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Abstract

Analytic evaluation of Gordon’s integral
[e.e]
Jﬂ(ip)(b, Vil w,z) = / accﬂ_le_)‘xlFl(b; c;wx) Fy (Vs e £ p; za)da,
0

are given along with convergence conditions. It shows enormous number
of definite integrals, frequently appear in theoretical and mathematical
physics applications, easily deduced from this generalized integral.
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1 Introduction

Among the important integrals in theoretical and mathematical physics is W.
Gordon’s integral [3], see also [4, 5, 8, 10,

JIED(h N w, 2) :/ e By (b c;wa) By (Vs ¢ & p; zx)da
0
(c+j>0, A>0; c,cxp#0,—-1,-2,...; p>0; 7=0,£1,+2,...), (1)
where 1 F7 is the confluent hypergeometric function

ez = 30

2 (o)

Sk
k!

in which (b)y =0(b+1)...(b+n—1) =T(b+ k)/I'(b) is the Pochhammer
symbol defined in terms of Gamma function. The massive uses of this integral
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and the subclasses of it span large volume of research papers and monographs
[4, 5, 6, 8, 10]. It was proven (Lemma 1 in [8]) that, for ¢ + j > 0 and
w|+ J2] <Al

, , L(c+ +j; b Vw2
Jﬂ(ip)(b,b;)\,w,z)Z%B(C J . c:tp;X’X)’ (2)

where the second Appell function reads ([1], equation (2))

bV X (a b), (V) wm™ 2P
Fy <a7b’b/;w,2) EFz(a;b,b';c,cl;w,z):ZZ( oty O (), w2

¢ c (@), (),  mlp!’

(e #0, =1, w| + || < 1). (3)

m=0 p=0

Exact analytical expressions of this integral by means of more elementary
functions are given in the present work, where many subclasses are analysed
and evaluated in simplified expressions allow for faster computations.

2 Closed form expressions

By means of the double integral representation of the second Appell function
([1], equation 7; see also [8]), for ¢,c—p #0,—=1,—-2,...,j,p=0,1,2,..., |w|+
|z| < 1, it follows, for j > p, that

Jg(ip)(b,b';k,w,z):/ a7 e By (b ¢ wa) Fy (U ¢ & p; za)da
0

L Tle+g) R (=i =P N7
=3I — 2 kzzo ETNE (1 B _)

z
F(betri—v o +kes 2
X 1<,C+] ) + 707)\7)\_2 )

(c+7>0;, A>0;¢c,ctp#0,—1,...; p>0; =0,£1,...; |[w|+ |z] <)),

(4)
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particularly, forp=75=20,1,2,...,

399 (b, 05 A\, w, 2) :/ 2 e By (b e wa) By (Vs e + s za)da
0

wow
Dlc+i) B (betj—b el 2
B (C_'_j) 1<7C+j 7707)\7)\_2)
Acti=b (N — 2)V ’
(c+7>0,A>0; c#0,—1,...; 7=0,%1,...; |w|+ |z]| < A),

T e+ j,0 5\ w, 2) = / 2 e Ry (e + jicwa) By (Vs e+ j; 2a)da
0

L(c+j)(A —w)" g W w
- A (- — V¥
A—2z—w)? L\ TherI T Cw—Nw+rz—r)

(c+7>0A>0; c£0,—1,...; 7=0,%1,...; |w|+]|z| <A),

Ji’(c—l—j, AW, z) = / xcﬂ_le_MlFl(c—l—j; c;wz) Fi(c;c+ j; zx)dx
0
L(c+j) . w w
— ' o= .
A —w)iI (XA — 2z —w)e 1( ]’]’C’C’w—)\’w+z—)\)’
(c+7>0,A>0; c#0,—1,...; 7=0,%1,...; |w|+|z]| <A), (5)

where [ is the first Appell function ([1], equation (1)). By mean of ([9],
formula (8.3.5))

w—1"1—-w

Fi(a;b,Vscw,z) = (1 —w)™"F (a,c b=V T w) o (6)
it follows, for j > p,

Jg(ip)(b,b';)\,w,z):/ a7 e By (b ¢ wa) Fy (U ¢ & p; za)da
0

_ L(c+) R (=@ (; A"
= X —w)(h = o) kzzo (cEp) k! (1 )

z
Jj+k . —r
(0)r (=4 — k)y A / ) ) wz
XZOW 1—— 2F1 b—l—?“,b +k,c+r7 s

w A=2) (A —w)

(c+7>0;, A>0; c,ectp#0,—1,-2,...; |[w|+|z| < N),
(7)
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where forp=75=0,1,2,...

