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Abstract

Fuzzy Banach space is considered. The concepts of fuzzy complete-
ness, fuzzy minimality, fuzzy biorthogonality, fuzzy basicity and fuzzy
space of coefficients are introduced. Weakly completeness of fuzzy space
of coefficients with regard to fuzzy norm and weakly basicity of canon-
ical system in this space are proved. Weakly basicity criterion in fuzzy
Banach space is presented in terms of coefficient operator.
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1 Introduction

The concept of the space of coefficients belongs to the theory of bases. As
is known, every basis in a Banach space has a Banach space of coefficients
which is isomorphic to an initial one (see, e.g., [1;2]). Every nondegenerate
system (to be defined later) in a Banach space generates the corresponding
Banach space of coefficients with canonical basis (see, e.g., [2;3]). Therefore,
space of coefficients plays an important role in the study of approximative
properties of systems. It has very important applications in various fields of
science, such as solid body physics, molecular physics, multiple production
of particles, aviation, medicine, biology, data compression, etc (see, e.g., [4;5]
and references within). All these applications are closely related to wavelet
analysis, and there arose a great interest in them lately [see, e.g., 5. It is well
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known that many topological spaces are nonnormable. Therefore, the study of
various properties of the space of coefficients in topological spaces is of special
scientific interest.

Applications in various branches of mathematics and natural sciences have
lately induced a strong interest toward the study of different research problems
in terms of fuzzy structures. More details on this topic can be found in [6-9]
and references therein. A large number of research works is appearing these
days which deal with the concept of fuzzy set-numbers, and fuzzification of
many classical theories has also been made. The concept of Schauder basis in
intuitionistic fuzzy normed space and some results related to this concept have
recently been studied in [10-12;23-27]. These works introduced the concepts of
strongly and weakly intuitionistic fuzzy (Schauder) basis in intuitionistic fuzzy
banach spaces (IFBS in short). Some of their properties are revealed. The
concepts of strongly and weakly intuitionistic fuzzy approximation properties
(sif-AP and wif-AP in short, respectively) are also introduced in these works.
It is proved that if the intuitionistic fuzzy space has a wif-basis, then it has
a wif-AP. All the results in these works are obtained on condition that IFBS
admits equivalent topology using the family of norms generated by t-norm and
t-conorm (we will define them later).

In our work, we define the basic concepts of classical basis theory in in-
tuitionistic fuzzy normed spaces (IFNS in short). Concepts of weakly and
strongly fuzzy spaces of coefficients are introduced. Weakly completeness of
these spaces with regard to fuzzy norm and weakly basicity of canonical sys-
tem in them are proved. Weakly basicity criterion in fuzzy Banach space is
presented in terms of coefficient operator.

In Section 2, we recall some notations and concepts. In Section 3, we state
main results. We first define fuzzy space of coefficients and then introduce
the corresponding fuzzy norms. We prove that for nondegenerate system the
corresponding fuzzy space of coefficients is weakly fuzzy complete. Moreover,
we show that the canonical system forms a weakly basis for this space.

2 Some preliminary notations and concepts

We will use the usual notations: N will denote the set of all positive integers,
R will be the set of all real numbers, C' will be the set of complex numbers
and K will denote a field of scalars (K =R, or K =C), R, = (0,400). We
state some concepts and facts from IFNS theory to be used later.

Definition 2.1. Let X be a linear space over a field K. Functions u; v :
X X R— 1[0, 1] are called fuzzy norms on X if the following conditions hold:

1. p(xt)=0,vt <0,V € X,
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2. p(xt)y=1,Vt>0= z=0;

u(cx;t)zu(x; ﬁ) , Ve #0;

4. w(x;-): R —[0,1] is a non-decreasing function of t for Vo € X and
lim p(z;t) =1, Vo € X;

t—o00

~o

B

p(z+y;s+t) >min{p(z; s); py; 1)}, Yo,y € X, Vs, t € R;
6. v(z;t)=1,vt<0,Vr e X;
7. v(z;t)=0,Vt <0 = z=0;

V(cx;t)zl/<x; It?l) , Ve #£0;

o

9. v(x;-): R —[0,1] is a non-increasing function of t for Vo € X and
lim v (z;t) =0, Vx € X;
t—o00
10. v(z+y; s+t) <max{v(z; s); v(y; t)}, Ve,y € X, Vs, t € R;
11 p(z; t) +v(xt) <1, Ve e X, Vt € R.

