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Abstract

Analytic evaluation of Gordon’s integral

Jj(±p)
c (b, b′;λ,w, z) =

∫ ∞

0
xc+j−1e−λx

1F1(b; c;wx)1F1(b
′; c± p; zx)dx,

are given along with convergence conditions. It shows enormous number
of definite integrals, frequently appear in theoretical and mathematical
physics applications, easily deduced from this generalized integral.
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1 Introduction

Among the important integrals in theoretical and mathematical physics is W.
Gordon’s integral [3], see also [4, 5, 8, 10],

Jj(±p)
c (b, b′;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b; c;wx)1F1(b

′; c± p; zx)dx

(c+ j > 0; λ > 0; c, c± p 6= 0,−1,−2, . . . ; p ≥ 0; j = 0,±1,±2, . . . ), (1)

where 1F1 is the confluent hypergeometric function

1F1(b; c; z) =

∞
∑

k=0

(b)k
[(c)k

zk

k!

in which (b)k = b(b + 1) . . . (b + n − 1) = Γ(b + k)/Γ(b) is the Pochhammer
symbol defined in terms of Gamma function. The massive uses of this integral
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and the subclasses of it span large volume of research papers and monographs
[4, 5, 6, 8, 10]. It was proven (Lemma 1 in [8]) that, for c + j > 0 and
|w|+ |z| < |λ|,

Jj(±p)
c (b, b′;λ, w, z) =

Γ(c+ j)

λc+j
F2

(

c+ j; b, b′

c, c± p
;
w

λ
,
z

λ

)

, (2)

where the second Appell function reads ([1], equation (2))

F2

(

a; b, b′

c, c′
;w, z

)

≡ F2 (a; b, b
′; c, c′;w, z) =

∞
∑

m=0

∞
∑

p=0

(a)m+p (b)m (b′)p
(c)m (c′)p

wm zp

m! p!
,

(c, c′ 6= 0,−1, . . . ; |w|+ |z| < 1). (3)

Exact analytical expressions of this integral by means of more elementary
functions are given in the present work, where many subclasses are analysed
and evaluated in simplified expressions allow for faster computations.

2 Closed form expressions

By means of the double integral representation of the second Appell function
([1], equation 7; see also [8]), for c, c−p 6= 0,−1,−2, . . . , j, p = 0, 1, 2, . . . , |w|+
|z| < 1, it follows, for j ≥ p, that

Jj(±p)
c (b, b′;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b; c;wx)1F1(b

′; c± p; zx)dx

=
Γ(c+ j)

λc+j−b′(λ− z)b′

j∓p
∑

k=0

(−j ± p)k(b
′)k

(c± p)k k!

(

1− λ

z

)−k

× F1

(

b, c+ j − b′, b′ + k; c;
w

λ
,

w

λ− z

)

,

(c+ j > 0; λ > 0; c, c± p 6= 0,−1, . . . ; p ≥ 0; j = 0,±1, . . . ; |w|+ |z| < λ),
(4)
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particularly, for p = j = 0, 1, 2, . . . ,

Jjjc (b, b
′;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b; c;wx)1F1(b

′; c+ j; zx)dx

=

Γ(c+ j)F1

(

b, c+ j − b′, b′; c;
w

λ
,

w

λ− z

)

λc+j−b′(λ− z)b′
,

(c+ j > 0; λ > 0; c 6= 0,−1, . . . ; j = 0,±1, . . . ; |w|+ |z| < λ),

Jjjc (c + j, b′;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(c+ j; c;wx)1F1(b

′; c+ j; zx)dx

=
Γ(c+ j)(λ− w)b

′−c−j

(λ− z − w)b′
F1

(

−j, c+ j − b′, b′; c;
w

w − λ
,

w

w + z − λ

)

,

(c+ j > 0; λ > 0; c 6= 0,−1, . . . ; j = 0,±1, . . . ; |w|+ |z| < λ),

Jjjc (c+ j, c;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(c+ j; c;wx)1F1(c; c+ j; zx)dx

=
Γ(c+ j)

(λ− w)j(λ− z − w)c
F1

(

−j, j, c; c; w

w − λ
,

w

w + z − λ

)

,

(c+ j > 0; λ > 0; c 6= 0,−1, . . . ; j = 0,±1, . . . ; |w|+ |z| < λ), (5)

where F1 is the first Appell function ([1], equation (1)). By mean of ([9],
formula (8.3.5))

F1(a; b, b
′; c;w, z) = (1− w)−aF1

(

a, c− b− b′, b′; c;
w

w − 1
,
z − w

1 − w

)

, (6)

it follows, for j ≥ p,

Jj(±p)
c (b, b′;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b; c;wx)1F1(b

′; c± p; zx)dx

=
Γ(c+ j)

λc+j−b−b′(λ− w)b(λ− z)b′

j∓p
∑

k=0

(−j ± p)k(b
′)k

(c± p)k k!

(

1− λ

z

)−k

×
j+k
∑

r=0

(b)r (−j − k)r
(c)r r!

(

1− λ

w

)−r

2F1

(

b+ r, b′ + k; c+ r;
w z

(λ− z)(λ− w)

)

,

(c+ j > 0; λ > 0; c, c± p 6= 0,−1,−2, . . . ; |w|+ |z| < λ),
(7)
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where for p = j = 0, 1, 2, . . .

Jjjc (b, b
′;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b; c;wx)1F1(b

′; c+ j; zx)dx

=
Γ(c+ j)

λc+j−b−b′(λ− w)b(λ− z)b′

j
∑

r=0

(b)r (−j)r
(c)r r!

(

1− λ

w

)−r

× 2F1

(

b+ r, b′; c+ r;
w z

(λ− z)(λ− w)

)

,

(c+ j > 0; λ > 0; c, c+ j 6= 0,−1,−2, . . . ; |w|+ |z| < λ). (8)

Setting b′ = c+ j, equation (4) yield

Jj(±p)
c (b, c+ j;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b; c;wx)1F1(c+ j; c± p; zx)dx

=
Γ(c+ j)

(λ− z)c+j−b(λ− z − w)b

j∓p
∑

k=0

(−j ± p)k(c+ j)k
(c± p)k k!

