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Abstract

The oscillation criteria for forced nonlinear fractional difference equa-
tion of the form

Aa‘r(t)"—fl(tax(t-'—a)) :v(t)+f2(t,x(t+a)), tENO) 0<a<l,
Aailx(t)hzo =Xxy,

where A% denotes the Riemann-Liouville like discrete fractional differ-
ence operator of order « is presented.
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1 Introduction

In this paper, we present the oscillatory behavior of forced nonlinear fractional
difference equation of the form

A%x(t) + fi(t,z(t + «)) =v(t) + fo(t,z(t + @), t€ Ny, 0<a <1,
Aa_ll'(t”t:o =X,

(1)

where A% is a Riemann-Liouville like discrete fractional difference, f; : [0, +00) X
R — R,i = 1,2 and v are continuous with respect to ¢t and z, N, = {a,a +
La+2,...}.

Fractional differential equations have received considerable attention during
recent years, because these equations are proved valuable tools for modeling
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of many phenomena in various fields. Fractional calculus finds its significant
applications in the fields of viscoelasticity, capacitor theory, electrical circuits,
electro-analytical chemistry, neurology, diffusion, control theory and statistics
see [14], [15] and [16].

A rigorous theory of fractional differential equations has been started quite
recently, see books [12], [13], and [15]. However, very little progress has been
made to develop the theory of fractional difference equations see [7, [8, @] [11].
In particular, nothing is known regarding the oscillatory behavior of () up to
now. The study of Oscillation of fractional differential equations is initiated
in [5, I7]. Motivated by [17] , we study the oscillation of fractional difference
equations ().

2 Definitions and Basic Lemmas

In this section, we introduce preliminary results of discrete fractional calculus.

Definition 2.1 (see [2]) Let v > 0. The v-th fractional sum f is defined

by
AF(1) = s D (= s = 1)U Vf (o)

where f is defined for s = a mod (1) and A~V f is defined for t = (a + v)
mod (1), and t®) = Fa(jji)l)' The fractional sum A~ f maps functions defined
on N, to functions defined on Ngy,.

Definition 2.2 (see [2]) Let > 0 and m — 1 < u < m, where m denotes
a positive integer, m = [p]. Set v =m — u. The u-th fractional difference is
defined as
ARf(t) = A"V f(t) = A™ATVf ().

Theorem 2.3 (see [3]) Let f be a real-value function defined on N, and
w,v >0, then the following equalities hold:

ATATF()] = A f (1) = AHAF (D)

|
—v —v (t B a)(V—l)
ATA(1) = AT (D)~ S (@)

Lemma 2.4 (see [J]) Let n # 1 and assume p+ v + 1 is not a positive
integer, then
A-vg — LA D)  )
Fp+v+1)
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In order to discuss our results in Section 3, Now we state the following lemma
[1q] .

Lemma 2.5 For X >0 andY > 0, we have
XA+ (A=Y = AXYM >0 A>1 (2)

and

X'~ (1 =Y = AXYl <o, A<, (3)
where equality holds if and only if X =Y.

Lemma 2.6 (see [2]) The equivalent fractional Taylor’s difference formula

of () is
o(0) = O sl s ) s a(s ) € N
s=0
(4)
Proof: Apply the A= operator to each side of (), we obtain
AT Az (t) = A [u(t) + folt, z(t + ) — fit,z(t + )] (5)

Apply Theorem (2.3) to the left-hand side of ([,
AT A () =AT AN (1)

AA—O A=) te)
— —Q — —Q t _

x(t) (o) Zo
_ L0 _4(a-1)
—x(t) — pla=1),
(1) (o)

Now, we apply Definition (Z1]) to the right of (B) for ¢ € N,, which yields ()
. This completes the proof.

3 Main Results
We consider the following conditions:
efi(t,z) >0 (i=1,2), x#0, t>t (6)
and
A0 > [ (@) |21 and | folt, 2)] < o) Jal, £0, t>to,  (7)

where p1,p2 € C([tg, 00), RT) and 3, > 0 are real numbers.
Now we prove first theorem when f; = 0.
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Theorem 3.1 Suppose that condition (6) hold. If

D (1-w) . (a 1) _
thm inf ¢( E t—s— v(s) = —o0, (8)
and .
(1-a) e 1\(a—1) _
thm supt g_o(t s—1) v(s) = oo, 9)

then every solution of equation () is oscillatory.