T2 (b, VA, w, 2) = / e e N R (b g we) PV e s ze)da
0

_ I(c+ ) L), (i) (AN
TN (N —w)b (N — 2)Y 2 (c), 7! <1 a E)

r=0
2 . . w2
X 1<b+r,b,c+r7 ()\—z)()\—w))’
(c+7>0;, A>0; c,e+j#0,—1,—2,...; |[w+|z] <A). (8)

Setting b’ = ¢+ j, equation (4) yield

HED (b, e+ j; A\ w, 2) = / 2 e Py (b ¢y wa) Fy (e + jy ¢ % p; zar)da
0
B L(c+j) S TPkt (1 A
(A=2) TP A=z —w) &= (ctp)y k! z

w
b k;c; ——
X 9 1( —J - +Z_)\)7
(c+7>0, A>0;¢c,cxtp#0,—-1,-2,...; p>0; j=0,£1,£2...; |w|+ |z] < A),
(9)

By means of the Kummer’s first transformation 1 F} (b; ¢; 2) = €*1 Fy(c—b; ¢; —z),
and the series representation

Fy(a;b,b;c,d;x,y) Z (@ () 2" oFy(a+m,b;dy), (10)

m=0 (C m 1

it easily follows

JIER (e + 4, b\ w, 2) = / 2T Ry (e s ¢ wa) Fy (b ¢ & ps zx) doe
0

F(C_|_j)'zj:(—j)k(c+j)k (1_1)"“2F1<b, ct+j+k 2 )

TN = (k! w ctp A—w
(c+7>0; A>0; c,etp#£0,—1,...; |w|+]z] < N).
(11)
By means of the identity ([2], formula 5.14.3)
n _ K
Z ) 2) 1Fi(a; b+ k; 2) = 1 Fi(a —n;b; 2), (12)
k) (0

k=0
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it follows that

JIEP) (e — 4, b; A,w,Z)I/ e N Fy (e — jy ¢ wa) Fy(b; e £ p; za) da
0

J

I'(c+)) C+J (A) Fz(c+j+k, ¢ b w E)’

et — C—l—k‘ Cip’)\’)\
(c+j>0; A>0; ccip;«éo o] ] <N).
(13)

By means of the identity ([2], formula 5.14.1)

Z(—l)k (Z) %1&(&; b+k;z)= %15(@ +n;b+n;2), (14)
5=0 "

it follows that

Jﬁﬂn” (Ep=n) (b+n,0; M\ w, 2) :/ e B (b e+ nswa) Fy (Ve £ pyza) da
0

c+] Z kc—b c+j; b, voow oz

)\c-i-j n = 2 C+l{?, C:l:p’)\7)\ )

(c+j>0;)\>0,n:(),1,...; c+n,ci—p7é0,—1,...; lw| + |z] < A).
(15)

By means of the identity ([2], formula 5.14.5)

Fi(b+nse+njw) = (C _ 1)"(0) Z ((;il)ﬁ(j _>:)];€!1F1(b, c—k,w) (16)

it follows that

Jﬁin" EP=) () 4n, A\ w, 2) = / 2 e B (b e+ nswa) Fy(V e £ py 2 x) da
0

_(e=1u(e)nT c+y—ni (L= (etj—m b Vw2
 (—w)n(b),  Aetin prll 2—0— )i k! c—k, ctp NN’

(c#0,£1;...,¢+7>0;, A>0;n=0,1,...; c+n,c:|:p7£0,—1,...; lw| 4 |z] < N).
(17)

By means of the identity ([2], formula 5.14.6)

1Fi(b+n;cw) = W ;(_1)/& (Z) %Jﬂ(b —k,w) (18)
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it follows
Jg(ip)(b+n,b';>\,w,z):/ e e By (b + s g wa) Py (Vs e £ py 2 w) da
0

_(b—c+1)al(c+J) i (=n)i(1 — )i
(b)n Aeti —~ (b—c+ 1) k!
c+yg; b, voow z
XF2< c—k, ctp N\
(c#0,£1,...;¢4+7>0A>0n=0,1,...; c,ektp#0,—1,...; |w|+ |z]| < A).
(19)

By means of the identity ([2], formula 5.14.7)

1Fi(b—n;c—nyw) = (1(15):)11 ; <k> (110_76)1171@ — k,w) (20)

it follows
Jﬁj;tln)(ip+n)(b —n, 0\ w,z) = / 2 e B (b — njc — nywa) L (Vs e+ p; 2 1) do
0
"Fc—l—j—l—ni —n)e(l=c)% (A"
>\C+J+” 1—c)n 4 — k! (I—c—j—n) \w
— . /
><F2<C+‘7 ktn b N f)

c—k, ctp N\

(c#0,£1,...;c4+7>0, A>0n=0,1,...; c—n,ctp#0,—1,...; |[w|+ |z] < A).
(21)

Since ([7], formula 7.2.4.68)

(22)

1 2
Fy(a;b,b;¢,¢;2,—2) = 4 F3 (g % Iy i,c;f)

it follows that
JZO([% b7 )\7 w, _'lU) = /Z’C+j_1 6_)\:0 1F1(b, C; ’w[)j')lFl (67 c; —'lUZlZ') dl’
0
c+j c+j+1

_Lletd) . by e=b, —= —o— w?
Mot 403 . & ctl ISVE
2 2

(c+7>0;, A>0; c#0,—1,-2,..., |[w| <)), (23)
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oo

JX(b, by A w, —w) = /zc e Fy(b; c;wz) 1 Fy (b c; —w ) da
0

c
I'(c+1) b, ¢—=b, 5t w?

