
Kt s)= q+q! { 22— (t—qls)(t—gs), 0<s<gt<l (5)
Proof By (2), we have

u(t) = _Té)),oh(t) + Co + Cit + Cot?. (6)

By D,[u](0) = 0, it follows that C; = 0, from
1 ~
D)) == [ Ws)dys + Cala+a7) =0,

we get that Cy = fo s)dys. thanks to u(0) = cu(n), in view of Lemma
2.7, we have

o a*n ) - C”72 1 -
Cp=— —q — qs)h(s)d C h(s)d,s,
0 q+q_1/0 (n—q 8)(n—qs)h(s)dys + o+q+q_1/0 (s)dys

it follows that
o a*n ~ an? 1 ~
Co=— / n—q s)(n—qs)h(s)d,s+ / h(s)d,s.
Ty TS G )y
Thus, substituting Cy, Cy into (6), we have

2

E— (= a9t — gs)h(s)dys
e [0 - s
* AaereT / s+ ot | s
= [ s - | " = 9l g
t oo a)?; = )[/1 n2h(s)dys — /Oq%7 (0= q""8)(n — qs)h(s)dys].

= /Kts ds+ /Kn, Vh(s)dys,
1 -«

where K (t,s) is given by (5). The proof is complete.
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Lemma 3.2 Let 0 <n < 1,0 < a <1, for G(t,s) be given as (4), then we
obtain the following results:
(i) 0 < G(t,s), 0<ts<I;
(1) p(t)M(s) < G(t,s) < M(s), 0<t,s<1,

where
~ slg+q - aq’n
M(s) = ¢@+q4)( o) (7)
pt) = —4t1-9) ®)

(¢+q¢ 1) (1 —a+agn)
Proof When 0 < s < ¢%t < 1, from (5), we have

tt— +t—
(a+ YK (ts) = (g + g )ts — 82 = 21 q 4s) 5, s q %) 5 .

When 0 < ¢*t < s < 1, in view of (4) and (5), G(t, s) > 0 is easily checked.
So
G(t,s) >0,0<t,s<1.

Next we will show that G(t,s) < M(s), 0 <t,s <1.
In fact, when s < ¢%t, for all 0 < ¢,s < 1, it follows from (5) that

5 ~1y g s(g+q ' —s),

K(t,s) =

IA

q+ q_l [(q + q_l)t - S]

1 _
Kits) = — il a s s
1
Y [t?s* —2s* + (¢ + ¢ Dt?s — (¢ + ¢ Dt*s + (g + g ')ts — 57

t? s(1—1t)

= ——lg+q)s—sT+
Tt e

[(q+q7 ")t —s—ts],

thanks to

2 _ _ _ _ _ _
(g+q~V)i—s—ts = ¢t +t—qs— qts 58 +t—gs—qts _ s(1—q)+1t(1—gs) >0,
q q q

and (¢ +¢')? > 4, we have

t* (g +q7")s — 5%

K(t,s) > PR (g+q ")s—s]> (q+q1)3
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When ¢*t < s, for all 0 < ¢,s <1, by (5) we have

t2 o1 s_2<s(q+q_1—s)
qg+q ' T qg+qatet T qg+q)

Thanks to %28)2_32} < 1, we have

K(t,s) =

£ Al )s—

K(t,s) = >
(5] q+qt (g+q')?
Comprehensive the above content, we get
-1 _
Kirs) < ST =9) gy oo, (9)
q*(¢+q7")
442 Sy 2
K(t,s) > [((z ++q _)1; o<ts<t (10)
qTdq
On the other hand, by (5), we have
1 n? 0<¢n<s<1
K(n,s) = " =TS8 5
() q+q! { ”—m—q's)(n—gs), 0<s<g’n<l
If ¢?>n < s, for 0 < n,s < 1, we have
4 ~1 o 4,2 4,2 2
¢(a+q )K(@n.s) _ a'n < qa'n < T e