Proof: Let z(t) be a nonoscillatory solution of equation () with fo = 0.
Suppose that T > ty is large enough that z(t) > 0 for ¢t > T..
Let F(t) =v(t) + fo(t,z(t + ) — fi(t, x(t + «)), then we see from () that

T-1 t—a

L0 ,(a-1), 1 (a=1) 1 (a=1)
x(t) < V4 —— >y (t—s—1) |F(s)|+=— ) (t—s—1) v(s), t>T,
() [(c) Z; () Z;
T—-1 t—a
D)t (t) < o+t Y “(t—s—1) @D [F(s) |+t Y “(t—s—1)*Vo(s), t>T,
s=0 s=T
and hence
t—a
D(a)t¥z(t) < C(T) + 19 "t —s— 1) Vy(s), t>T, (10)
s=T
where
T-1 T (1—a)
C(T) = F
D =20+ 3 (7m53) PO
and

lim C(t) =M <oo, t>T.
t—00

Taking the limit inferior of both sides of inequality (I0) as ¢t — oo, we get a
contradiction to condition (). This completes the proof of the theorem. Next
we have the following results.

Theorem 3.2 Suppose that conditions (@) and (7) hold with 5 > 1 and

vy=1.If
t—a
im inf+1—e) _ s 1)1 —
tlggo inft Zo(t s—1) [v(s) + Hp(s)] 00, (11)
and

t
tlim sup Y (¢ — 5 — 1)@ [u(s) + Hy(s)] = oo, (12)
—00

S

e

Il
o
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where 5 s
—B) 1/(1— -1
Hy(s) = (8 — 1)3%/0-p1/ 9 (5)p3/ BV (),

then every solution of equation (1) is oscillatory.
Proof: Let z(t) be a nonoscillatory solution of equation (4)), say, x(t) > 0 for

t > T > ty. Using condition (7)) in equation () with v = 1 and § > 1 and
t > T, we obtain

T
2

D(a)t " a(t) =20 + 10~ 3t s — 1)@ [o(s) + fals, 2(s +a)) — fils 2(s +a))]

i
o

S
-

=g+t Y (t—s = 1) [u(s) + fals, 2(s + @) = fils,2(s + @))]

S

Il
=)

t—a

93¢ s 1 [u(s) - fols, s + ) — (s, s + )

s=T

ﬂ
L

<zq + 17 (t —s— 1) D|F(s)|

w
Il
o

L 4(1=a) i(t —s—= 1)V u(s) + fals, (s + @) — fi(s, 2(s + a))]

t—«a
<O(T) + 0= 3¢ — 5 — 1)@= ['U(s)
=T

+fals,a(s + @) = fils, 2(s + )]

t—a

NG A Cc(T (1-a) —s— 1)@ Dly(s
(@~(t) < C(T) +1070 3 (e =5 =1) o(s) -

+po(s)x(s + o) — py(s)z? (s + a)} , t>T.
We apply (2) in Lemma (2.5) with

1/(8-1)
A=06, X :p}/ﬁx and Y = <]92]91_1/5/5)

/(B=1)

(0t + )" + (8- 1) (et (0)/8)”
—8p*(t)a(t + a) (pa(lpr 7 (0)/8) 2 0
pr(H)2? (t + a)+(8 — 1) P/ )T (1) — pa(t)a(t + @) > 0
pa(D)x(t + @) = pi ()2 (t + @) < (8 — )Y Pp/ P )/ 0wy, 1> T
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Using (I4)) in (I3) , we obtain

D(a)t1=z(t) <O(T) 4t~ tza(t — 5 — 1)@ Vu(s) + Ha(s)], t>T.
s=T (15)

Taking the limit inferior of both sides of inequality (I3]) as ¢ — oo, we get a
contradiction to condition (II). This completes the proof of the theorem.

Theorem 3.3 Suppose that conditions (@) and (7) hold with 5 = 1 and
v<1. If

t—a
i i f p(1—a) e _ 1)\(@=D) - _
tlggomft Zo(t s—1) [v(s) + H,(s)] 00, (16)
and "
. (1—a) o 1y(a=1) _
Jim sp 003 (0 == 1) o)+ Hofo)] = o (17)
where

Ho(s) = (1= 97"/ 07 0 07 (s)py 7).
then every solution of equation (1)) is oscillatory.

Proof: Let z(t) be a nonoscillatory solution of equation (), say, x(t) > 0 for
t > T > ty. Using condition () in equation () with 5 =1 and v < 1, we get

D(a)ta(t) C(T) + 107 3t = s = DD [u(s) + pa(s)a™(s + @) — pi(s)a(s + )]

S

«

I
S

(18)
Now we use (3) in Lemma (2.5]) with

_ 1/(v=1)
A=7v, X :p;/vx and Y = <p1p2 1”/7)

v/(v=1)

(B Wt + ) =1 =) (p(Opz (1))
—py () (t + a) (1 (H)p; 7 (1) /7) <0
pa(t)2 (t 4+ @) — (Dt + ) < (1= @y @) > T
(19)
Using (I9) in (I8]), we obtain

L)tz (t) <O(T) +t19N “(t —s — 1)@ Vu(s) + Hy(s)],t > T. (20)
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Taking the limit inferior of both sides of inequality [20) as ¢t — oo, we get
a contradiction to condition (I6). This completes the proof of the theorem.
Finally we present the following more general result.

