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Abstract
In this paper, we construct pseudo t-norms and pairs of implica-
tions induced by pseudo t-norms and pairs of negations. Moreover, we
investigate their properties and give examples.
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1 Introduction

Georgescu and Popescue [1-4] introduced pseudo t-norms and generalized resid-
uated lattices in a sense as non-commutative property. This concept provides
tools for pseudo BL-algebras and pseudo MV-algebras. Kim [7] introduced
pairs of (interval) negations and (interval) implications. which are induced by
non-commutative property. Let (L,A,V,®,—,=,T, 1) be a complete gen-
eralized residuated lattice with the law of double negation defined as a =
ni(ne(a)) = na(ni(a)) where ny(a) = a = L and na(a) = a — L (ref. [1-4,8]).
We consider a pair of two implications defined by a = b = V{c | a ® ¢ < b}
and a — b= \{c| c®a < b}. Moreover, we consider a pair of two negations
defined by a = 1 and a — L.

In this paper, we construct pseudo t-norms and pairs of implications in-
duced by pseudo t-norms and pairs of negations. Moreover, we investigate
their properties and give examples.

2 Preliminaries

In this paper, we assume that (L, V, A, L, T) is a bounded lattice with a bottom
element | and a top element T. Moreover, we define the following definitions
in a sense as non-commutative [1-4, 7].
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Definition 2.1 [1,2] Amap T : L x L — L is called a pseudo t-norm if it
satisfies the following conditions:

(T1) T(x,T(y,2)) = T(T(x,y), z) for all x,y, z € L,

(T2) Ify < 2z, T'(z,y) < T(x,z) and T(y,z) < T(z,z),

(T3) T(x, T) =T(T,z) = x.

A pseudo t-norm is called a t-norm if T'(z,y) = T'(y, z) for z,y € L

Amap S: LxL — Liscalled a pseudo t-conorm if it satisfies the following
conditions:

(S1) S(z,S(y,2)) = S(S(z,y),2) for all z,y,z € L,

(S2) If y < z, S(x,y) < S(x, z) and S(y,x) < S(z,x),

(S3) S(z, L)=S(L,z)==x.

A pseudo t-conorm is called a t-conorm if S(x,y) = S(y,x) for z,y € L.

Definition 2.2 [7] A pair (ny,n) with maps n; : L — L is called a pair of
negations if it satisfies the following conditions:

(N1) ny(T) = L,ny(L) =T for all i € {1, 2}.

(N2) n;(x) > n;(y) for x <y and i € {1,2}.

(N3) ny(na(x)) = na(ng(x)) = x for all x € L.

Definition 2.3 [7] A pair (I, [) with maps [1,[>: L x L — L is called a
pair of implications if it satisfies the following conditions:

(1) (T, T) = L(L, T) = I;(L, L) = T,I(T, L) = L for all i € {1,2}.

(12) If x <y, then [;(z, 2z) > I;(y, 2) for all i € {1, 2}.

(I3) Ii(T,z) =x for all z € L and i € {1,2}.

A pair (I3, I3) of implications is called a pair of E-implications if it satisfies
the following exchange properties:

(E) Li(z, I1(y, 2)) = L(y, [1(z, 2)) for all z,y,z € L.

A pair (1Iy, I3) of implications is called a pair of S-implications if it satisfies
the following strong properties:

(S) Il(IQ(I, J_), J_) = Ig(]l(l', J_), J_) =2x.

A pair (I3, I3) of implications is called a pair of SE-implications if it satisfies
conditions (E) and (S).

3  Pairs of implications induced by pseudo
t-conorms

Theorem 3.1 Let (L,V,A, T, L) be a bounded lattice, S : L x L — L be a
pseudo t-conorm and (ny,ns) a pair of negations. We define S*, Tho, Toy, T}y, Ty -
LxL—1L

S'(z,y) = S(y, ),
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Thz(z,y) = n1(S(n2(x), n2(y)))
Toi(z,y) = n2(S(na(2), n1(y)))
Ti(z,y) = Tu(y, x), k € {12,21}

The the following properties hold.

(1) S* is a pseudo t-conorms.

(2) Tho, To1, T}, T, are pseudo t-norms.
(3) Tha = Toy iff TY, = T, iff

S(x,y) = nana(S(ni(ni(z)), ni(ni(z))))
(4) ]f ny = nao, then T12 = T21 and Tf2 = T2tl
Proof (1) (S1) SY(S'(z,y), z) = S*(x, S'(y, 2)) from

S8 (x,y),2) = S'(S(y,x),2) = S(z, S(y, x)),
= 5"z, 5'(y, 2)) = 5"z, 5(2,9)) = S(S(2,9), ).