)\c-‘rl 342 E 7F ’
C7 27
(c>—=1; A>0; |w] <)), (24)
J10 (g’g;)\;w’_w> = /xce_)‘x 1F (g;c;wx> 1By (g;c; —wx) dx
0
c ¢,y
~ T(e+1) 7 2 27" w?
= a1 2 e |
C7
(c>—=1; A>0; |w| < A). (25)
On other hand, by means of ([7], formula 7.2.4.68)
. a a+1 c c+2 22
Fy(a;b,e=b;c,c;2,2) = (1—2) 7 F3 (5, 5 b, c—b; 3 "o 0 O {a _2)2)7
(26)
it follows that
ﬁ%hc—%n&z¢ﬁzi/xﬁf%éﬁﬂFﬂﬁathFﬂc—bﬂﬁﬂﬂdx
0
c+j c+j+1
F(C"‘j) F b, Cc — b, 2 ) 2 . Z2
= k3 ; ;
(A — 2)cti . f’ c+1 (A — 2)2
2 2
(c+7>0A>0; c#0,—-1,-2,..., |[w| <), (27)

JOb,c—b; N\ 2, 2) = /xce_)‘x 1Fi(b;e;zz) 1 Fi(c — byc zx) dx
0

c
B C(c+1) b, ¢—b, 5_'_1. 22
- ()x—z)c+13 2 c

C
9 57

(c>=1; A>0; |2] < |A], (28)
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o0

Ji0<g g)\zz):/ate [1F1<2 czz)]zdx
0
B (i(fj;)zfzﬂ (é” %Jrl' - >,

(c>—=1; A>0; |z| < A). (29)

By means of the identity ([6], Theorem 3, formula 29)

Fy(o; on, ag; B, Ba + njw, 2) = ol ) Z(—l)k (Z) (02)s

(52 — Q2)p (ﬁ2)k
X Fy(o; 00,0 + k; 1, B + ks w, 2)
(|w| + |y| < ]'7n - 07 1a2> cee ;ﬁlaﬁQ 7& Oa _1a _2a .. aﬁQ > CYQ), (30)

it easily follow

JP(b, b X w, 2) :/ e B (b ¢ wa) Fy (Vs ¢+ p; za)d
0

[(c+j) (c)p 2:( —D)k (V)i . , w oz
)\C'H(C—b/) e C) 2<C—|—],b,b—|—k‘,c,c—|—k‘,)\,)\),

(c+7>0p>0A>0;; c#0,—1,-2,...;
if c¢—b(negative integer),b’ —c > p |w|+ |z] < A), (31)

Further by means of ([6], Theorem 3, formula 29)

n n—k
(o Q2 : 7): 1 (”) s (o)(@2)r
2( Bi, Bo—m'7 {ﬁ(@_i)}; k j[[o% J) (B2)k :
i=0
o+ k; ay, a2+k
<m (TR G G e),
(Ba#4,i=0,1,....m;01,0o—n#0,—1,-2,...;n=0,1,2,...; |w| +|2] < 1),

(32)
it follows

JIEP (b Y\ w, 2) = / e By (b c; wa) L (V¢ — p; za)de
0

_ Dletj) x= (p)e (0 (C+J) ( Z)’“F2<c+k+j; b V+k w z
c, c+k>)\\

X 2 (O le—plikl U A

(c+7>0,p>0A>0; c£0,—1,-2,...; c—p#0,—-1,-2,...; |w|+ 2] <A)
(33)

)
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whence
Ji(_p)(b,c;)\;w,z):/ 2 e By (b ¢ wa ) Fy(c; ¢ — p; zx)da
0

_ Dle+j)(A—z)c i (=p)i(c+ )k ( z )\)k

A—w—2)° — (c—pk! \z-—

)
—k—3, b w
X2F1< C’w—i—z—)\)

(c+7>0, p>0A>0; |w+|z] <A ¢c#0,—1,-2,...; c—=p#0,—1,-2,...).
(34)

The following identities are straightforward consequences of the pervious inte-
grals:

J(c+ 7,0, A, w,0) Z/ 2 e Bi(c+ j; ¢; wx)dx
0

I'(c+ ) —j, ctjw
= ——— ol ) )
(A —w)eti ¢ Tw— A\

(c+7>0, A>0; c#£0,-1,-2,..., |w|<A), (35)

JEP)(0,b: A, 0, 2) :/ 2t e (b e £ py 2 x) da
0

:F(c+j)2F1 <c+j, b z) [(c+j)

