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Abstract

For r € R, the generalized logarithmic mean L, (a,b) and Seiffert
mean P(a,b) of two positive numbers a and b are defined by L, (a,b) =
a, for a ="b, L.(a,b) = [(b" —a’")/r(b—a)]r_il,for r#1,r#0,and a #
b, L.(a,b) = %(S—Z)ﬁ,for r=1and a # b,L.(a,b) = (b—a)/(Inb—
Ina), for r =0 and a # b,and P(a,b) = (a — b)/(4arctan /a/b — )
respectively. In this paper, we find the greatest value o and the least
value 8 such that the inequality

Ly(a,b) < P(a,b) (or P(a,b) < Lg(a,b),resp.)

holds for all a, b > 0 with a # b.
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1 Introduction

For r € R, the generalized logarithmic mean L, (a,b) with parameter r of two
positive numbers a and b is defined by

, a="
)T, r A LT £ 0, a A b,
Z%)ﬁ7 7”:1, a%bv

—a)/(Inb—1Ina), =0, a#b.

L.(a,b) =

o= -
~—~ 3

(

It is well known that the generalized logarithmic mean is continuous and in-
creasing with respect to r € R for fixed a and b.
For a,b > 0 with a # b the Seiffert mean P(a,b) was introduced by Seiffert
8] as follows:
a—>b

4 arctan(y/a/b) — T

P(a,b) =

Recently, both means have been the subject of intensive research [1-15] and
therein.

Let H(a,b) = 2ab/(a+1b),A(a,b) = (a + b)/2,G(a,b) = Vab,I(a,b) =
1/e(b?/a®)'/®=%) and L(a,b) = (b—a)/(In b—In a) be the harmonic , arithmetic,
geometric , identric and logarithmic means of two positive real numbers a and
b with a # b. Then

min{a, b} < H(a,b) < G(a,b) = L_1(a,b) < L(a,b) = Ly(a,b)
< I(a,b) = Li(a,b) < A(a,b) = Ls(a,b) < max{a, b}.

The following bounds for the Seiffert mean P(a,b) in terms of the power
mean M, (a,b) = ((a” +b")/2)"/"(r # 0) were presented by Jagers in [13]:

M1/2 < P(a, b) < Mg/g(a, b)

for all a,b > 0 with a # b.
Hasto [15] found the sharp lower bound for the Seiffert mean as follow:

Mlog2/log7r(a7 b) < P(a, b)

for all a,b > 0 with a # b.
In [9], Seiffert proved

3A(a,b)G(a,b)
A(a,b) + 2G(a,b)

Pla,b) > and P(a,b) > ~Aa, b)
T

for all a,b > 0 with a # 0.
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In [10], the authors found the greatest value av and the least value  such
that the double inequality aA(a,b) + (1 — a)H(a,b) < P(a,b) < BA(a,b) +
(1 — 5)H (a,b) holds for all a,b > 0 with a # b.

In [11], the author proved that

Las(a,D) < 0A(a,) + (1~ 0)C(a,b), for a € (0,)
Lo s(a,b) > aA(a,b) + (1 — a)G(a,b), for a € (%, 1)
In [9], Seiffert proved
L(a,b) < P(a,b) < I{a,b) = L(a,b)

for all a,b > 0 with a # 0.
The purpose of the present paper is to find the greatest value o such that
the inequality
L,(a,b) < P(a,b)

holds for all a, b > 0 with a # b, at the same time we prove the parameter 1
in inequality P(a,b) < I(a,b) = Li(a,b) is optimal.

2 Main Results

Lemma 2.1 Let g(t) = 4arctant — 7 + 1 (rt* 2 — 1)(4arctant — ) —

W, one has the following: if r is the solution of equation ﬁ Inr =

In7, then there exists A € (1,+00) such that g(t) < 0 fort € [1,\) and g(t) > 0
fort € (A, 400).

proof. Let gi(t) = 31> ¢/(t), g2(t) = (14+12)°g1 (1), g3(t) = 51"+ g/ (1), ga(t) =
5—2r
317193 (t), g5(t) = 317104 (1), g6(t) = 5t7'g5' (1), 91(t) = 5oy 96(1), gs(t) =

L —gl(t), then simple computations lead to

4(r+2)t
li = 2.1
Jlim g(t) =0, (2.1)
Jim g(t) = +oo, (2.2)
—9r r)t3
gi(t) = —r(darctant — ) + gty (7 — 10777) + 20ty 0
L Eona-en) (t1=2r 4 3¢3-2) )
TreEE ;
li = 2.4
A g1(t) = 0. (2.4)
lim g(t) = +oo, (2.5)

t——+o0
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G2(t) = (3= 6r)t52" + (9 — 2r)t* 2" 4 (6r — 3)t* 2" — (1 —2r)t~* + (2r — 1)t°
+(4r =Nt + (9 =22 + 1 —4r + —[(27" )67 — (3 —27)272" — 2t 4 17,