Then the triplet (X; p;v) is called an intuitionistic fuzzy normed space.

The above concepts allow to introduce the following kinds of convergence
(or topology) in IFNS:

Definition 2.2. Let (X; ju;v) be a fuzzy normed space and let {xy,}, .y C X
be some sequence. Then it is said to be strongly intuitionistic fuzzy convergent

to x € X (denoted by x, >z, n — oo or s-lim x, = x in short) if and only
n—o0

if forVe >0, Ing =ng(e) : pl(xy,—x;t) > 1—¢, v(z, —x;t) < e,VYn >
nO,VtGR.

Definition 2.3. Let (X; j1;v) be a fuzzy normed space and let {xy,}, .y C X
be some sequence. Then it is said to be weakly intuitionistic fuzzy convergent

to x € X (denoted by x, —x, n — 00, or w-lim x, = x in short) if and only
n—o0

if forVt € Ry, Ve >0, 3Ing=ng(g5t): p(x, —a;6) >1—¢, v(z, —z; t) <
e,Vn >ng.

More details on these concepts can be found in [12-22].

Let (X; pu;v) be an IFNS, and let M C X be some set. By L [M] we denote
the linear span of M in X. The weakly (strongly) intuitionistic fuzzy conver-
gent closure of L [M] will be denoted by L, [M] (Ls[M]). If X is complete
with respect to the weakly (strongly) intuitionistic fuzzy convergence, then we
will call it intuitionistic fuzzy weakly (strongly) Banach space ( [F B, S or X,
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(IFBsS or Xj) in short). Let X be an [FB,S (IFB;S). We denote by X}
(X?) the linear space of linear and continuous in IF'B,,S (IF B,S) functional
over the same field K.

Now we define the corresponding concepts of basis theory for IFNS. Let
{Zn},en € X be some system.

Definition 2.4. System {z,}, .y is said w-complete (s-complete) in X, (in
X,), if Ly [{#n}hen] = Xow (Ls [{zn},en] = Xs)-

Definition 2.5. System {x)},.n C Xi ({zp},en C© X7I) is called w-
biorthogonal (s-biorthogonal) to the system {x,}, oy, if 2} (2x) = Onk, Y0,k €
N, where o, is the Kronecker symbol.

Definition 2.6. System {x,},.n C Xuw ({Zn},en C Xs) is called w-linearly
(s-linearly) independent in X, if Y o0 Ay = 0 in X, (in X,) implies A, =
0, Vn e N.

Definition 2.7. System {z,},.ny C Xuw ({@n},en C Xs) is called w-basis
(s-basis) for X, (forX,) ifVe € X, N },en € K D207 Ay = 2 in X,
(in X).

We will also need the following concept.

Definition 2.8. System {z,},.y C X is called nondegenerate , if x, #
0,Vn € N.

3 Main results

3.1. Space of coefficients. Let X be an IFNS and let {z,},.y C X be
some system. Assume that

K = {{)\"}nEN cC: Z)\n:)sn converges in Xw} :

n=1

HE = {{)‘n}nEN cC: Z)‘nxn converges in XS} .

n=1

It is not difficult to see that, . and J#7° are linear spaces with regard

to component-specific summation and component-specific multiplication by a
scalar. Take VA = {\,}, .y € ;" and assume

( mf,u <Z Ann; ) : )\ t) = supl/ (Z AnTn; ) )
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Let’s show that pgx and vg satisfy the conditions 1)-11).

1) It is clear that ug (S\;t) =0, Vt<0.

2) Let px (5\;15) =1,Vt>0. Hence , u (D" Apxn;t) = 1, Vm € N, Vt >
0.
Suppose that the system {x,}, ., is nondegenerate. It follows from the above-
stated relations that for m = 1 we have p (Az1;t) = 1, Vt > 0. Hence, \jx; =
0 = A = 0. Continuing this process, we get at the end of this process
that\, =0, Vn € N, ie. A =0.

3) The validity of relation pix (AS\; t) = UK <5\; ﬁ) , Ve # 0, is beyond any
doubt.