\eti c+ p; X - )\:I:p—b—l—c()\ _ Z)bPU-l-j
tp—yj, cktp—0b 2
X2F1< C:tp 7)\ )
(c+7>0, A>0;¢c,ctp#0,—1,-2,...;5=0,£1,...; p=0,1,2...; |2] < A),
(36)
) o . I'(c+))
. _ ctj—1 —Ax . . _
JiJ(O,b)\,O,z)—/O e 1F1(b,c+j7zx)dx—)\c_bﬂ_()\_z)b,
(c+j>0A>0;=0,£1,...; 2] < N), (37)
J39(0,b; A, 0, 2) = / zt e By (b ¢; ) d
0
De+d) |y, be s~ AR
= - 2141 )
Aeti=b(\ — x)b c(A=2z) & et 1 z2—A

(c+7>0, A>0; c£0,—1,=-2,...; |z] <\). (38)
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N=eT(c)

(39)

J9(0,6; 1,0, 2) :/ 27 e Fy (b ¢ 2a) do =
0

3 Gordon’s integral and confluent hypergeo-
metric polynomials

These are the main results of the paper.
In the case of @ = —n, the confluent hypergeometric function | Fi(«; f3; z) re-

duces to n-degree polynomial in z, namely 1 Fi (—n; 35 2) = > p_y (—n)i 2" /(B)r k1), n =
0,1,..... Thus,

JIEP (b, —ny N\ w, 2) = / xc+j_16_)‘m1F1(b; c;wx) Fi(—n; c £ p; 2a)dz
0

L(c+j) c+] ( ) w
= — F — k, b;
C o AeHi—b()\ — wb cﬂ:p PV 1= G 0= )\>’
(c+j>0; A>0; c,cﬂ:p#O,—,...;sz,l,...; lw| < |A]),
(40)

where a direct differentiation of both sides with respect to z yields

JUFMEPE™) (h m — nz A w, 2) = / xc+j+m_16_m1F1(b; c;wx) Fi(m —njctp+m;zr)de
0

_ (=D)"T(c+j)(cEp)m c+j) ( )k
(=n)m 2™ AT A —w)’ S K k! A
. w
X2F1(—]—k,b;0;m),
m<nc+74+m>0A>0; c,c, cEp+m#0,—1,...; |w| <|A]).

(41)

Further, setting b = —m in equation (40) implies

JP(—m, —n; \jw, 2) = / xc+j_1€_/\x1F1(—m§ cwz) Fi(—n;cE£pza)de
0

L(c+ ) o= (c+ j)e(—m)p fw\* 4 z
= : el F(— et p 2

Ao+ ; () K (3) 2Filmeti+hetps)
_ T(etd) = (e Dp(=n)p (2\* g W
== X (c+p) k! (X) 2Fi(=ms e+t ki ),

(c+j>0, A>0; c,ctp#0,—1,...;5=0,£1,...;n,m=0,1,...),
(42)
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where a direct differentiation of both sides with respect to w yields

/ gAY (L= mye+ Lw) (Fi(—n; e+ pyzx) do
0

(=D c+] lmC+] (k:) w\ — 2
- )\Cﬂwl 2; (X) 2F1(_nvc+j+k7cj:p7X)7
(Il <mic+j+1>0, )\>O, l,ci—p;éO,— v =0,£1,...sn,m=0,1,...),
(43)

with a further differentiation of both sides with respect to z yields

/ peHIThrs A Pl —my e+ Lwa) Fi(s —netp+s;za)do
0

_ (=D'T(e+j)(e lzm: (c+j+k)s(c+ i(=m)r(—k), (E)k
Aetitswl(—m P (c)x k! A
><zFl(s—n,c+J+k+S;cip+S;X)
(s<ml<mic+j+1l+s>0, A>0; c+l,ctp+s#0,—1,...;
s, l,7=0,2£1,...;n,m=0,1,...). (44)

If z = )\, equation (40) reads

Ji(ip)(—m, —n; A w, \) = / e A R (—mycwa) (Fi(—ns e £ py A ) da
0

_ Dt f)(Ep — )

w

_ Fy(— 14 Fpeltj— 9,

)\c—l—](j:p_l_c)n 3 2( m,c—l—], +]:FP,C, +] n+p )\)

(c+j>0, A>0; c,ctp#0,—1,...;5=0,£1,...;n,m=0,1,...;1+j—n+tp#0,—1,

(45)

and if w = X\ equation (40) reads

JIED (i, —ny Ay N, 2) = / e e A R (—=mye Ax) 1 Fi(—njc £ p 2 o) da
0

T+ ) 2

)\c-‘r]( )m ’)\’

(c+7>0, A>0; c,ctp#0,—1,...;5=0,£1,...;n,m=0,1,..;1+57—m#0,—-1,...).
(46)