(2.6)
Jlim g2(t) = 0, (2.7)
Jim gx(t) = oo, (2.8)

g3(t) = (3—=6r)(3—7)t° +(9—2r)(2 — r)t! + (—6r* + 13r — 9)¢>
+r(1 = 2r) 4+ 3(2r — )52 4+ 2(4r — )42 + (9 — 2r)t2 2"
+=[(2r — 1)(6 — 2r)t® — 47742,

(2.9)
Jlim gs(t) =0, (2.10)
tl}eroo g3(t) = +o0, (2.11)
ga(t) = 3(3—6r)(3 —r)tt +2(9 — 2r)(2 — r)t* + (=612 + 13r — 9)
+3(2r — 1) (3 + )t 4+ (dr — 9)(4 + 2r)t*T2 + (9 — 2r) (1 + r)t>"
%[ (2r — 1)(6 — 2r)t* — 2r2(4 + 2r)t*T27,

(2.12)
Timy (1) = 320(r 1) <0, (2.13)
lim g4(t) = +o0, (2.14)

t——+o0

gs(t) = 6(3—6r)(3—r)t2+2(9—-2r)(2—7)+32r — 1)(3+7r)(2+ r)t2?"
+(4r = 9) (44 2r) (1 4+ r)t* + (9 — 2r)(1 +r)t* 2
+706(2r — 1)(6 — 2r)t2 — r2(4 4 2r)(2 + 2r)t?7),

(2.15)
tl_1>r1n+ gs5(t) =16r(r—1)(r+7) <0, (2.16)
lim g5(t) = +o0, (2.17)

t——+o0

gs(t)= 6(3—6r)3—7r)+32r—1)B+7r)2+7r)(1+7r)t*
+2r(4r —9)2+r) (1 + )t 2+ (9 —2r)(1 +7r)(r — 1)t>1
+=[12(2r = 1)(3 =) — 4r3(2 4 ) (4+r)t* 2,

(2.18)
lim gg(t) = 8r(2r® + 8r? + 9r — 15), (2.19)
t—1+
if r is the solution of equation T— Inr = In7, we can get 2<r< 16, from
simple computations we get
hrfl ge(t) = 8r(2r3 +8r? +9r — 15) < 0, (2.20)
t—
lim gg(t) = +o0, (2.21)

t——+o0
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g7(t) = 3(2r—1)(347) (247t + (1213 —2r* = 34r +36)t* + (9 —2r) (r—2) (r— 1),

(2.22)
lim g;(¢) = 4(4° + 10r* — 11r +9), (2.23)
t—1+
4r3 4+10r* = 11r +9 > 0 for 2 <r < 32, so we have
Jim g-(t) >0, (2.24)
gs(t) =3(2r — 1)(3+r)t* + 6r* — 13r + 9, (2.25)
lim gs(t) = 2r(6r+1) > 0, (2.26)

t—1+

gg(t) = 6(2r — 1)(3+r)t >0,

and gs(t) is strictly increasing in [1, +00). From (2.26) and and the mono-
tonicity of gs(t) we clearly see that gs(t) > 0 for ¢ > 1, hence g(t) is strictly
increasing in [1, +00).

The monotonicity of g7(t) and (2.24) implies that g7(¢) > 0 for £ > 1, then
we conclude that gg() is strictly increasing in [1, 4+00).

It follows from (2.20)and (2.21) together with the monotonicity of gg(%)
that there exists t; > 1 such that gg(t) < 0 for ¢t € [1,%1) and gg(t) > 0 for
t € (t1,+00), hence we know that gs(t) is strictly decreasing in [1,¢;] and
strictly increasing in [t1, +00).

the monotonicity of g5(t) in [1,#] and in [t;, +00) together with (2.16)
and (2.17) imply that there exists to > ¢; such that g5(t) < 0 for t € [1,t2)
and gs(t) > 0 for t € (ty, +00), hence g4(t) is strictly decreasing in [1,%5] and
strictly increasing in [ta, +00).

From (2.13) and (2.14) together with the monotonicity of g4(¢) in [1, 5] and
in [tg,+00) , we clearly see that there exists t3 > to such that g4(t) < 0 for
t € [1,t3) and g4(t) > 0 for ¢t € (t3,+00), hence we know that gs(t) is strictly
decreasing in [1, ¢3] and strictly increasing in [t3, +00).

It follows from (2.10) and (2.11) together with the monotonicity of g3(¢) in
[1,t3] and in [t3, +00) that there exists t4 > t3 such that g3(t) < 0 for ¢t € [1,14)
and g3(t) > 0 for t € (t4, +00), hence we know that go(t) is strictly decreasing
in [1,t4) and strictly increasing in [t4, +00).