4) As p(x; ) is a non-degenerate function on R, it is not difficult to see
that py (5\; ) has the same property. Let’s show that tlgglo 0% (5\; t) = 1. Take

Ve > 0. It is clear that 3tg > 0: u(S;tg) > 1—c. Let S, = > | Ayxpand
w-1lim S,, = S € X,. Then it follows from the definition of lim, that

m—0o0

dmg (e;t0) : (S — Sito) > 1 — ¢, Vm > my (g;ty). Property 4. impnfies
o (Sm;2to) = o (S — S+ S5 to +to) > min {u (S, — Sito); 1 (S;to)}-

As a result we get

,U(Sm;t()) 2 1—8, ‘v’mzmo (€;t0). (1)

As p (z; -) is a non-decreasing function of ¢, it follows from (1) that

[ (Smit) > 1 — e, ¥m > mg (g5t0) , Yt > to. (2)
We have

pe (Ast) = inf g (Spn;t) = min{u(Sl;t) pos U (Sme—138) 5 Inf M(Sm;t)},

m>mg
(3)
where my = myg (g;t9). As tlim w(Sk;t) =1for VkE € N, Jt, () ; Vt > ¢, () :
—00

p(Spit) >1—e, k=T1mg—1. Let t? = max {t; (¢) , k=1, mg—1}. Then
it is clear that

p(Se;t) >1—e,Vt >t (4)
It follows from (2) and (3) that

inf p(Sy;t) >1—¢, Vt>t.

m>mg

Let t. = max {t; t'}. Hence we obtain from (3) and (4)

pr (At) > 1—¢, VE>t..
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Thus, tlim 0% (S\;t) =1, VA e .
—00
5) Let A\, i € " (A= {Mntnens B = {ta}nen) and s,t € R. We have

pi (N + iy s +t) :i%fu (Z()\n+un)xn;s+t) :i%f,u <Z)\nxn+

+ iunxn; s+ t) > inf min {,u (i AnTn; s) ) (i T t) } =
n=1 n=1

n=1
= min {inf,u (Z )\nxn;s> ;inf p (Z unxn;t> } =
n=1 n=1

= min {p (X s) 5 p ()}

6) As v (z;t) =1, YVt <0, it is clear that v, (A\;t) =1, Vt <0, VA € .

7) Let the system {z,}, ., be nondegenerate. Assume that
vic (A;t) =0,V > 0.Then v (3" M5 t) =0, VE > 0, Vm € N. For m =1
we have v (\x1;t) =0, Vt > 0 = \z; = 0= A\; = 0. Continuing this process,
we get A\, =0, Vn € N = X\ =0.

8) Clearly, vk (cA;t) = vk (5\; ﬁ) , Ve # 0.

9) It follows from the property 9. that v (z; -) is a non-increasing function
on R. Therefore, vk (5\; ) is a non-increasing function on R. Let us show
that tlgglo vk (A;t) =0. Let S, = >0 A\yw, and w- lim S, = S € X. Take

m—0o0

Ve > 0. It is clear that 3ty > 0 : v (S;ty) < e. Then it follows from the
definition of lim,, that Img = myg (g;t0) : v (Sm — S;to) < &, Vm > my. We

have
v (Spmite) =1 (Sm — S+ S; tg+ty) <

<max {v (S, — S;to) ; v (S;to)} < e,Vm > my.

As v (z; -) is a non-increasing function, it is clear that
v (Sm;t) <e,Ym > mg,Vt > 1. (5)
We have

Vi (S\;t) = sup v (Sy,;t) = max { v(S1;t) 5.5 (Sme—1;t) ; sup I/(Sm;t)} .

m m>mg

As tlim v (Sk;t) = 0 for Vk € N, we have Jt, (¢) ; Vt > ¢, (¢) : v (Sk;t) <

e, k = 1T,mg—1. Let t0 = max{t;(c), k=1, mo—1}. It is clear that
v (Sk;t) < e, Vi >0 It follows from (5) that sup v (Sy,;t) <e, Vi > tg. Let

m>mg
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t. = max {t; t°}. Then it is clear that v (5\; t) <e, Vt>t. :>tlim Vi (5\; t) =
—00
0.
10) Let A\, i € 5" (A= {Mntpens B = {tn}oen) and s,t € R. We have

vk A+ s+t) = (ZA + fin) xn7s+t>
n=1

< sup max {1/ (Z A’ s) J v (Z un:pn;t> } =
m n=1 n=1
= max {supu <Z AnTn; s) ; sup v <Z JT t) } =
m n=1 m n=1

= max {vx (A; s) ; v (t)} .
11) pre (Mst) +vie (Ast) = inf p (00 Ans t) + sup v Oom Ay t) <

< sup lu <Z )\na:n;t> +v <Z )\nxn;t)] <1,VAe€ " YAER.
m n=1 n=1

Thus, we have proved the validity of the following

Theorem 3.1. Let (X; p; v) be a fuzzy normed space and let {x,},.n C X
be a nondegenerate system. Then the space of coefficients (J5Y; px; Vi) 1s also
weakly fuzzy normed space.