(S2) S*(x, L) = S(L,z) = x. Similarly, S*(L,z) = S(z, 1) ==
(S3) If x < z and y < w, then

S'(z,y) = S(y,x) < S(w,2) = S'(z,w).

Hence S! is a pseudo t-conorms.
(2) (Tl) T12(T12(.§L’ y) ) = Tlg(l' Tlg(y, Z)) from

Tio(Th2(x,y), 2)
=ny(S (nsz(fc y)),na(2)))
= n1(S(na(ni(S(na(x),n2(y))))), na(2)))
= n1(S(S(n2(x), n2(y)), na(2)))
= n1(S(na(), S(n2(y), na(2)))),
Tia(w, Tha(y, 2))
= n1(S(n2(), na(Ti2(y, 2))))
= n1(S(na(z), na(n1(S(na(y), n2(2))))))
= n1(S(na(z), (nz( ),n2(2))))-
(T2) Tha(z, T) = n1(S(n2(x),n2(T)) = ni(na(z)) = v and Tio(T, z) = 2.

(T3) If z < z and y < w, then T(x, )<T(zw)
Hence T is a pseudo t-conorm. Similarly, Ty, T}y, T, are pseudo t-norms.

(3)
Tia(x,y) = Tu(z,y)

iff TfQ(x, y) = 7‘2151(37 Y).

(4) By (3), since ng 0o ny = my ony = idy, it is trivial.
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Example 3.2 Put L = {(x,y) € R*| (0,1) < (z,y) < (2,3)} where (0, 1)
is the bottom element and (2, 3) is the top element where
(21,91) < (¥2,92) © Y1 < Y2 OF Y1 = Yo, 71 < Ty,
(1) Amap S : L x L — L is defined as
S((@1, 1), (22,92)) = (22 + 212, 9192) A (2, 3).
(51) S(S((z1,91), (22, 92)), (w3, y3)) = S(@1,41), S (w2, y2), (%3, ¥3))) from:

S(S((z1, 1), (22,92)), (3, 3))
= S((z2 + 212, 11y2) A (2,3), (23, 3))
= (73 + 12y3 + T1Y2Y3, ylyzys) (2,3).
S((x1,y1), S((2,Y2), (23, 93)))
= S((x1,31), (w3 + 22y3, y2y3) A (2,3))
= (x5 + Toys + T1Y2ys, Y1Y2ys) A (2,3).

(S2) If (l’l,yl) < (Ig,yg), then Y1 < Yg Or Y1 = Yo, < T9. Thus

S((z1,91), (23, y3)) = (w3 + 213, Y1y3) A (2, 3)
< (w3 + T2ys, Yoyz) A (2,3) = S((22,y2), (23, y3)).

(S3)
S((z1,91),(0,1)) = (21,91) = S((0,1), (z1,21)).

Then S is a pseudo t-conorm but not t-conorm because

(2) We define a pair (ny,ns) as follows

Then (ny,ns) is a pair of negations from:
nl(n2(x7y>> = (xvy)v ng(nl(x,y)) = (xhy)
(3) By Theorem 3.1(2), we obtain

Tl?((xlvyl) ($2ay2)) = n1S(n2(w1, Y1), n2(72, ¥2)))
= mS((25 ), (52, ) = m(35 + 205 S)) v (0,1)

Y1 ’ y1 y21 Y2 yiy2 7 y1y2
= (21 — 21 + 37201, 50192) V (0, 1)

Tor((w1, 1), (T2, 92)) = n2S(n1 (w1, y1), n1 (T2, 42)))
=npS((2 -3, ), (222, 2)) = mp(2 - 22 — (2= 2) 2 2)) vV (0, 1)

y1’y1/? y2 Y2 Y2

= (z1 — 2y1 + 37201, 33192) V (0,1).
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(4) Since
nl(nl(zay)) = (BZE - 2y + 27'3/)9 ng(ng(llf,y)) = (

( (n

3

n1(x1,91)), n1(n1(22,92)))))

U ((%(3%‘1 - 2y1 =+ x2y1)7 %y1y2))) \ (07 1)7
= (21— 2y1 + 3321, 5012) V (0,1)
T((Il,yl) (932,92))

By Theorem 3.1 (3), Tha = Ty and T, = T%,.

T+ 2y —2

639

. Y)

1
2(T((3r1 — 2y1 + 2,41), (3x2 — 2y2 + 2,42))),

Theorem 3.3 Let (L,V,A, T,L1) be a bounded lattice, S : L x L — L be a

pseudo t-conorm and (nq1,n2) a pair of negations. For i = {1, ...,

I;: L x L — L as follows;
]l(xuy) = S(nl(x)vy)v 12(x7y) = S(y7n2(x))7

Lz, y) = Sy, m(x)), la(z,y) = S(na(z), y).