Theorem 3.4 Suppose that conditions (@) and (7) hold with 5 > 1 and
v<1. If

t—a
tlggo inf t(1-) ;(t — 5 — 1)@V [u(s) + Hg(s)] = —o0, (21)
and e
tlggl() sup t7N (1 — s — 1)@V [u(s) + Hg, (s)] = oo, (22)
where -
Hp o (s) = (B=1)8Y DO (s)pi 2 (5) 4 (1=y)97 (700 070 )y 0 (5)

with £ € C([tg,00), RT), then every solution of equation (1) is oscillatory.

Proof: Let z(t) be a nonoscillatory solution of equation (), say, x(t) > 0 for
t > T > ty. Using condition () in equation (), we can write

D(a)t3=Yz(t) <C(T) + t1=) v (t —s— 1)@ Dy(s)
e Z (t—s— 1)V [E(s)x(s + a) — pi(s)2’ (s + a)]

=) (t — s — D@D py(s)a7 (s + ) — E(s)a(s + )], t > T.
(23)

We may bound the terms (2 —p12°) and (p2” — £x) by using the inequalities
(@) with p; = &, and ([I9) with p; = £ respectively, we get

t—a

()t =Yz(t) <O(T) + 19N (¢ — 5 — 1)@ Dy(s)

s=T
1) t_za(t _ s 1)@ [ [( B — 1)gP/A=B)gh/(B=1) (5)pH 1-8) (o)
s=T
i [(1 — ) 57/(7—1)(8)]);/(1—7)(8)} ]

D(a)t'x(t) < C(T) + 07> “(t— s = 1)@V u(s) + Hy(s)] £ > T. (24)

s=T
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Taking the limit inferior of both sides of inequality (24]) as t — oo, we get
a contradiction to condition (2I)). This completes the proof of the theorem.

ACKNOWLEDGEMENTS.
References
[1] G.A. Anastassiou, Discrete fractional calculus and inequalities,

2]

[10]

[11]

http://arxiv.org/abs/0911.3370v1.

F. M. Atici and P. W. Eloe, Initial value problems in discrete fractional
calculus, Proceedings of the American Mathematical Society, Vol. 137,
No. 3, pp. 981-989, 2009.

F. M. Atici and P. W. Eloe, A transform method in discrete fractional
calculus, International Journal of Difference Equations, Vol. 2, No. 2, pp.
165-176, 2007.

F. M.Atici and P. W. Eloe, Discrete fractional calculus with the nabla op-
erator, Electronic Journal of Qualitative Theory of Differential Equations,
No. 3, pp. 1-12, 2009.

Da-Xue Chen, Oscillation criteria of fractional differential equations, Ad-
vances in Difference Equations, 2012, 2012:33.

K. Diethelm, The Analysis of Fractional Differential Equations, Springer,
Berlin, 2010.

Fulai Chen, Zhigang Liu, Asymptotic Stability Results for Nonlinear Frac-
tional Difference Equations, Hindawi Publishing Corporation, Journal of
Applied Mathematics, Volume 2012, Article ID 879657, 14 pages.

F. Chen, Fixed points and asymptotic stability of nonlinear fractional dif-
ference equations, Electronic Journal of Qualitative Theory of Differential
Equations, Vol. 39, pp. 1-18, 2011.

Fulai Chen, Xiannan Luo, Yong Zhou, Existence Results for Nonlinear
Fractional Difference Equation, Hindawi Publishing Corporation, Ad-
vances in Difference Equations, Volume 2011, Article ID 713201, 12 pages.

G.H. Hardy, J.E. Littlewood, G. Pdlya, Inequalities, Cambridge Univer-
sity Press, Cambridge (1959).

Holm, Michael T., The Theory of Discrete Fractional Calculus: Devel-
opment and Application (2011), Dissertations, Theses, and Student Re-
search Papers in Mathematics. Paper 27.



Oscillation of Fractional Nonlinear Difference Equations 813

[12]

[13]

[15]

[16]

[17]

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of
Fractional Differential Equations. North-Holland Math. Studies 204, El-
sevier, Amsterdam, 2006.

K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and
Fractional Differential Equations, John Wiley & Sons, New York, NY,
USA, 1993.

I.Petras, Control of Fractional-Order Chua’s System,
arXiv:nlin/0008029v1.

I. Podlubny, Fractional Differential Equations, Academic Press, San
Diego, Calif, USA, 1999.

Radek Matusu, Application of fractional order calculus to control theory,
International Journal of Mathematical Models and Methods in Applied
Sciences, Issue 7, Volume 5, 2011.

Said R. Grace, Ravi P. Agarwal, Patricia J.Y. Wong, Agacik Zafer, On
the Oscillation of Fractional Differential Equations, Fractional Calculus
and Applied Analysis, Volume 15, Number 2 (2012).

Received: October, 2012



	Introduction
	Definitions and Basic Lemmas
	Main Results