slg+qt—s)  slgtat—s) T (atgt=1)s T g+gt -1

If s < ¢*n, for 0 <n,s <1, in view of % < 1, we have
la+a DKOs) _allatan=s] 4 _ o
s(g+qt—s) qt+qt—s -
So we obtain that
2 -1
“ns(qg+q ' —s)
K(n,s) < ,0<ns<1. 11
(7. ) q*(g+q7) (1)
From (10), it follows that
dPl(g +q7")s — 57
K(n,s) > ,0<n,s<1. 12
1.5) (q+q')? (12)
Hence, by (4), (9) and (11), we get
1 2 -1
Gits) < slgtg’—s) o gnslatq —s)

*g+qg?t)  1-a *(g+q7h)
s(g+q " —s) (1 aq’n )

(g +q") -«
= M(s).
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So G(t,s) < M(s),0 <t,s<1.
The end, by (4), (10) and (12), for 0 < t,s < 1, we have

A[(q+q")s — 5%

G(t,s)

B (¢+q7)?
4¢**(1 — @) s(g+q ' —s) agn
(@+q7')(1 —a+ag’n) ¢'(g+q7) =)
= p(t)M(s).

The proof is complete.

Choose a cone K in E as follows:
K ={ue C7[0,1] : u(t) = p(t)|[ull, € [0,1]}.
Suppose that u is a positive solution of the boundary value problem (1), then
1 ~
(t) = A / G(t, 9)g(s) F (u(s))dos, £ € [0, 1].
0

Define an operator A : C*[0,1] — C*[0, 1] by

ut) = A [ Gl 9g(s) w5

By the definition of operator A, a positive solution of the boundary value
problem (1) is equivalent to a nonzero fixed point of A.

In view of the nonnegativeness of G(t,s), g(t) and f(u), it is clear that
Au(t) > 0,t € [0,1], A: K — CT[0,1] is continuous for u € K. Combining
with Lemma 3.2, we have

0<t<1 0<t<1

| Au| = max |Au(t)] = max)\/ G(t,s)g(s)f(u(s))dys < )\/0 M (5)g(s)f (u(s))dgs.
On the other hand,

t) > Ap(t) /0 M(s)g(s) f (u(s))dgs > p(t)]| Aul.
Thus, we have A(K) C K.

Lemma 3.3 Assume that (Hy) — (H3) hold, then the operator A : K — K
15 completely continuous.
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Proof It is clear that the operator A : K — K is continuous.

Let Q C K be bounded, i.e., there exists a positive constant M; > 0 such
that ||ul| < M, for all uw € Q. Let L = max)y<a, | f(u(t)) | +1 . Then for
u € Q, from Lemma 3. 2, we have

|AMwKAA|G@®ﬂ@ﬂwﬁﬂ%sﬁﬂj:M@M®%&

Hence, A(Q2) is bounded.
Now we show that A map bounded sets into equicontinuous sets of K. Let
t1,ta € [0,1], with t; < 3, u € , where Q is bounded set of K. Then we

obtain
| Au(ts) — Au(ty) |

::q+fﬁ/y@ wNds = [ (= 75— a5)g(o) a5

2

- / t19(s) f (u(s))d, 8+/q (t— 78 (0 — 45)g(s)  (u(s)) s |
7+ q—1 It =4 / s + /2 (b2 = ") (t2 = 45)g(s)dys

t1

IA

+ /0 | (t2 = q7's)(ta = qs) — (tr — a7 's)(t1 — qs) | g(s)dys]

)\L 2 9 1 ~ 9 ) q2t1 _
= q+ q_l [(t2 - tl) : g(S)qu + (t2 — tl) ; g(S)qu

2 q2t2

q-t1 - ~
+ (2 —t) / s(a+q")g(s)dys + / (2= g7"s)(t = 4s)g(s)dys].
0 q-t1
Obviously the right side of the obove inequality tends to zero independently of
u € §2 as to — t; — 0. Therefore it follows by the Arzeld-Ascoli theorem that
A: K — K is a completely continuous mapping. The proof is complete.