The the following properties hold.
(1) (11, I2) is a pair of SE-implications with

L(Tu(z,y),2) = Li(x, Li(y, 2)),
L(Tha(x,y), 2) = L(y, Ir(z, 2)).
(2) fx <yiff Li(x,y) =T iff lo(z,y) =T, then

Tm(.ﬁ(:,y) <z Zﬁy < [2(']:72)
iff v < L(y,z) iff Tor(x,y) < z.

Moreover, Tra(x,y) = Ta(z,y).
(3) (I3, 14) is a pair of SE-implications with

I3(To1(,y), 2) = Ix(w, I3(y, 2)),
L(Ti(2,y), 2) = Tu(y, Lu(x, 2)).

Tio(z,y) < ziff y < Ly(z, 2)
Zﬁl’ S 13(ya Z) ZﬁT2l($ay) S Z.

Moreover, Tia(z,y) = Toi(x,y).

4}, we define
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(5) (11, 13) is a pair of E-implications such that
Li(Toi (2, y), 2) = Lz, [i(y, 2)),

)=
(T (2, y), 2) = I3, I3(y, 2)),
L(L(z, L), L) = (L(z, 1), L) = nin ().
6) If v <y iff Li(z,y) = T iff Is(w,

T21($ay) <z Zﬁl’ < Il(y>z) Zﬁl’ < 13(?/72)
(7) (I3, 14) is a pair of E-implications such that
Iy(Tha(x,y), 2) = L(y, In(x, 2)),

Li(Tya(z,y), 2) = Li(y, Ii(x, 2)),
Iy(Iy(z, L), L) = Li(Iz(x, L), L) = nana(x).
(8) If x <y iff (z,y) =T iff I1(x,y) =T, then

T12(x7y) <z Zﬁy < I4(LU, Z) Zﬁy < 12(x7 Z)‘

y) =T, then

(9) (11, 14) is a pair of S-implications such that

]1(T21(I, y)7 Z) = Il(xv [1(y7 Z))v
]4(T12(I, y)7 Z) = ]4(y7 ]4(2[‘, Z))

(10) If S(ni(x), S(na(y), 2)) = S(na(y), S(ni(x), 2)), then (11, 1) is a pair
of SE-implications.

(11) (I3, I3) is a pair of S-implications such that

]2(T12(x7 y)? Z) = ]2(y7 ]2(x7 Z)),

I3(To1 (2, y), 2) = Is(x, I3(y, 2)).

(12) If S(S(z,n1(y)), n2(2)) = S(S(x,n2(2)),n1(y)), then (I2,13) is a pair
of SE-implications.

Proof (1) (I1) I,(T,T) = Li(L, T) = L;(L, L) =T and [;(T,L) = L for
i={1,2}.

(12) If x <y, then n;(x) > n;(y). Hence I;(x, z) > I;(y, z) for i = {1, 2}.

833)) L(T,2) =Sn(T),z) =z and Ir(T,x) = S(z,n(T)) = x.

Il(za ]2(?/72)) = S(nl(x)712(yaz ))
= S(ni(x), S(z,n2(y))) = S(S(n1(x), 2),na2(y))
= S((L(z,2)),n2(y)) = L(y, Li(x, 2))
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(S) I1i(z, L) = S(ni(x), L) = ni(x) and L(x, L) = S(L,ne(x)) = na(x).
Moreover, Ir(Ii(z, L), L) = na(ni(2)) = = and 11 (I2(z, L), L) = ni(na(z)) =
x. Hence (I, I5) is a pair of SE-implications. Moreover, we have

L(Toi (2, y), 2 S(ni((Tar(z,y))), 2)
—5(n1( 25(n( ),m1(y)))), 2)

S(S(n(x), ni(y)), z) = S(ni(z), S(na(y), 2))
—5(n1( ), i(y,2)) = Li(z, [i(y, 2)).

IQ(Tlg(l’,y),Z)

= S(z,n9(n1(S(n2(x),
= S(2,8(na(x),na(y)) 2
= S<I2<xvz)7n1(y>> = 12 y,[2<$,2 )

(2) Since z < y iff L1(z,y) =T i

n

L(Te(z,y), 2) = L(y, Ir(x,2)) = T

iff Tm(l’,y) S z 1ffy S ]2(.]7,2)

ift T = Il(y912(x>z)) = ]2($a ]l(ya Z))

iff x < ]1(%2’) iff T = Il(Ia [1(?/72)) = [1(T21(l’,y),2)
iff Toy(z,y) < z

Since T12(x>y) <z iff Tgl(llf,y) < <, then Tl?(x>y) = T21(x>y)‘
(3) First, we show that (1, I5) is a pair of S E-implications. We only show
the conditions (E) and (S) because other cases are easily proved.