(

1− λ

z

)−k

× 2F1

(

b,−j − k; c;
w

w + z − λ

)

,

(c+ j > 0; λ > 0; c, c± p 6= 0,−1,−2, . . . ; p ≥ 0; j = 0,±1,±2, . . . ; |w|+ |z| < λ),
(9)

By means of the Kummer’s first transformation 1F1(b; c; z) = ez1F1(c−b; c;−z),
and the series representation

F2(a; b, b
′; c, c′; x, y) =

∞
∑

m=0

(a)m (b)m
(c)mm!

xm
2F1(a+m, b′; c′, y), (10)

it easily follows

Jj(±p)
c (c+ j, b;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(c+ j; c;wx)1F1(b; c± p; zx) dx

=
Γ(c+ j)

(λ− w)c+j

j
∑

k=0

(−j)k(c+ j)k
(c)k k!

(

1− λ

w

)−k

2F1

(

b, c+ j + k
c± p

;
z

λ− w

)

,

(c+ j > 0; λ > 0; c, c± p 6= 0,−1, . . . ; |w|+ |z| < λ).
(11)

By means of the identity ([2], formula 5.14.3)

n
∑

k=0

(

n

k

)

(−z)k
(b)k

1F1(a; b+ k; z) = 1F1(a− n; b; z), (12)
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it follows that

Jj(±p)
c (c− j, b;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(c− j; c;wx)1F1(b; c± p; zx) dx

=
Γ(c+ j)

λc+j

j
∑

k=0

(−j)k(c+ j)k
(c)k k!

(w

λ

)k

F2

(

c+ j + k, c, b
c+ k c± p

;
w

λ
,
z

λ

)

,

(c+ j > 0; λ > 0; c, c± p 6= 0,−1, . . . ; |w|+ |z| < λ).
(13)

By means of the identity ([2], formula 5.14.1)

n
∑

k=0

(−1)k
(

n

k

)

(b− a)k
(b)k

1F1(a; b+ k; z) =
(a)n
(b)n

1F1(a+ n; b+ n; z), (14)

it follows that

J
(j−n)(±p−n)
c+n (b+ n, b′;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b+ n; c+ n;wx)1F1(b

′; c± p; z x) dx

=
Γ(c+ j)

λc+j

(c)n
(b)n

n
∑

k=0

(−n)k(c− b)k
(c)k k!

F2

(

c+ j; b, b′

c + k, c± p
;
w

λ
,
z

λ

)

,

(c+ j > 0; λ > 0;n = 0, 1, . . . ; c+ n, c± p 6= 0,−1, . . . ; |w|+ |z| < λ).
(15)

By means of the identity ([2], formula 5.14.5)

1F1(b+ n; c+ n;w) =
(c− 1)n(c)n
(b)n(−w)n

n
∑

k=0

(−n)k(1− c)k
(2− c− n)k k!

1F1(b, c− k, w) (16)

it follows that

J
(j−n)(±p−n)
c+n (b+ n, b′;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b+ n; c+ n;wx)1F1(b

′; c± p; z x) dx

=
(c− 1)n(c)n
(−w)n (b)n

Γ(c+ j − n)

λc+j−n

n
∑

k=0

(−n)k(1− c)k
(2− c− n)k k!

F2

(

c+ j − n; b, b′

c− k, c± p
;
w

λ
,
z

λ

)

,

(c 6= 0,±1; . . . , c+ j > 0; λ > 0;n = 0, 1, . . . ; c + n, c± p 6= 0,−1, . . . ; |w|+ |z| < λ).
(17)

By means of the identity ([2], formula 5.14.6)

1F1(b+ n; c;w) =
(b− c+ 1)n

(b)n

n
∑

k=0

(−1)k
(

n

k

)

(1− c)k
(b− c+ 1)k

1F1(b, c− k, w) (18)
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it follows

Jj(±p)
c (b+ n, b′;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b+ n; c;wx)1F1(b

′; c± p; z x) dx

=
(b− c+ 1)n

(b)n

Γ(c+ j)

λc+j

n
∑

k=0

(−n)k(1− c)k
(b− c+ 1)k k!

× F2

(

c+ j; b, b′

c− k, c± p
;
w

λ
,
z

λ

)

(c 6= 0,±1, . . . ; c+ j > 0; λ > 0;n = 0, 1, . . . ; c, c± p 6= 0,−1, . . . ; |w|+ |z| < λ).
(19)

By means of the identity ([2], formula 5.14.7)

1F1(b− n; c− n;w) =
(w)n

(1− c)n

n
∑

k=0

(

n

k

)

(1− c)k
wk 1F1(b, c− k, w) (20)

it follows

J
(j+n)(±p+n)
c−n (b− n, b′;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b− n; c− n;wx)1F1(b

′; c± p; z x) dx

=
wnΓ(c+ j + n)

λc+j+n(1− c)n

n
∑

k=0

(−n)k(1− c)k
k! (1− c− j − n)k

(

λ

w

)k

× F2

(

c+ j − k + n; b, b′

c− k, c± p
;
w

λ
,
z

λ

)

(c 6= 0,±1, . . . ;c+ j > 0; λ > 0;n = 0, 1, . . . ; c− n, c± p 6= 0,−1, . . . ; |w|+ |z| < λ).
(21)

Since ([7], formula 7.2.4.68)

F2(a; b, b; c, c; z,−z) = 4F3

(

a

2
,
a + 1

2
, b, c− b;

c

2
,
c+ 2

2
, c; z2

)

. (22)

it follows that

Jj0c (b, b;λ, w,−w) =
∞
∫

0

xc+j−1 e−λx
1F1(b; c;wx)1F1(b; c;−wx) dx

=
Γ(c+ j)

λc+j 4F3







b, c− b,
c+ j

2
,

c+ j + 1

2

c,
c

2
,

c+ 1

2

;
w2

λ2






,

(c+ j > 0; λ > 0; c 6= 0,−1,−2, . . . , |w| < λ), (23)
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J10c (b, b;λ;w,−w) =
∞
∫

0

xc e−λx
1F1(b; c;w x) 1F1(b; c;−w x) dx

=
Γ(c+ 1)

λc+1 3F2





b, c− b,
c

2
+ 1

c,
c

2
,

;
w2

λ2



 ,

(c > −1; λ > 0; |w| < λ), (24)

J10c

( c

2
,
c

2
;λ;w,−w

)

=

∞
∫

0

xc e−λx
1F1

( c

2
; c;w x

)