From (2.7) and (2.8) together with the monotonicity of ¢»(¢) in [1,%4] and
in [ty,+00) , we clearly see that there exists t; > t4 such that go(t) < 0 for
t € [1,t5) and g2(t) > 0 for ¢t € (t5,+00), hence we know that gy(t) is strictly
decreasing in [1, ¢5] and strictly increasing in [t5, +00).

It follows from (2.4) and (2.5) together with the monotonicity of ¢;(¢) in
[1,¢5] and in [t5, +00) that there exists tg > 5 such that g, (t) < 0 for t € [1, )
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and g;(t) > 0 for t € (ts, +00), hence we know that g(¢) is strictly decreasing
in [1,tg] and strictly increasing in [tg, +00).

Now from (2.1), (2.2)and the the monotonicity of ¢(t) in [1,%s] and in
[te, +00) imply that there exist A € (1,400), such that ¢g(t) < 0 for ¢t € [1,\)
and g(t) > 0 for t € (A, +00).

Theorem 2.2 If r; is the solution of equation ilnr = Inm, then the
double inequality

L, (a,b) < P(a,b) < Ly(a,b) = I(a,b)

holds for all a,b > 0 , and the given parameter r1 and 1 in each inequality are
best possible.

Proof. Firstly, we prove
L, (a,b) < P(a,b), (2.27)

for all a,b > 0 with a # 0.

Without loss of generality, we assume a > b. Let t = \/a/b > 1 and r = r;.

Then
=1 r(1-t)

P(a,b)/L,(a,b) = ( )7 (2.28)

4arctant — " 1 — %"
Let

2 -1 r(l—1t%), 1 2 —1 1 r(1—t?)
:1 r— :1 1 .

f(8) =1 4arctant—7r( 11—t )7 n4arctant—7r+r—1 RS
(2.29)

Simple computations lead to

Jlim f(t) =0, (2.30)

li t) = 1 1 1 2.31
t_grnoof()—r_lnr—nﬂ, (2.31)

2(t + %)

'"(t) = t 2.32

F0) = D aarctant — ma — ) (2:32)

where

(rt* =2 — 1)(4 arctant — ) — 20 — 1)1 — )

t) = 4arctant —
g(t) = 4dar [ t+ 13

(2.33)

If r = ry, from (2.32) and Lemma we know that there exists A € (1, +00)
such that f'(t) > 0 for t € [1,\) and f'(t) < 0 for t € (), +00), hence f(¢)
is strictly increasing in [1, A] and strictly decreasing in [\, +00). From (2.30)
and (2.31) together with the monotonicity of f(¢) in [1, A] and in [\, +00) , we
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clearly see that f(t) > 0 for ¢t € (1, +00), and from (2.28) and (2.29) we know
that L, (a,b) < p(a,b) holds for all a,b > 0 with a # b.

The other inequality of the theorem P(a,b) < Li(a,b) = I(a,b) has been
proved in [9].

Secondly, we prove that the parameters r; and 1 cannot be improved in
each inequality.

For any £ > 0 and = > 1, we have

, P(1,x) 1 1
lim ————— = — rite=T, 2.34
23 b Ly (1, 2) ﬂ(rl e (2:34)
But 1
1
In[— mFe 1] = —] —1 2.35
n[ﬂ(rl—l—s)l ] n7r+r1_|_€_1 n(ry +e¢), (2.35)
by simple computations we can get
L (e« — (2.36)
—— In € nr .
rte—1 1 m—1 "

where 7 is the solution of equation = Inr = In 7, together with (2.34), (2.35)
and (2.36) we have
P(1, )

— < 1. 2.37
e+ L, 4 .(1,7) ( )

Inequality (2.37) implies that for any € > 0 there exists X = X(¢) > 1
such that P(1,x) < L,,(1,z) for x € (X, +00). Hence the parameter r cannot
be improved, it is best possible.

Next we prove the parameter 1 in right-side inequality ( the result in [9])
cannot be improved.

For any 0 < e <1, let 0 < x < 1, then we have

Pl+z,1)—Li_.(1+2,1) = z Sy (=) IS
( x ) 1 5( ) ) 4arcta2(\;)lﬁ—7r [ (I—e)x ] (238)
4arctan /1+z—7’
where h(x) =x — [%]_%(4 arctan/1+z — ).
Let x — 0, making use of the Taylor expansion we get
h(z) = — (2% + o(z?)), (2.39)

24
(2.38) and (2.39) imply that for any 0 < ¢ < 1 there exists 0 < 6 = d(¢) < 1
such that P(1 + z,1) > Ly_.(1 + z,1). Hence the parameter 1 cannot be
improved in the right-side inequality.
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