I3(x, 1) = S(L,ni(x)) = ni(x) and I4(z, L) = S(na(z), L)
gver, £4(Ig(a}71, 1), 1) = nao(ni(x)) = x and I3(Iy(z, L), 1) =

ns(x). More-
( —

ni\ng

(4) Tt is similarly proved as (2).
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(5) We only show the condition (E) because other cases are easily proved.
Il(xv [3(y7 Z))

I3(y, Ii(x, 2))

By (1) and (3),
L(Tu (2, y),2) =

I3(Toi(,y), 2) = LIz, I5(y, 2)).

(6) It is easily proved from (5) and (2).
(7) We only show the condition (E) because other cases are easily proved.

Iz, I1(y,2)) = Loz, S(na(y, 2))

= S(S(na(y, 2)), na(x)),
Ii(y, Ix(x, 2)) = Li(y, S(z,n2())

= S(na(y), S(z,n2(x))).

(8) It similarly proved as (6).

(9) It easily proved from (1) and (3).

(10) Since S(nq(x), S(na(y), 2)) = S(na(y), S(ni(x), 2)), then I (z, I4(y, 2)) =
Li(y, I(z, 2)) from:

Iz, L(y,2)) = L(z,S(ns(y),2))

= S(nl(z)’ S(n2(y)> Z)),
Ly, [i(x,2)) = L(y, S(ni(z), 2))

= S(na(y), S(ni(x), 2)).

(11) It easily proved from (5) and (7).
(12) Since S(S(z,n1(y)), na2(z)) = S(S(x,ne(2)), n1(y)), then Ir(z, I5(y, 2)) =
I3(y, Ir(x, 2)) from:

Iy(z, I3(y, 2))

I3(y, Ir(x, 2))

Example 3.4 Put L = {(z,y) € R? | (0,1) < (x,y) < (2,3)} , S a pseudo
t-conorm and (n1,m2) be a pair of negations in Example 3.2.

(1)

Li((v1,91), (2, 92)) = S(na(@1, v1), (72,92))
= S((2 -3, 2 (22,2)) = (32 + (2 — )y, 22) A (2,3).

1’y Y1 Y1
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L((71,y1), (22 )) S((x2,y2), na(z1,41))
:S((932,y2)( L, B)) = (Bt k) A (2,3).

Y1 Y1 ’ Y1

(w1, 91), (22,92)) = S((22, Y2), na (21, 11))
= (w2, y0), (2— 32t 2)) = (24 Hoz=m) 3y (3 3),
Li((w1,91), (22, 92)) = S(n2(21,41), (T2, Y2))
= S((352, 2), (22, 42)) = (w2 + (352)y2, 22) A (2,3).

oy
(2) The converse of Theorem 3.3(2) is not true for which Th = T, but
1 1
]1((57 2)7 (07 2)) = (27 3) bUt(gv 2) ﬁ (07 2)7
4 4
[2((2a 2)7 (_a 2)) = (27 3) bU-t(2a 2) ﬁ (_a 2)

3 3
(3) Since
13((931,.@1) (72,92)) = (2,3)
i (24 Yo Sm) > (93)
iff 3y2 > 3 or 3y2 — 3’2+ 3(xza—x1) 2 2
o 1 y1
iff y1 <yo or y1 =y, 71 < 29

iff (l’l,yl) S ($2ay2)a

Li((z1,91), (22, 92)) = (2,3)

i (22 + (52, %) > (2,3)

iff 392 >3 or % =3 x2+(2y””1)y2 > 2
lffyl < Yg O Y1 = Yo, 71 < Tp

iff (z1,91) < (22, 92),

by Theorem 3.3 (6), we have

Tia((z1,91), (72, 92)) < (73, 3)
iff (22, 92) < Li((z1,91), (23, 93))
iff (z1,91) < I3((22,92), (23, ¥3))
iff To1((z1,91); (72, 92)) < (23, ¥3).

Moreover, Tia((z1, Y1), (%2, y2)) = To1 (21, 91), (22, 92))-
(4) (11, I3) is not a pair of S-implications from:

11(13((27 2)) (07 1))a (07 1)) - nl(n1(2a
= (47 2) = 13(11((27 2)) (07 1)) ( ))
(5) (I3, 14) is not a pair of S-implications from:

15(14((2,2),(0,1)), (0,1)) = na(n2(2, 2))
= (%aQ) = [4([2((2 2 (0 ) 7(0’ 1)) 7é (2a2)'

2))
£(2,2).
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(6) (I1,14) is not a pair of E-implications from:

L((-1,5),1 1((3,1), (1, 1)) = S (= 1,3),S(n2(3,1), (1,1)))
S((4,2),8((3, 1), (1,1) = (5,2),

1), L((=1,5), (L, 1)) = S(n2((3,1), S(na(=1, 5), (1,1)))
= 5((% 1),5((4,2), (1, 1)) = (32).

not a pair of E-implications from:
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