1F1

( c

2
; c;−w x

)

dx

=
Γ(c+ 1)

λc+1 2F1







c

2
,

c

2
+ 1

c,

;
w2

λ2






,

(c > −1; λ > 0; |w| < λ). (25)

On other hand, by means of ([7], formula 7.2.4.68)

F2(a; b, c−b; c, c; z, z) = (1−z)−a
4F3

(

a

2
,
a+ 1

2
, b, c− b;

c

2
,
c+ 2

2
, c;

z2

(1− z)2

)

,

(26)
it follows that

Jj0c (b, c− b;λ, z, z) =

∞
∫

0

xc+j−1e−λx
1F1(b; c; z x)1F1(c− b; c; z x) dx

=
Γ(c+ j)

(λ− z)c+j 4
F3







b, c− b,
c+ j

2
,

c+ j + 1

2

c,
c

2
,

c+ 1

2

;
z2

(λ− z)2






,

(c+ j > 0;λ > 0; c 6= 0,−1,−2, . . . , |w| < λ), (27)

J10c (b, c− b;λ, z, z) =

∞
∫

0

xc e−λx
1F1(b; c; z x) 1F1(c− b; c; z x) dx

=
Γ(c+ 1)

(λ− z)c+1 3F2





b, c− b,
c

2
+ 1

c,
c

2
,

;
z2

(λ− z)2



 ,

(c > −1; λ > 0; |z| < |λ|), (28)
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J10c

(c

2
,
c

2
;λ, z, z

)

=

∞
∫

0

xc e−λx
[

1F1

( c

2
; c; z x

)]2

dx

=
Γ(c+ 1)

(λ− z)c+1 2F1

( c

2
,

c

2
+ 1

c,
;

z2

(λ− z)2

)

,

(c > −1; λ > 0; |z| < λ). (29)

By means of the identity ([6], Theorem 3, formula 29)

F2(σ;α1, α2; β1, β2 + n;w, z) =
(β2)n

(β2 − α2)n

n
∑

k=0

(−1)k
(

n

k

)

(α2)k
(β2)k

× F2(σ;α1, α2 + k; β1, β2 + k;w, z)

(|w|+ |y| < 1;n = 0, 1, 2, . . . ;β1, β2 6= 0,−1,−2, . . . ; β2 > α2), (30)

it easily follow

Jjpc (b, b′;λ;w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b; c;wx)1F1(b

′; c+ p; zx)dx

=
Γ(c+ j) (c)p
λc+j(c− b′)p

p
∑

k=0

(−p)k (b′)k
k! (c)k

F2

(

c+ j; b, b′ + k; c, c+ k;
w

λ
,
z

λ

)

,

(c+ j > 0; p ≥ 0;λ > 0; ; c 6= 0,−1,−2, . . . ;
if c− b′(negative integer), b′ − c ≥ p |w|+ |z| < λ), (31)

Further by means of ([6], Theorem 3, formula 29)

F2

(

σ; α1, α2

β1, β2 − n
;w, z

)

=
1

[

n
∏

i=0

(β2 − i)

]

n
∑

k=0

(

n

k

)

[

n−k
∏

j=0

(β2 − j)

]

(σ)k(α2)k
(β2)k

zk

× F2

(

σ + k; α1, α2 + k
β1, β2 + k

;w, z

)

,

(β2 6= i, i = 0, 1, . . . , n;β1, β2 − n 6= 0,−1,−2, . . . ;n = 0, 1, 2, . . . ; |w|+ |z| < 1),
(32)

it follows

Jj(−p)
c (b, b′;λ;w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b; c;wx)1F1(b

′; c− p; zx)dx

=
Γ(c+ j)

λc+j

p
∑

k=0

(−p)k (b′)k (c+ j)k
(c)k (c− p)k k!

(

− z

λ

)k

F2

(

c+ k + j; b, b′ + k
c, c+ k

;
w

λ
,
z

λ

)

,

(c+ j > 0; p ≥ 0;λ > 0; c 6= 0,−1,−2, . . . ; c− p 6= 0,−1,−2, . . . ; |w|+ |z| < λ)
(33)
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whence

Jj(−p)
c (b, c;λ;w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b; c;wx)1F1(c; c− p; zx)dx

=
Γ(c+ j)(λ− z)b−c−j

(λ− w − z)b

p
∑

k=0

(−p)k(c+ j)k
(c− p)k k!

(

z

z − λ

)k

× 2F1

(

−k − j, b
c
;

w

w + z − λ

)

(c+ j > 0; p ≥ 0;λ > 0; |w|+ |z| < λ; c 6= 0,−1,−2, . . . ; c− p 6= 0,−1,−2, . . . ).
(34)

The following identities are straightforward consequences of the pervious inte-
grals:

Jj0c (c+ j, 0;λ, w, 0) =

∫ ∞

0

xc+j−1 e−λx
1F1(c+ j; c; w x) dx

=
Γ(c+ j)

(λ− w)c+j 2
F1

(

−j, c+ j
c

;
w

w − λ

)

,

(c+ j > 0; λ > 0; c 6= 0,−1,−2, . . . , |w| < λ), (35)

Jj(±p)
c (0, b;λ, 0, z) =

∫ ∞

0

xc+j−1 e−λx
1F1(b; c± p; z x) dx

=
Γ(c+ j)

λc+j 2F1

(

c + j, b
c± p

;
z

λ

)

=
Γ(c+ j)

λ±p−b+c(λ− z)b∓p+j

× 2F1

(

±p− j, c± p− b
c± p

;
z

λ

)

,

(c+ j > 0; λ > 0; c, c± p 6= 0,−1,−2, . . . ; j = 0,±1, . . . ; p = 0, 1, 2 . . . ; |z| < λ),
(36)

Jjjc (0, b;λ, 0, z) =

∫ ∞

0

xc+j−1 e−λx
1F1(b; c + j; z x) dx =

Γ(c+ j)

λc−b+j(λ− z)b
,

(c+ j > 0;λ > 0; j = 0,±1, . . . ; |z| < λ), (37)

Jj0c (0, b;λ, 0, z) =

∫ ∞

0

xc+j−1 e−λx
1F1(b; c; zx) dx

=
Γ(c+ j)

λc+j−b(λ− x)b



1 +
b z

c (λ− z)

j
∑

k=1

2F1





−j + k, b+ 1

c+ 1
;

z

z − λ







 ,

(c + j > 0; λ > 0; c 6= 0,−1,−2, . . . ; |z| < λ). (38)
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J00c (0, b;λ, 0, z) =

∫ ∞

0

xc−1 e−λx
1F1(b; c; zx) dx =

λb−c Γ(c)

(λ− z)b
, (c > 0; λ > 0; |z| < λ).