3F2( n,C+],].+]7Cj:p,].+]—m
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Further if w = A, equation (45) reads
JIP(—m, —n; A\ A) = / 2 e By (—my e M) 1 Fy(—ns e £ p; A ) do
0

_ Dle+j) (#Ep = J)n
A (p 4 o)

sFy(—m,c+ 5,1+ jFp;e,1+j—nFpl)

_F(C):—Jr‘zz()m) sFo(—n,c+ 7,1+ jicEtp, 14+ 5 —m;1),
(c+7>0, A>0; c,cxtp#0,—1,...;5=0,+1,...;n,m=0,1,...;14+j—nEp,

14+j—m#0,-1,...), (47)
whenece

J0(—m, —n; A A, A) = / eI B (=my ¢ A x) 1 Fy(—n; e A ) da
0

c+ ) . .
(Aaﬁg])3&04mc+%1+xa1+3—nﬂ%
c+ ) . .
()\04‘?)(() ) 3F2(—TL,C+],].—|—];C,1—|—]—m;].),
(c+7>0, A>0;, c#0,—1,...;7=0,£1,...;n,m=0,1,...; 1+ 7 —n,
l+5—m#0,—1,...). (48)

If 7 =0, equation (47)
I (=n, —mi A, A \) = / e e R (—n; s Aw) Fy (—ms e £ p; M) de
0

Ty m! (£p)m—n
A (m=n)!l (c£p)m
m>n; ¢>0, A>0,¢ctp#0,—1,...;5=0,£1,...;n,m=0,1,...).

(49)
If m = n, equation (47)
J£°<—n,—n;A;A,A):/ 2N [ B (s s M) 2 d
0
_ Dle+4) (=d)n L .
= (o, sFo(—n,c+ 7,14+ 7;¢,1+j—n; 1),
(c+j>0, A>0; c#0,—1,...;5=0,£1,...;n=0,1,.. ;14+j—n#0,—-1,...).
(50)

The condition 1+ j —n # 0,—1,—2,... in (50) can be softened using the
identity
(_j)n3F2(_n>C+ja 1 _I_]a &) 1 +] - 1) = TL!3F2(—7’L, _]>] + ]-7 ¢, 17 ]-)7
(51)
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to yield

I (=n, —n; A A, A) :/ p e (= o A )] da
0

I'(c+j7)n! , —
= W?)Fz(—n, —J, 1+ jic, 1;1),
(c4j>0 A>0;¢40,—1,-2,...;j=0,+1,42,....:n=0,1,2,...).
(52)
and thus
I (=n, —ns A A, A):/ 2 e[\ Fy(—nic; A ) da
0
I'(c) n!
:m(c+2n), (c>0; A>0). (53)

From the symmetric property j «— —j —1 of 3F5(—n, —j, 1+ j;¢,1;1), it also
follow

JEITD0 (s A A N) = / 22N [ Py (—ns ¢ Ax)]Q dzx
0

Fce—7—1)n! : :
= \e—i—1 (C>n 3F2(_n> —],1+];C,1;1),
(c—7—=2>0;, A>0;¢c#0,—-1,-2,...;j=0,+£1,£2,...;n=0,1,2,...)

(54)
whence

T(c—j — 1)A%+!
C(c+7)

JCI0(—p, —ny A A, N) = JP(=n, = XA 0),  (55)

for example

Lle—2)n (c+2n).

I(c—2)A
A2 (c),
(56)

3
(=2)0/_, ..\ _ WOy _me )\ =
J (—n, —n; A3 A N) Tt D) Jo (—n, —n; A A N)

[

Further recurrence relations of this type are developed in the appendix. Note,
from equations (42) and (45), it follows

—~(=n) (c+ j)k : w (£p = J)n
IR (—m, R

; (e p)pkl 2T TG = g,
X aFy (=moct L+ Fpiel+j—nFps). (57)
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An important class of W. Gordon’s integral occur in the case of w = ky, z = ko,
and A\ = (k1 + k2)/2, namely,

. k k e )
Ji () <—n, —m; = + % k1, ]{52) = / gt tem(kitk)e/2 p (e kg 2) 1 Fy (= ¢ & p kg @) da
0

_QC‘HT(C—I—j) c+j; —n, —m 2k 2k
T (ki + k)t P ¢, cEP ki+ky ki +ky )
(ky + ko >0;¢c4+j>0;c,ctp#0,£1,...)