4 Main results

In this section, we state and prove our main results. To be convenient, we
introduce the following notations:
f(u)

Fy = lim sup —=; F, = lim sup——=; fy =
u—s0+ u u—+00 U u—0t u—+00

0, 1, iy g 20,

Vo= [ M3 = [ oM

2 foo = lim infM.
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Theorem 4.1 If there exists p € (0,1) such that p(p) fooNo > FoN1 holds,
then for each

A S ((p(p)fooN2)_17 (FONI)_1)7 (13>
the boundary value problem (1) has at least one positive solution. Here we
impose (p(p) fooNo) ™' = 0 if foo = +00 and (FyNy)™' = +o0 if Fy = 0.

Proof Let )\ satisfy (13) and € > 0 be such that
(P(p)(foo = €)N2)™H < A < ((Fo +€)Ny) ™" (14)
By the definition of Fj, we see that there exists r; > 0 such that
flu) < (Fo+e)u,0<u<r. (15)
So if u € K with ||u|| = r1, then by (14) and (15), we have

| Aul| < )\/ M(8)g(s)(Fo + £)rdys < A(Fo + €)1 N1 < 11 = |Jul].

Hence, if we choose = {u € C*[0,1] : ||u|]| < 71}, then

| Au|| < ||ull,uv € K N 0Q;. (16)
Let r3 > 0 be such that

f(u) = (foo = €)u,u = 13. (17)
If w € K with ||Jul| = 72 = max{2ry,r3}, then by (14) and (17), we have

4l = A [ Glo o)) > A / POIM(5)9(5) e = <)
> W) = el [ PN
= Ap(p)(foo — E)[uf| N2 = luf.
Thus, if we set 2 = {u € CT[0,1] : ||u]| < r2}, then
[Aull = Jlull,uw € K1 OQ,. (18)

Now, from (16), (18) and Lemma 2.8, we guarantee that A has a fix point
ue KN\ Q) with r; < ||lul]] <7y, and clearly u is a positive solution of
(1). The proof is complete.

Theorem 4.2 [f there exists p € (0,1) such that p(p)foN2 > F.o Ny holds,
then for each
A€ ((p(p)f0N2>_1v (FooNl)_l)v (19>

the boundary value pmblem (1) has at least one positive solution. Here we
impose (p(p) foN2)™' = 0 if fo = +oo and (FauN1) ™' = 400 if Fy =
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Proof Let )\ satisfy (19) and € > 0 be such that

(p(p)(fo —e)N2)™H <A < ((Foo +2)Ny) L (20)

From the definition of f,, we see that there exists r; > 0 such that
flw) > (fo—e)u,0 <u <.

Further, if v € K with [Ju|| = ry, then similar to the second part of Theorem
4.1, we can obtain that ||Au|| > ||u||. Thus, if we choose € = {u € C7[0,1] :
|u|| < 71}, then

[Aull = Jlull,uw € K 0O (21)

Next, we may choose R; > 0 such that
f(u) < (Feo +€)u,u> Ry. (22)

We consider two cases:
Case 1. Suppose f is bounded. Then there exists some M > 0, such that

f(u) < Msy,u € (0,400).

We define r3 = max{2r;, \MsN;}, and v € K with ||u|| = r3, then
1 _ 1 _
| Aul| < )\/ M(s)g(s)f(u(s))d,s < )\MQ/ M(s)g(s)dys = AMaNy <15 = ||ul.
0 0

Hence,
[Aul| < [Jul|,u € Ky, = {u € K : |ul <rs}. (23)

Case 2. Suppose f is unbounded. Then there exists some r, > max{2ry, R },
such that

fu) < fry),0 <u<ry. (24)
Let u € K with ||u|| = r4. Then by (20) and (22), we have

IAul| < /M ds<)\/ M(s)g(s)(Foo + ) |[ulldys
= A +o)[[ul| N1 < Jlul.