(39)

3 Gordon’s integral and confluent hypergeo-

metric polynomials

These are the main results of the paper.
In the case of α = −n, the confluent hypergeometric function 1F1(α; β; z) re-
duces to n-degree polynomial in z, namely 1F1(−n; β; z) =

∑n
k=0 (−n)k zk/((β)k k!), n =

0, 1, . . . .. Thus,

Jj(±p)
c (b,−n;λ, w, z) =

∫ ∞

0

xc+j−1e−λx
1F1(b; c;wx)1F1(−n; c± p; zx)dx

=
Γ(c+ j)

λc+j−b(λ− w)b

n
∑

k=0

(−n)k(c+ j)k
(c± p)k k!

(z

λ

)k

2F1(−j − k, b; c;
w

w − λ
),

(c+ j > 0; λ > 0; c, c± p 6= 0,−1, . . . ; p = 0, 1, . . . ; |w| < |λ|),
(40)

where a direct differentiation of both sides with respect to z yields

J(j+m)(±p+m)
c (b,m− n;λ, w, z) =

∫ ∞

0

xc+j+m−1e−λx
1F1(b; c;wx)1F1(m− n; c± p+m; zx) dx

=
(−1)mΓ(c+ j)(c± p)m
(−n)mzmλc+j−b(λ− w)b

n
∑

k=m

(−k)m(−n)k(c+ j)k
(c± p)k k!

(z

λ

)k

× 2F1(−j − k, b; c;
w

w − λ
),

(m ≤ n; c+ j +m > 0; λ > 0; c, c, c± p +m 6= 0,−1, . . . ; |w| < |λ|).
(41)

Further, setting b = −m in equation (40) implies

Jjpc (−m,−n;λ;w, z) =
∫ ∞

0

xc+j−1e−λx
1F1(−m; c;w x) 1F1(−n; c± p; z x) dx

=
Γ(c+ j)

λc+j

m
∑

k=0

(c+ j)k(−m)k
(c)k k!

(w

λ

)k

2F1(−n, c+ j + k; c± p;
z

λ
)

≡ Γ(c+ j)

λc+j

n
∑

k=0

(c+ j)k(−n)k
(c± p)k k!

(z

λ

)k

2F1(−m, c + j + k; c;
w

λ
),

(c+ j > 0, λ > 0; c, c± p 6= 0,−1, . . . ; j = 0,±1, . . . ;n,m = 0, 1, . . . ),
(42)
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where a direct differentiation of both sides with respect to w yields

∫ ∞

0

xc+j+l−1e−λ x
1F1(l −m; c + l;wx) 1F1(−n; c± p; z x) dx

=
(−1)lΓ(c+ j)(c)l
λc+jwl(−m)l

m
∑

k=l

(c+ j)k(−m)k(−k)l
(c)k k!

(w

λ

)k

2F1(−n, c + j + k; c± p;
z

λ
),

(l ≤ m;c + j + l > 0, λ > 0; c+ l, c± p 6= 0,−1, . . . ; j = 0,±1, . . . ;n,m = 0, 1, . . . ),
(43)

with a further differentiation of both sides with respect to z yields

∫ ∞

0

xc+j+k+s−1e−λx
1F1(l −m; c+ l;w x) 1F1(s− n; c± p+ s; z x) dx

=
(−1)lΓ(c+ j)(c)l
λc+j+swl(−m)l

m
∑

k=l

(c+ j + k)s(c+ j)k(−m)k(−k)l
(c)k k!

(w

λ

)k

× 2F1(s− n, c+ j + k + s; c± p+ s;
z

λ
)

(s ≤ n;l ≤ m; c+ j + l + s > 0, λ > 0; c+ l, c± p+ s 6= 0,−1, . . . ;
s, l, j = 0,±1, . . . ;n,m = 0, 1, . . . ). (44)

If z = λ, equation (40) reads

Jj(±p)
c (−m,−n;λ;w, λ) =

∫ ∞

0

xc+j−1e−λx
1F1(−m; c;w x) 1F1(−n; c± p;λ x) dx

=
Γ(c+ j)(±p− j)n
λc+j(±p+ c)n

3F2(−m, c + j, 1 + j ∓ p; c, 1 + j − n∓ p;
w

λ
),

(c+ j > 0, λ > 0; c, c± p 6= 0,−1, . . . ; j = 0,±1, . . . ;n,m = 0, 1, . . . ; 1 + j − n± p 6= 0,−1, . . . ),
(45)

and if w = λ equation (40) reads

Jj(±p)
c (−m,−n;λ;λ, z) =

∫ ∞

0

xc+j−1e−λx
1F1(−m; c;λ x) 1F1(−n; c± p; z x) dx

=
Γ(c+ j)(−j)m

λc+j(c)m
3F2(−n, c+ j, 1 + j; c± p, 1 + j −m;

z

λ
),

(c+ j > 0, λ > 0; c, c± p 6= 0,−1, . . . ; j = 0,±1, . . . ;n,m = 0, 1, . . . ; 1 + j −m 6= 0,−1, . . . ).
(46)
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Further if w = λ, equation (45) reads

Jjpc (−m,−n;λ;λ, λ) =
∫ ∞

0

xc+j−1e−λx
1F1(−m; c;λ x) 1F1(−n; c± p;λ x) dx

=
Γ(c+ j) (±p− j)n
λc+j (±p + c)n

3F2(−m, c + j, 1 + j ∓ p; c, 1 + j − n∓ p; 1)

=
Γ(c+ j)(−j)m

λc+j(c)m
3F2(−n, c+ j, 1 + j; c± p, 1 + j −m; 1),

(c+ j > 0, λ > 0; c, c± p 6= 0,−1, . . . ; j = 0,±1, . . . ;n,m = 0, 1, . . . ; 1 + j − n± p,

1 + j −m 6= 0,−1, . . . ), (47)

whenece

Jj0c (−m,−n;λ;λ, λ) =
∫ ∞

0

xc+j−1e−λx
1F1(−m; c;λ x) 1F1(−n; c;λ x) dx

=
Γ(c+ j) (−j)n

λc+j (c)n
3F2(−m, c + j, 1 + j; c, 1 + j − n; 1),

≡ Γ(c+ j) (−j)m
λc+j (c)m

3F2(−n, c + j, 1 + j; c, 1 + j −m; 1),

(c+ j > 0, λ > 0; c 6= 0,−1, . . . ; j = 0,±1, . . . ;n,m = 0, 1, . . . ; 1 + j − n,

1 + j −m 6= 0,−1, . . . ). (48)

If j = 0, equation (47)

J0p±c (−n,−m;λ, λ, λ) =

∫ ∞

0

xc−1e−λx
1F1(−n; c;λ x)1F1(−m; c± p;λx) dx

=
Γ(c)

λc

m!