(58)

equivalently,

, ki + k R
Ji(Ep) <—n, —m; g’ ky, ]{;2) — / gt tembitk)e/2 p (e kg 2) Fy (= ¢ & p kg o) da
0

¢ 2
( T+ 5)(EP = J)m L . :
. Fy(—n,c+ 5,1+ e, 14+7—mFp; 1), if k1 = ko,
o, 5 g 1+JiFp J p;1) 1= ko
= 26+jr(c + ]) kl - k2 " Zmin{j:!:p,m} (_] + p)l(_m)l 2]{:2 i
(k‘l + k2)c+j k‘l + k‘g =0 (C + p)z 7! k’g — k’l
. . 2k .
B - —m;c; —— f ki # ko.
\ X 1( n,c+j+m,z m’c’kl—i-kg’]{?l—kg ’ 1 17& 2
(59)

and further equivalent to

. ki +k o -
Vi (‘n, —m; %M) :/ 2L O/ 1 (s sk )y B (— s ¢y b @)da
0

( I'(c+7)(E£p — J)m . . ) .
(/gc“j(i(pic)j) sba(—n, e+, 1+ Fpic, 1+ —mFp;1),if ki = ks,
1 m
= 24 5) (b= B\ ™" Sty (< DUm) (2 '
(]{71 + ]fg)c+j ]fl + ]fg =0 (C + p)i 7! ]{32 — ]{31
Y (_n)r(_j - Z)r 2k2 " . —4]{51/{52 .
F; — —m; — fk ko.
\ ><7;0 (! — ol | T — 1,1 m’c+r7(k1—k2)2 , if ki # ko

(60)
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In particular

, ki +k © i
JZO <_n’ T2 1+ R kl) ]{52) _ / l’c+]_16_(k1+k2)x/21F1(—n; c kl l.)lFl(_m; c ]{32 l’)dl’
0

2
k£+](j;7;(+i§ 3F2(_nac+]>1 +]7Ca1+] _m;l)aa (kl = k2>m S])a
1 m
=q (CD"2HT(c+j) (k=R \™" s (—=f)i(=m);i [ 2ks \'
(k’l + k2)c+j k’l + k’g =0 (C)Z 7! k’g — k’l
A (_n)T(_j - 7'>7“ 2k " . —4k1 ko .
_ _ . - - <

XS (o k) A\ miedk s ) (ki F ke m s )

(61)

ki +k 0
Joo (—m, —n; 1+ 5o k1, k’g) = / xc_le_(k”k?)x/lel(—m; c;kyx) 1 Fi(—n;c; ke x) do
0

27T(c) = (— 2%, \* 2%
mk( ! ) oFy (=, e+ k¢ ———),

k:1+k:20 —~ k! ky + ko ky + ko

(¢ >0, )\>O, c#0,—-1,-2,...;n,m=0,1,2,...),
(62)

where, generally,

JX(=m, —n; A w, 2) :/ 2Tl R (-micwa) 1 Fy (e 2 o) de
0
I'(

_T(e) = (=m)y, fw\F oz
= (3) oPlomestkiers)
(c>0, A>0; c#0,—-1,-2,...;n,m=0,1,2,...),

(63)

from which the classical orthogonality property of the confluent hypergeometric
functions follows, namely,

° r !
JO(—m, —m; A\ N) = / e N R (—ms e A ) 1 By (—ns e A x) da = AEC()C;L Onms
0 n
(c>0;,A>0; c#0,—1,=2,...;0um =0if n#m,0pm =1if n=m),
(64)

using Y ;" (—m)k(—k)n/k! = nld,,. The same conclusion also follows from
equation (48) using the fact that

Hm (—j)m 3Fo(—n,c+ 5,1+ 7;¢,1+ 7 —m; 1) = nl .

7j—0
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If in equation (1), b=V = —n and p = 0, it follows

o
JO(—n, —n; \;w, 2) = / 2 e B (—nycywa) B (—ns ¢ 2 x) do
0

n

R S S G e (- 5),

(65)

where P{*” )(z) is the Jacobi polynomial of order «, § and degree n in z. The
relation P,Sa’b)(—l) = (—=1)"(b+ 1), /n! reduce the equation (65) to

JO(=n, —m; Ay A, 2) = / 2 e Fy (=i M) 1 Fy (=i e 2 ) do
0

L(c+j) (=) o
Wgﬂ(—n,c+],1+],c,1+]—n,x),

(c+7>0, A>0;, c#0,—1,...;n=0,1,...;1+7—n#0,—-1,...),
(66)

as expected. From equation (66), it follows

J2(=n, —n; A A, 2) :/ gt e AT B (—ny e M) 1 Fi(—n; ¢ 2 1) do
0

- T !
:())\C#gFQ (—n,c+n,1—|—n;c,1;§>,

(c+n>0, A>0; c#0,—1,...). (67)

Forn>m

Jin=mE) (_p, —m;)\,)\,z):/ Tl T A B (—npey A ) By (—my e £ py 2 x) da
0

(=)™ (c)n! (f)m
= >\c+n—m(c:tp)m A )
(c+n—m>0;A>0;c,ctp#0,—1,...;p>0).