The following theorem is proved in absolutely the same way.

Theorem 3.2. Let (X; ;) be a fuzzy normed space and let {x,}, .y C X
be a nondegenerate system. Then the space of coefficients (JH7; ;i) is also
strongly fuzzy normed space.

3.2. Completeness of the space of coefficients. Subsequently, we
assume that (X;pu;v) is IFBS. Let us show that (J2Y; uk;vi) is a strongly
fuzzy complete normed space. First we prove the following

Lemma 3.3. Let 29 # 0, 29 € X, and let {\,},cy C R be some sequence.
If w-lim (A\,z0) = 0, d.e. for Ve > 0, Ing = no(e;t): pw(Apzo;t) > 1 —¢
n— oo
(v (Anzo; t) <€), Vn > ng; then A\, — 0, n — oo.
Proof. As xy # 0, it is clear that 3ty > 0 : p(xg; to) < 1 (it follows from

the property 1). If A, # 0 we have pu (M\,zo; t) = i (mo : \A_tll>’ for vVt > 0. Let
the sequence {\,}, .y not convergent to zero. Then I {\,, }, . and 36 > 0 :
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Al =0, Vk € N = 4 < 5. As p(xp; ) is a non-decreasing function
7lk

of ¢, then (SL’O; |/\t—|> < p(zo; &), V& € Ry. Take t = §tp. We have
7lk

1 ()\nk:co; a < u(xe;ty) < 1, Yk € N. So we came upon a contradiction
which proves the Lemma.
In the further we assume that the following condition is also fulfilled.
12) The functions p (z; -), v(x; -) : Ry — [0, 1] are continuous forVz € X.
Take w-fundamental sequence {X"}neN CHE N\, = {)\,(f")}kEN. Then,
lim  pg (S\n — A t) =1Vt € R, ie.

,1M—00

. (0 m )
i infp (Z ()\k Al )xk t) —1,Vt€ R,

k=1
Take Vky € N and fix it. We have

ko
(0 )= 35 () - 5 (o )
k=1 k=1

Then from property 5) we get

(A6 min o (32 (0 ) £
ko—1 ¢
o <Z ()\]g") - )\,gm)> Tk 5) } .
k=1

It follows directly from this relation that

lim p ((A,SZ) — )\,(;:) ) ko' t) =1,Vt € R.

n,Mm—00

A

As zg, # 0, Lemma 3.3 implies lim = 0, i.e. the sequence

7,1M—00

{)\,(;g)} is fundamental in R. Let )\](;;) — N> 88 1 — co. Denote A =
nenN

{Antnen- Let us show that lim g (5\” -\ t) =1, Vt € R. Take Ve > 0,
n—oo
Vvt > 0. It is clear that

Ing = no (&;1) @ ug (5\” — At t) >1—¢e,Yn>ngy, Vp € N.
Consequently

irrlf,u (Z <)\,(€") — )\,(:LJ“”)) xk;t> >1—¢e,VYn>ngy, Vp € N.
k=1
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Hence

u( ()\("—)\"+p)>:)§k;t>>1—5,Vn2n0,Vr,p€N. (6)
k=1

As shown above, lim pu (()\(" )\ )> Tk, ) =1, Vt € R. Let us show that

n,m— 00

lim g ()\,i xk,t> = i (\awit), VE € Ry Indeed, if Ay = 0, theny (0; ) = 1,

m—0o0

Vt € R, and, clearly, lim p ()\,(fm)xk; t) =1, for Vt € R,. If \; # 0, then for
m—00

sufficiently large values of m we have A,im) # 0, and as a result

t
A

Passage to the limit in the inequality (6) as p — oo yields

u(i()\,(f )\k>xk, )zl—s,Vnzno,VreN. (7)

k=1
We have
r+p r+p r—1
7 (Z ()\ )‘k> Tk ) = (Z ()\( ) (A(n ) Ti; t) >
k=r k= k=1
r+p t r—1 "
> min{,u (Z (A/(fn) _Ak)flﬂ 5) e (Z ()‘i(fn) _)\k)fﬂk; 5)} >
k=1 k=1

>1—¢, Vn>n0,VrpEN
As \, €, it is clear that Elm :Vm >m0 , Vp € N:

m-+p
@ <Z )\lg")xk;t> >1—e.
k=m

Consequently
m-+p m—+p m—+p
0 (Z A/ﬂkﬁ) = (Z (Ak - )\/(gn)) T + Z )‘l(cn)ku t) >
k=m k=m k=m

m+p " m+p "
> min{u (Z ()\k _)\I(Cn)> Th: 5) U (Z )\](gn)ku 5)} >

k=m
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Zl—é,Vmngn),VpEN.