(m− n)!

(±p)m−n

(c± p)m
,

(m ≥ n; c > 0, λ > 0; c± p 6= 0,−1, . . . ; j = 0,±1, . . . ;n,m = 0, 1, . . . ).
(49)

If m = n, equation (47)

Jj0c (−n,−n;λ;λ, λ) =
∫ ∞

0

xc+j−1e−λx [1F1(−n; c;λ x) ]2 dx

=
Γ(c+ j) (−j)n

λc+j (c)n
3F2(−n, c + j, 1 + j; c, 1 + j − n; 1),

(c+ j > 0, λ > 0; c 6= 0,−1, . . . ; j = 0,±1, . . . ;n = 0, 1, . . . ; 1 + j − n 6= 0,−1, . . . ).
(50)

The condition 1 + j − n 6= 0,−1,−2, . . . in (50) can be softened using the
identity

(−j)n 3F2(−n, c + j, 1 + j; c, 1 + j − n; 1) = n! 3F2(−n,−j, j + 1; c, 1; 1),
(51)
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to yield

Jj0c (−n,−n;λ;λ, λ) =
∫ ∞

0

xc+j−1e−λx [1F1(−n; c;λ x)]2 dx

=
Γ(c+ j)n!

λc+j (c)n
3F2(−n,−j, 1 + j; c, 1; 1),

(c+ j > 0; λ > 0; c 6= 0,−1,−2, . . . ; j = 0,±1,±2, . . . ;n = 0, 1, 2, . . . ).
(52)

and thus

J10c (−n,−n;λ;λ, λ) =
∫ ∞

0

xc e−λx [1F1(−n; c;λ x)]2 dx

=
Γ(c)n!

λc+1 (c)n
(c+ 2n) , (c > 0; λ > 0). (53)

From the symmetric property j ←→ −j−1 of 3F2(−n,−j, 1+ j; c, 1; 1), it also
follow

J(−j−1)0
c (−n,−n;λ;λ, λ) =

∫ ∞

0

xc−j−2e−λx [1F1(−n; c;λ x)]2 dx

=
Γ(c− j − 1)n!

λc−j−1 (c)n
3F2(−n,−j, 1 + j; c, 1; 1),

(c− j − 2 > 0; λ > 0; c 6= 0,−1,−2, . . . ; j = 0,±1,±2, . . . ;n = 0, 1, 2, . . . )
(54)

whence

J(−j−1)0
c (−n,−n;λ;λ, λ) = Γ(c− j − 1)λ2j+1

Γ(c+ j)
Jj0c (−n,−n;λ;λ, λ), (55)

for example

J(−2)0
c (−n,−n;λ;λ, λ) = Γ(c− 2)λ3

Γ(c+ 1)
J10c (−n,−n;λ;λ, λ) = Γ(c− 2)n!

cλc−2 (c)n
(c+ 2n) .

(56)

Further recurrence relations of this type are developed in the appendix. Note,
from equations (42) and (45), it follows

n
∑

k=0

(−n)k (c+ j)k
(c± p)k k!

2F1

(

−m, c + j + k; c;
w

λ

)

=
(±p− j)n
(±p+ c)n

× 3F2

(

−m, c+ j, 1 + j ∓ p; c, 1 + j − n∓ p;
w

λ

)

. (57)
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An important class of W. Gordon’s integral occur in the case of w = k1, z = k2,
and λ = (k1 + k2)/2, namely,

Jj(±p)
c

(

−n,−m;
k1 + k2

2
, k1, k2

)

=

∫ ∞

0

xc+j−1e−(k1+k2)x/2
1F1(−n; c; k1 x)1F1(−m; c± p; k2 x)dx

=
2c+jΓ(c+ j)

(k1 + k2)c+j
F2

(

c + j; −n, −m
c, c± p

;
2k1

k1 + k2
,

2k2
k1 + k2

)

,

(k1 + k2 > 0; c+ j > 0; c, c± p 6= 0,±1, . . . )
(58)

equivalently,

Jj(±p)
c

(

−n,−m;
k1 + k2

2
, k1, k2

)

=

∫ ∞

0

xc+j−1e−(k1+k2)x/2
1F1(−n; c; k1 x)1F1(−m; c± p; k2 x)dx

=







































Γ(c+ j)(±p− j)m

kc+j
1 (±p+ c)m

3F2(−n, c+ j, 1 + j ∓ p; c, 1 + j −m∓ p; 1), if k1 = k2,

2c+jΓ(c+ j)

(k1 + k2)c+j

(

k1 − k2
k1 + k2

)m
∑min{j∓p,m}

i=0

(−j ± p)i(−m)i
(c± p)i i!

(

2k2
k2 − k1

)i

×F1

(

−n, c + j +m, i−m; c;
2k1

k1 + k2
,

2k1
k1 − k2

)

, if k1 6= k2.

(59)

and further equivalent to

Jj(±p)
c

(

−n,−m;
k1 + k2

2
, k1, k2

)

=

∫ ∞

0

xc+j−1e−(k1+k2)x/2
1F1(−n; c; k1 x)1F1(−m; c± p; k2 x)dx

=







































Γ(c+ j)(±p− j)m

kc+j
1 (±p+ c)m

3F2(−n, c+ j, 1 + j ∓ p; c, 1 + j −m∓ p; 1), if k1 = k2,

(−1)n2c+jΓ(c+ j)

(k1 + k2)c+j

(

k1 − k2
k1 + k2

)m+n
∑min{j∓p,m}

i=0

(−j ± p)i(−m)i
(c± p)i i!