(68)

The following integral follows immediately

JIEP(0, —n; X, 0, 2) = / e By (—n; e £ py 2z a)de
0

I'(c+7) N oz
- N\et+i 2k <_n,c+j70ip7x),

(c+7>0, A>0;, ctp#0,—1,...;p=0,1,...) (69)




On W. Gordon’s integral (1929) and related identities 715

whence
JIEP (0, —n; X, 0,\) = / 2t e By (—n; e £ p; Ar)da
0

Dlet)EP=dn .
. f >
0, ifjFp<n,

and if p = 7,

J77(0, —n; A, 0, 2) :/ e By (—nj e+ i za)da
0

~ T(e+7) Z\" o
- (1_X) L (e+i>0A>0). (71
and
, o —1)"n!I(c
J9(0, —n; A, 0,\) = /0 2T e B (—nje; Ar)da = (=D n!T{c) ))\C+n ( ),
(c+n>0, A>0; c#0,—1,...). (72)

4 Gordon’s Integral and special functions

The generalized Laguerre polynomials are defined, for integer n, in terms of
confluent hypergeometric functions by

) =2 B ni g1, (73)

thus,

/00 gt e M LeEPTL (2 0y Fy (b ¢y w x)da
_ Dlet+j)(cEp) z": (=n)(c + ) <Z)’f2F1 (

, w
nI\ets (ctp)kl \\ crytkbie X)

(c+7>0;, A>0; ¢, ctp#0,—1,...;p=0,1,...; |w| < |\]), (74)

whence, if b = 0,

( T(c+j)(cEtp)n

- n! Aeti

/ Z’C+j_16_)\mLCip_1(Z$)dI: ('27é )‘7 Cip#(%_]-a)
0

L'(c+ j)(£p = j)n .

L )\C+jn! 7(22)‘7]:Fp2n7>

(c+7>0;, A>0;, p=0,1,...). (75)

o (—n,c+j;ci—p;§),
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From equation (75), it follows

( T 1
% % if n=0,
/ e LE(\x) do =
" Lo, tn>1lie>-1,A>0 n=01,...,
(Tle4+j+1) (=0 . .
Nt ) , ifn <y,
2t e L8 (\x) do = Tle+n+1) :
/o n(A7) (—1) T nterl if n=j,
L 0, ifn>jc+7>—-1, A>0, n=0,1,...
( T+ D(=p)n .
el , ifn <p,
* c —Ax Tc—
xe M LEP(\r) de = JLe+1)
/o () (—1) TN if n=p,
. 0, ifn>p,e>—-1,A>0,c—p>0.
(76)
Since g
——Ly(az) = (—a)" Lyt (a2)
dzm
it easily follows, for n > m and m =0,1,2, ..., that

o0
| e L ) s )
0

_ (et p)l(c+7) z": (=F)m(=n)i(c + )k (Z)’szl(

w
. — |+ k, b c; —).
n' ZM)\C-i-j (Cj:p)kk" )\ C+] + , 05 G, )

A

(77)

and, for u =0,1,2,....,m <n,

/ ettt AT L () Fy (b + s ¢+ s w )
0
T+ ) (et P s (=k)m(=n)i(c+ frlc+ 5 + k), (E)k

o plgm \etitu — (cEp)k! A

><2F1(c+j+k+,u,b+,u;c+,u;%). (78)

Y
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On other hand,

00 ct+ji—1_—Az 7etp—1 c—1 o (C)m(Cﬂ:p)nP(c+])
/0 g e LT (2a) Ly, (w ) da = it
X;W(X> 2F1<C+]+k>—m,c,x),

(c+7>0,A>0;¢, ctp#0,—1,...;p=0,1,...). (79)

and by direct differentiation s-times, with respect to w, of both sides
(o]
i+s—1_—Az ckp—1 ~1
/ ettt AT LT ) LS N (w x) dx
0

n

_ D (mleE p)al(c+7) 3 (=n)rlct Ik e+ 7+ K)s(=m)s (Z)’“

mlnl Aetits — (cE£p) k! (c)s A
X o F) (c—l—j—l—k‘—l—s,s—m;c+s;%>,
(m>s;c+j+s>0 A>0;,c+s, ctp#0,—1,...;p=0,1,...).

(80)

and further differentiation of both sides u-times, with respect to z,
o

/ getitstu—l =iz Lii_’:r”_l(zx) LN w ) do

0

n

_ (=m)s(@mlc £ p)al(c +7) 3 (=F)ulc+j + k)s(=n)ilc+ i) (3)’“

(—=1)sm!n! zi Xetits(c) P (cE£p)k! A
x 2F1(c—|—j+k+8,s—m;c+s;%),
(s<m; u<n;c+j+s+pu>0A>0¢, ctp#0,—1,...;p=0,1,...).
(81)
If w = A, equation (79) reads
- l’c+j_1€_)\xLCip_1(Z.ZL’)LC_l()\x)dl‘ _ (_j)m(c :l:p)nF(C +.])
0 " " B m!nl \eti