Thus, (23) is also true.
In both Cases 1 and 2, if we set Qy = {u € CT[0,1] : JJul < rp =

max{rs, 74} }, then
[Aul| < Jull,u € KN 0Q,. (25)

Now that we obtain (21) and (25), it follows from Lemma 2.8 that A has a
fixed-point u € K N (2 \ Q) with r; < ||u|| < re, and it is clear u is a positive
solution of (1). The proof is complete.
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1

Theorem 4.3 Suppose there exist p € (0,1),r2 > 11 such that p(p) > I,
and f satisfy
r !

2 .
< > .
0Zun, flu) < ANL plors Susrs flw) 2 Ap(p) Ny

Then the boundary value problem (1) has a positive solution u € K with r1 <
[l < 7.

Proof choose Q; = {u € CT[0,1] : |Ju|]| < ri}, then for u € K N 0Qy, we
have

[ Au]

v

A / G, 5)g(s)f (u(s))dys

Ap(p) / M (3)g(3) f (u(5)) s

v

> Aplp) / p(s)M(s)g(s) min  f(u(s))dys

p(p)ri<usr:
!
> A No———— =11 = |Ju]|.
> AN = = [
On the other hand, choose Qy = {u € C*[0,1] : |lu|]| < 72}, then for u €
K N0y, we have

JAul < A / M(s)g(s) f(u(s))dys < A / M(s)g(s) max f(u(s))dys

N pr—
A AN,

ry = |ul]

Thus, by Lemma 2.8, the boundary value problem (1) has a positive solution
u € K with ry < ||u|| < re. The proof is complete.

For the reminder of the paper, we will need the following condition.
(Hy) sup,~o milyep(pyrr) f(u) > 0, where p € (0,1).

Denote r
A1 = su , 26
! r>%) N, maxo<y<r f(u) ( )
Ao = inf T . (27)

r>0 p(p) Ny mingp)r<u<r f (1)

In view of the continuity of f(u) and (Hy), we have 0 < A < +oo and
0< )\2 < +o00.

Theorem 4.4 Assume (Hy) holds. If fo = 400 and fo = +o0, then
the boundary value problem (1) has at least two positive solutions for each
A e (0,M).
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Proof Define .

a(r) B N maxo<u<r f(u)

By the continuity of f(u), fo = +oc and f, = 400, we have that a(r) :
(0, 4+00) — (0,400) is continuous and

liyalr) = lim alr) =0

By (26), there exists 79 € (0,400), such that a(rg) = sup,-qa(r) = Ay, then
for A € (0, A1), there exist constants mq, ms(0 < my < ro < mg < +00) with

a(my) = a(msg) = A.

Thus, "
flu) < A—]\}lu e [0, mq], (28)
Flu) < AﬂNiu € [0, mo). (29)

On the other hand, applying the conditions fy, = 400 and f,, = +o0o, there
exist constants ny,n2(0 < 1y < my < 19 < Mo < Ny < +00) with

f(u)

> ;u € (0,n ng, +00), 30
w = p2(p)AN, ( 1)U(p(/0) 2 ) (30)
then o
i Z 31
p(p)frllllglém flw) 2 Ap(p) No (31)

no

min u) > .

p(p)na2 <ung flu)2 Ap(p) N2

By (28) and(31), (29) and (32), combining with Theorem 4.3, we can complete
the proof.

(32)

Corollary 4.5 Assume (Hy) holds. If fo = 400 or foo = 400, then the
boundary value problem (1) has at least one positive solution for each A\ €

(0, )\1)

Theorem 4.6 Assume (Hy) holds. If fo =0 and fo = 0, then for each X €
(A2, +00) the boundary value problem (1) has at least two positive solutions.