(

2k2
k2 − k1

)i

×
j+i
∑

r=0

(−n)r(−j − i)r
(c)r r!

(

2k2
k2 − k1

)r

2F1

(

r − n, i−m; c+ r;
−4k1k2

(k1 − k2)2

)

, if k1 6= k2.

(60)
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In particular

Jj0c

(

−n,−m;
k1 + k2

2
, k1, k2

)

=

∫ ∞

0

xc+j−1e−(k1+k2)x/2
1F1(−n; c; k1 x)1F1(−m; c; k2 x)dx

=







































Γ(c+ j)(−j)m
kc+j
1 (±p + c)m

3F2(−n, c + j, 1 + j; c, 1 + j −m; 1), , (k1 = k2, m ≤ j),

(−1)n2c+jΓ(c+ j)

(k1 + k2)c+j

(

k1 − k2
k1 + k2

)m+n
∑m

i=0

(−j)i(−m)i
(c)i i!

(

2k2
k2 − k1

)i

×
j+i
∑

r=0

(−n)r(−j − i)r
(c)r r!

(

2k2
k2 − k1

)r

2F1

(

r − n, i−m; c+ r;
−4k1k2

(k1 − k2)2

)

, (k1 6= k2, m ≤ j),

(61)

and

J00c

(

−m,−n; k1 + k2
2

; k1, k2

)

=

∫ ∞

0

xc−1e−(k1+k2)x/2
1F1(−m; c; k1 x) 1F1(−n; c; k2 x) dx

=
2cΓ(c)

(k1 + k2)c

m
∑

k=0

(−m)k
k!

(

2k1
k1 + k2

)k

2F1(−n, c + k; c;
2k2

k1 + k2
),

(c > 0, λ > 0; c 6= 0,−1,−2, . . . ;n,m = 0, 1, 2, . . . ),
(62)

where, generally,

J00c (−m,−n;λ;w, z) =
∫ ∞

0

xc−1e−λx
1F1(−m; c;w x) 1F1(−n; c; z x) dx

=
Γ(c)

λc

m
∑

k=0

(−m)k
k!

(w

λ

)k

2F1(−n, c + k; c;
z

λ
),

(c > 0, λ > 0; c 6= 0,−1,−2, . . . ;n,m = 0, 1, 2, . . . ),
(63)

from which the classical orthogonality property of the confluent hypergeometric
functions follows, namely,

J00c (−m,−n;λ;λ, λ) =
∫ ∞

0

xc−1e−λx
1F1(−m; c;λ x) 1F1(−n; c;λ x) dx =

Γ(c)n!

λc (c)n
δnm,

(c > 0; λ > 0; c 6= 0,−1,−2, . . . ; δnm = 0 if n 6= m, δnm = 1 if n = m),
(64)

using
∑m

k=0 (−m)k(−k)n/k! = n!δnm. The same conclusion also follows from
equation (48) using the fact that

lim
j→0

(−j)m 3F2(−n, c+ j, 1 + j; c, 1 + j −m; 1) = n! δnm.
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If in equation (1), b = b′ = −n and p = 0, it follows

Jj0c (−n,−n;λ;w, z) =
∫ ∞

0

xc+j−1e−λx
1F1(−n; c;w x) 1F1(−n; c; z x) dx

=
n! Γ(c+ j)

λc+j(c)n

n
∑

k=0

(c+ j)k(−n)k
(c)k k!

(z

λ

)k

P (c−1,j+k−n)
n

(

1− 2w

λ

)

,

(65)

where P
(α,β)
n (z) is the Jacobi polynomial of order α, β and degree n in z. The

relation P
(a,b)
n (−1) = (−1)n(b+ 1)n/n! reduce the equation (65) to

Jj0c (−n,−n;λ;λ, z) =
∫ ∞

0

xc+j−1e−λx
1F1(−n; c;λ x) 1F1(−n; c; z x) dx

=
Γ(c+ j)(−j)n

λc+j (c)n
3F2

(

−n, c+ j, 1 + j; c, 1 + j − n;
z

λ

)

,

(c+ j > 0, λ > 0; c 6= 0,−1, . . . ;n = 0, 1, . . . ; 1 + j − n 6= 0,−1, . . . ),
(66)

as expected. From equation (66), it follows

Jn0c (−n,−n;λ;λ, z) =
∫ ∞

0

xc+n−1e−λx
1F1(−n; c;λ x) 1F1(−n; c; z x) dx

=
(−1)n Γ(c)n!

λc+n 3F2

(

−n, c+ n, 1 + n; c, 1;
z

λ

)

,

(c+ n > 0, λ > 0; c 6= 0,−1, . . . ). (67)

For n ≥ m

J(n−m)(±p)
c (−n,−m;λ, λ, z) =

∫ ∞

0

xc+n−m−1e−λx
1F1(−n; c;λ x)1F1(−m; c± p; z x) dx

=
(−1)m+n Γ(c)n!

λc+n−m(c± p)m

(z

λ

)m

,

(c+ n−m > 0;λ > 0; c, c± p 6= 0,−1, . . . ; p ≥ 0).
(68)

The following integral follows immediately

Jj(±p)
c (0,−n;λ, 0, z) =

∫ ∞

0

xc+j−1e−λx
1F1(−n; c± p; z x)dx

=
Γ(c+ j)

λc+j 2F1

(

−n, c + j; c± p;
z

λ

)

,

(c+ j > 0; λ > 0; c± p 6= 0,−1, . . . ; p = 0, 1, . . . ) (69)
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whence

Jj(±p)
c (0,−n;λ, 0, λ) =

∫ ∞

0

xc+j−1e−λx
1F1(−n; c± p;λx)dx

=







Γ(c+ j)

λc+j

(±p− j)n
(c± p)n

, if j ∓ p ≥ n,

0, if j ∓ p < n,

(c+ j > 0; λ > 0; c± p 6= 0,−1, . . . ; p = 0, 1, . . . ), (70)

and if p = j,

Jjjc (0,−n;λ, 0, z) =
∫ ∞

0

xc+j−1e−λx
1F1(−n; c+ j; z x)dx

=
Γ(c+ j)

λc+j

(

1− z

λ

)n

, (c+ j > 0;λ > 0). (71)

and

Jj0c (0,−n;λ, 0, λ) =
∫ ∞

0

xc+n−1e−λx
1F1(−n; c;λ x)dx =

(−1)n n! Γ(c)
λc+n

,

(c+ n > 0; λ > 0; c 6= 0,−1, . . . ). (72)

4 Gordon’s Integral and special functions

The generalized Laguerre polynomials are defined, for integer n, in terms of
confluent hypergeometric functions by

Lλ
n(z) =

(λ+ 1)n
n!