. . . 4
X 3 Fy (—n,c+],1+];cip,1+]—m;x),

(j>m; c+j>0,A>0; ¢, cxtp#0,—1,...;p=0,1,...).
(82)

and if p = 0 it yields

* etiml—Aa jeti-l -1 _ Emlet+5+n)
/0 x e LT za) LS (A x)de = T

(j>m; c+7>0; A>0). (83)
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and by taken limit of both sides as 7 — 0

> c—1_—-Arrc—1 c—1 _ (_l)m ZmP(C + n)(_n m
/0 r L ) Ly (e = L e,
(n>m; ¢c>0;A>0; |z < A), (84)

thus
nF
/0 xc_le_)‘xL;_l()\x)Lf;1()\ x)dx = 7(0721‘ )\(CC) Om.n,
(c>0; A>0;n,m=0,1,...). (85)

By means of Hs,(1/z) = (—=1)"(2n)l1F1(—n;0.5; 2)/n!, it follows using (74)

that
o 1 1)™(2n)!(£ L(j+4
/ e L )y (varm) de = (I ER+ ) TG + )
0 (n!)2)\J+2
" (—n)e(J+ 3k f2\F . 1 1w
LA TAc el RN 7. k4 =
X; (Ep+ Dkl (5) 2 (g 4k gmigis
(J>1/2p,n=0,1,...), (86)
from which it follows
R _1 —1)™*(2n)! nI‘ '_|_l
/ l']_%e_)\x Ler:p 2(21’) H2n( /)\SL’) dx:( ) ( n)( ) ( : 1) (.] 2)
0 (n)? (3)n N F2
Py (214 g—ms 14— tp+ =2 ),
32 | J 27 j7 —n; J n P 2 A\
(j>1/2A>0;, p,n=0,1,...) (87)
However, by means of
. : r 1 (2n)!
Hm (=) sFy (—ny= +4ij+ Litp+ =, j+1—nil) = ——2
L (=7) 32(”2+”+ prgation ) 4 (£p+ 1), (88)

it easily follows that

N

/000 r 2e M LY P 2()\1') Hgn(\/)\_) dr = (;L() g( (l))' ,

>

(89)

2
VT (A>0,p: arbitrary).
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Note also, if c = 1/2 and p = 1, it easily follows

/ xj_le_)‘xH2m(\/wx)H2n+1(\/z x)dx
0

e (2m)12/Z20 + 1)IT(5 (3 F)k(=m) pwyk
= (=1 m! n! Aw Z e <A>
k=0 2
1 3 z
(j>0; A>0: m,n_o,1,...), (90)

For j >n and z = A

0 2 2(2n + INT(E + ) (1 — 4
/ 716 Hyp (V07) Hop s (VAT) de = (—1ymen G 2@n £ DTG +9) (= ),
o1 1 . w
><3F2(J+§,J, —m;§,y—n;x) (91)

and for c=1/2 and p=0

2m)! (2n)!T'(5 + j)
m! nl )\t

1
S+ )k —mk w\ * 1 1
XZ2 o (X) oFi(—n 2+j+k2)\) (92)
2

/(;OO l’j_%e—Atzm(\/w)Hzn(\/ﬁ) dr = (_1)m+n<

m
k=0
We may remark that all the above results involving |/} can be rewritten in

the representation using the Whittaker function because of the following rela-
tionship:

1Fi(a, b, 2) = €Z/2Z_b/2M(b_2a)/2,(b—1)/2(z)
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Appendix

In this appendix we summarize some recurrence relations of the Gordon’s inte-
gral that follow using the contiguous relations of the confluent hypergeometric
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functions:

FE b+ 1,050 w,2) = < [JE b+ 1,050, w, 2) — JFED (b 1\ w, 2)]

w
() / ¢=b yicn) / W G ED) (g
J7 p(b—i—l,b;)\,w,z):TJﬁ p(b—l,b;)x,w,z)jLchj PHD, 0\ w, 2)
2b — ,
TC JIEP (b W\ w, 2),
k
1— )™ k!
B0+ 10w, 2) = ’“Zm(, Jiﬁﬂ’“<b+1—m,b’u,w,z>
m=0

Cc

TV N w, 2),

HED (b,Y: A, w,2) = 2 IO LY A w,2) — b;

, b
b+ LY A w,2) = 2 I 0 LA w, ) + = BTV + LA w,2)
C

b _
_ 2 GUADER D g bz w, 2),
C

JED(b+ 1,05\, w, 2) = TP (b, 05\, w, 2) + % JIFVED (b0 0w, 2)

b— (£p—
=29 0, w,2),

Ji(_ilp)(b, Vil w,z) =JIVED (b 0\ w, 2) + v Ji(ip_l)(ba Vi A w, 2)

C—

(b_ C) (j—1)(£p—2) /

+c(1—c) Jon (bb A\ w, z),

| bl — V—c .
JO(b, Wi\ w, 2) = ———C IO b 1 15 A w, 2) 4+ O 3G B 15w, 2)

z z
— oy

+ JU=D0b 1\ w, 2).
Z
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