Proof Define ,

b(r) = p(p) No ming, ), <u<r f(u)

By the continuity of f(u), fo = 0 and f,, = 0, we easily see that b(r) :
(0, 400) — (0,400) is continuous and

limb(r) = lim b(r) = 4o0.

r—0 r—-+00
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By (27), there exists 1y € (0,+00), such that b(rg) = inf,~ob(r) = Ay. For
A € (Mg, +00), there exist constants 1z, n4(0 < n3 < ro < ny < +00) with

Therefore,

3
— Ap(p) N2’

V

f(u) u € [p(p)ns, ns),

f(u) > m>u € [p(p)n4,n4].

On the other hand, using fy = 0, we know that there exists a constants
m3(0 <msg < n3) with

0<u<mg flu) < ANy

In view of fo, = 0, there exists a constant my € (ny,+00), such that

flw) _ 1
— < )\—Nl,u S (m4,+oo).

IS

Let M3 = maxo<y<m, f(u) and my > ANy Ms. It is easily seen that

my
onax flu) < 55

By (33), (34) and Theorem 4.3, we can complete the proof.

Corollary 4.7 Assume (Hy) holds. If fo = 0 or fo = 0, then for each
A € (Ao, +00) the boundary value problem (1) has at least one positive solution.

By the above theorems, we can obtain the following results.

Corollary 4.8 Assume (Hy) holds. If fo = 400, foo =1, orif fo =1, foo =
+00, then for any A € (0, (INy)™') the boundary value problem (1) has at least
one positive solution.

Corollary 4.9 Assume (Hy) holds. If fo =0, foo =1, or if fo =1, foo =0,
then for any A € ((p(p)IN3)™!, +00) the boundary value problem (1) has at
least one positive solution.



132 Qi Ge and Chengmin Hou

5 Nonexistence

In this section, we give some sufficient conditions for the nonexistence of
positive solution to the problem (1).

Theorem 5.1 Assume (Hy) holds. If Fy < +00 and Fy, < 400, then there
exists a constant Ao > 0 such that for all X € (0, o), the boundary value
problem (1) has no positive solution.

Proof Since Fy < +00 and F,, < 400, there exist positive numbers [y, ls, 7
and 7y, such that vy < ry and

fu) < lu,u € 0,m],
f(u) < lu,u € [rq,+00).
Let My = max{ly, lo, maxngugm{@}}. Then we have
f(u) < Myu,u € [0, +00).

Assume v(t) is a positive solution of (1). We will show that this leads to a
contradiction for 0 < A < Ao := (MyN;)™!. Since Av(t) = v(t), for t € [0,1],

ol = Al < A Jy M(s)g(s)f (v(5))dgs
< AMillell Jy M(s)g(s)dys
< XoMillol] Jy M(5)g(s)dys = o]

which is a contradiction. Therefore, (1) has no positive solution. The proof is
complete.

Theorem 5.2 Assume (Hy) holds. If fo > 0 and fs > 0, then there exists
a constant \g > 0 such that for all A € (Ao, +00), the boundary value problem
(1) has no positive solution.

Proof By fy > 0 and f,, > 0, we know that there exist positive numbers
l3,14,73 and 74, such that r3 < ry and

f(u) > lzu,u € [0,rs],

f(u) > lyu,u € [ry, +00).

Let M5 = min{lg, l4, minmgugm{@}} > (. Then we get

f(u) > Msu,u € [0,400).
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Assume v(t) is a positive solution of (1). We will show that this leads to a
contradiction for A > Ao := (p(p)M5Nz)~!. Since Av(t) = v(t), for t € [0, 1],

loll - = ||AUIIZA/O Glp. 5)9(5)f (v(s))dys

> p(pA / M (5)9(3) £ (0(5))dys

> p(p)AMs]o] / p()M(5)g(5) s
> p(P)AM ][] N = [lo].

which is a contradiction. Thus, (1) has no positive solution. The proof is
complete.
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