1F1(−n;λ + 1; z), (73)

thus,
∫ ∞

0

xc+j−1e−λxLc±p−1
n (z x)1F1(b; c;w x)dx

=
Γ(c+ j)(c± p)n

n!λc+j

n
∑

k=0

(−n)k(c+ j)k
(c± p)k k!

(z

λ

)k

2F1

(

c+ j + k, b; c;
w

λ

)

(c+ j > 0; λ > 0; c, c± p 6= 0,−1, . . . ; p = 0, 1, . . . ; |w| < |λ|), (74)

whence, if b = 0,

∫ ∞

0

xc+j−1e−λxLc±p−1
n (z x)dx =



























Γ(c+ j)(c± p)n
n!λc+j 2F1

(

−n, c + j; c± p;
z

λ

)

,

(z 6= λ, c± p 6= 0,−1, . . . )

Γ(c+ j)(±p− j)n
λc+j n!

, (z = λ, j ∓ p ≥ n, )

(c+ j > 0; λ > 0; p = 0, 1, . . . ). (75)
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From equation (75), it follows

∫ ∞

0

xc e−λx Lc
n(λx) dx =











Γ(c+ 1)

λ1+c
, if n = 0,

0, if n ≥ 1; c > −1, λ > 0, n = 0, 1, . . . ,

∫ ∞

0

xc+j e−λx Lc
n(λx) dx =



































Γ(c+ j + 1) (−j)n
λj+c+1 n!

, if n < j,

(−1)nΓ(c+ n+ 1)

λn+c+1
, if n = j,

0, if n > j; c+ j > −1, λ > 0, n = 0, 1, . . . ,

∫ ∞

0

xc e−λx Lc−p
n (λx) dx =



































Γ(c+ 1)(−p)n
λc+1 n!

, if n < p,

(−1)nΓ(c+ 1)

λc+1
, if n = p,

0, if n > p; c > −1, λ > 0, c− p ≥ 0.

(76)

Since
dm

dzm
Lλ
n(az) = (−a)mLλ+m

n−m(az)

it easily follows, for n ≥ m and m = 0, 1, 2, . . . , that

∫ ∞

0

xc+j+m−1e−λxLc±p+m−1
n−m (zx)1F1(b; c;wx)dx

=
(c± p)nΓ(c+ j)

n! zm λc+j

n
∑

k=m

(−k)m(−n)k(c+ j)k
(c± p)k k!

(z

λ

)k

2F1(c+ j + k, b; c;
w

λ
).

(77)

and, for µ = 0, 1, 2, . . . , m ≤ n,

∫ ∞

0

xc+j+m+µ−1e−λxLc±p+m−1
n−m (zx)1F1(b+ µ; c+ µ;wx)dx

=
Γ(c+ j)(c+ p)n
n! zm λc+j+µ

n
∑

k=0

(−k)m(−n)k(c+ j)k(c+ j + k)µ
(c± p)k k!

(z

λ

)k

× 2F1(c+ j + k + µ, b+ µ; c+ µ;
w

λ
). (78)
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On other hand,
∫ ∞

0

xc+j−1e−λxLc±p−1
n (zx)Lc−1

m (w x)dx =
(c)m(c± p)nΓ(c+ j)

m!n!λc+j

×
n
∑

k=0

(−n)k(c+ j)k
(c± p)k k!

(z

λ

)k

2F1

(

c+ j + k,−m; c;
w

λ

)

,

(c+ j > 0; λ > 0; c, c± p 6= 0,−1, . . . ; p = 0, 1, . . . ). (79)

and by direct differentiation s-times, with respect to w, of both sides
∫ ∞

0

xc+j+s−1e−λxLc±p−1
n (zx)Lc+s−1

m−s (wx)dx

=
(−1)s(c)m(c± p)nΓ(c+ j)

m!n!λc+j+s

n
∑

k=0

(−n)k(c+ j)k
(c± p)k k!

(c+ j + k)s(−m)s
(c)s

(z

λ

)k

× 2F1

(

c+ j + k + s, s−m; c + s;
w

λ

)

,

(m ≥ s; c+ j + s > 0; λ > 0; c+ s, c± p 6= 0,−1, . . . ; p = 0, 1, . . . ).
(80)

and further differentiation of both sides µ-times, with respect to z,
∫ ∞

0

xc+j+s+µ−1 e−λx Lc±p+µ−1
n−µ (zx)Lc+s−1

m−s (w x) dx

=
(−m)s(c)m(c± p)nΓ(c+ j)

(−1)sm!n! zµ λc+j+s(c)s

n
∑

k=µ

(−k)µ(c+ j + k)s(−n)k(c+ j)k
(c± p)k k!

(z

λ

)k

× 2F1(c+ j + k + s, s−m; c+ s;
w

λ
),

(s ≤ m; µ ≤ n; c+ j + s+ µ > 0; λ > 0; c, c± p 6= 0,−1, . . . ; p = 0, 1, . . . ).
(81)

If w = λ, equation (79) reads
∫ ∞

0

xc+j−1e−λxLc±p−1
n (zx)Lc−1

m (λ x)dx =
(−j)m(c± p)nΓ(c+ j)

m!n!λc+j

× 3F2

(

−n, c+ j, 1 + j; c± p, 1 + j −m;
z

λ

)

,

(j ≥ m; c+ j > 0; λ > 0; c, c± p 6= 0,−1, . . . ; p = 0, 1, . . . ).
(82)

and if p = 0 it yields
∫ ∞

0

xc+j−1e−λxLc+j−1
n (zx)Lc−1

m (λ x)dx =
(−j)mΓ(c+ j + n)

m!n!λc+j 2F1

(

−n, 1 + j; 1 + j −m;
z

λ

)

,

(j ≥ m; c+ j > 0; λ > 0). (83)
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and by taken limit of both sides as j → 0

∫ ∞

0

xc−1e−λxLc−1
n (zx)Lc−1

m (λ x)dx =
(−1)m zmΓ(c+ n)(−n)m
m!n!λc+n (λ− z)m−n

,

(n ≥ m; c > 0;λ > 0; |z| < λ), (84)

thus

∫ ∞

0

xc−1e−λxLc−1
n (λx)Lc−1

m (λ x)dx =
(c)nΓ(c)

m!λc
δm,n,

(c > 0; λ > 0;n,m = 0, 1, . . . ). (85)

By means of H2n(
√
z) = (−1)n (2n)!1F1(−n; 0.5; z)/n!, it follows using (74)

that

∫ ∞

0

xj− 1

2 e−λx L
±p− 1

2

n (zx)H2n(
√
wx) dx =

(−1)n(2n)!(±p+ 1
2
)nΓ(j +

1
2
)

(n!)2λj+ 1

2

×
n
∑

k=0

(−n)k(j + 1
2
)k

(±p+ 1
2
)k k!

(z

λ

)k

2F1

(

j + k +
1

2
,−n; 1

2
;
w

λ

)

,

(j > 1/2; p, n = 0, 1, . . . ), (86)

from which it follows

∫ ∞

0

xj− 1

2 e−λx L
±p− 1

2

n (zx)H2n(
√
λx) dx =

(−1)n(2n)!(−j)n(±p + 1
2
)nΓ(j +

1
2
)

(n!)2 (1
2
)n λ

j+ 1

2

× 3F2

(

j +
1

2
, 1 + j,−n; 1 + j − n,±p + 1

2
;
z

λ

)

,

(j > 1/2;λ > 0; p, n = 0, 1, . . . ) (87)

However, by means of

lim
j→0

(−j)n 3F2

(

−n, 1
2
+ j, j + 1;±p+ 1

2
, j + 1− n; 1

)

=
(2n)!

4n(±p+ 1
2
)n

(88)

it easily follows that

∫ ∞

0

x− 1

2 e−λx L
±p− 1

2

n (λx)H2n(
√
λx) dx =

(−1)n((2n)!)2√π
4n(n!)2 (1

2
)n
√
λ

, (λ > 0, p : arbitrary).

(89)
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Note also, if c = 1/2 and p = 1, it easily follows

∫ ∞

0

xj−1e−λxH2m(
√
wx)H2n+1(

√
z x) dx

= (−1)m+n (2m)!

m!

2
√
z(2n + 1)!

n!

Γ(1
2
+ j)

λ
1

2
+j

m
∑

k=0

(1
2
+ j)k(−m)k

(1
2
)k k!

(w

λ

)k

× 2F1(−n,
1

2
+ j + k;

3

2
;
z

λ
),

(j > 0; λ > 0; m,n = 0, 1, . . . ), (90)

For j > n and z = λ

∫ ∞

0

xj−1e−λxH2m(
√
wx)H2n+1(

√
λ x) dx = (−1)m+n (2m)!

m!

2(2n+ 1)!

n!

Γ(1
2
+ j)

λj

(1− j)n
(3
2
)n

× 3F2(j +
1

2
, j,−m;

1

2
, j − n;

w

λ
) (91)

and for c = 1/2 and p = 0

∫ ∞

0

xj− 1

2 e−λxH2m(
√
wx)H2n(

√
z x) dx = (−1)m+n (2m)!

m!

(2n)!

n!

Γ(1
2
+ j)

λ
1

2
+j

×
m
∑

k=0

(1
2
+ j)k(−m)k

(1
2
)k k!

(w

λ

)k

2F1(−n,
1

2
+ j + k;

1

2
;
z

λ
) (92)

We may remark that all the above results involving 1F1 can be rewritten in
the representation using the Whittaker function because of the following rela-
tionship:

1F1(a, b, z) = ez/2z−b/2M(b−2a)/2,(b−1)/2(z)
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5 Appendix

In this appendix we summarize some recurrence relations of the Gordon’s inte-
gral that follow using the contiguous relations of the confluent hypergeometric
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functions:

J
j(±p)
c+1 (b+ 1, b′;λ, w, z) =

c

w

[

Jj(±p)
c (b+ 1, b′;λ, w, z)− Jj(±p)

c (b, b′;λ, w, z)
]

.

Jj(±p)
c (b+ 1, b′;λ, w, z) =

c− b

b
Jj(±p)
c (b− 1, b′;λ, w, z) +

w

b
J(j+1)(±p)
c (b, b′;λ, w, z)

+
2b− c

b
Jj(±p)
c (b, b′;λ, w, z),

J
j(±p)
c+1 (b+ 1, b′;λ, w, z) =

(c+ 1− k)k
wk

k
∑

m=0

(−1)m k!

m! (k −m)!
J
j(±p+k)
c+1−k (b+ 1−m, b′;λ, w, z)

Jj(±p)
c (b, b′;λ, w, z) =

b

c
J
(j−1)(±p−1)
c+1 (b+ 1, b′;λ, w, z)− b− c

c
J
(j−1)(±p−1)
c+1 (b, b′;λ, w, z),

Jj(±p)
c (b+ 1, b′;λ, w, z) =

b

c
J
(j+1)(±p−1)
c+1 (b+ 1, b′;λ, w, z) +

w

c
J
j(±p−1)
c+1 (b+ 1, b′;λ, w, z)

− b− c

c
J
(j+1)(±p−1)
c+1 (b, b′;λ, w, z),

Jj(±p)
c (b+ 1, b′;λ, w, z) = Jj(±p)

c (b, b′;λ, w, z) +
w

b
J(j+1)(±p)
c (b, b′;λ, w, z)

− w(b− c)

cb
J
j(±p−1)
c+1 (b, b′;λ, w, z),

J
j(±p)
c−1 (b, b′;λ, w, z) = J(j−1)(±p)

c (b, b′;λ, w, z) +
w

c− 1
Jj(±p−1)
c (b, b′;λ, w, z)

+
w(b− c)

c(1− c)
J
(j−1)(±p−2)
c+1 (b, b′;λ, w, z),

Jj0c (b, b′;λ, w, z) =
b1 − c

z
J(j−1)0
c (b, b′ + 1;λ, w, z) +

b′ − c

z
J(j−1)0
c (b, b′ − 1;λ, w, z)

+
c− 2b′

z
J(j−1)0
c (b, b′;λ, w, z).
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