It follows that the series > -, Axxy 18 weakly fuzzy convergent in X, i.e.

Jw- lim Y;" | Ay, Consequently, A €7, and the relation (7) implies that
m—r0o0

lim pg (An — )\;t) = 1Vt € Ry . It can be proved in similar way that

n—oo

lim vy (S\n —S\;t) = 0, Vt € R.. As a result we obtain that the space
n—oo
(5 uk; vic) is weakly fuzzy complete. Thus, we have proved the following

Theorem 3.4. Let (X; u;v) be a fuzzy Banach space with condition 12) and
let {xy},cn C X be a nondegenerate system. Then the space of coefficients
(A5 1k vic) is a weakly fuzzy complete normed space.

Consider operator T": " — X defined by

TA= M, A= { A}, en € H5Y.

n=1

Let w-lim A, = X\ in ", where )\, = {)x,(cn)}k N €. We have
€

(A,@ —Ak> T t) >
Zigf,u <i<>\,(€n)—>\k) :ck;t) =pn (A= A5 t).

k=1

WE

,u(TS\n—TS\;t):,u<

k=1

It follows directly that w-limT X\, = T\, i.e. the operator T is weakly fuzzy

n—00

continuous. Let A € KerT, ie. TA =0 =" \x, = 0, where A =
{Mntnen €457, It is clear that if the system {x,}, .y is w-linearly indepen-
dent, then A\, = 0, Vn € N, and, as a result, KerT = {0}. In this case
AT~ . ImT —2#*. 1If, in addition, ImT is w-closed in X, then T~! is also
continuous.

Denote by {€,},cy C ;" a canonical system in J£,", where &, = {0n }cn
€ ;. Obviously, T€, = x,, Vn € N. Let us prove that {é,}, ., forms an
w-basis in 5", Take YA = {\,}, .y €45" and show that the series > | A&,

is weakly fuzzy convergent in JZ;*. In fact, the existence of w- lim > " | A\,
m—ro0

in X,, implies that for Ve > 0, and V¢ > 0, Img = my (g;t) € N

m—+p
1 (Z Anxn;t) >1—¢,Ym>mg, Vp € N.

We have

m-+p r
[0 <Z )\nen;t) = irif (Z )\n:)sn;t> >1—¢e,Ym>mg, Vp € N.
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It follows that the series > 7 | A\,€, is weakly fuzzy convergent in .#.*. More-
over

10 <)\ — Z)xnén;t) =i ({05 ;05 A1 -} mfu < Z AnTn: ) >
n=1

n=m+1
>1—e,Vm>my, Vt € R,.
Consequently, w- lim Y7 A&, = A, i.e. A=>.°7 \,&,. Consider the func-
tionals e (5\) = &IZOOVTL € N. Let us show that they are w-continuous. Let
w-lim A\, = \, where \,, = {A,&")}kEN €. As established in the proof of

n—oo
Theorem 3, we have )\]g") — Ak, m— 00, le. € (5\”) — €} (5\), as n — 0o, for
Vk € N. Thus, e is w-continuous in " for Vk € N. On the other hand, it
is easy to see that e} (€x) = ok, Vn,k € N, ie. {e)},cn is w-biorthogonal to
{€,},en- As aresult we obtain that the system {e,} forms an w-basis in
Y. So we get the validity of the following

neN

Theorem 3.5. Let (X; u;v) be a fuzzy Banach space with condition 12) and
let {xy},cn C X be a nondegenerate system. Then the corresponding space
of coefficients (5 uk; Vi) is weakly fuzzy complete with canonical w-basis

{én}nEN :

Suppose that the system {z,}, .y is w- linearly independent and ImT is
closed. Then it is easily seen that {z,}, .y forms an w-basis in ImT, and, in
case of its w-completeness in X,,, it forms an w-basis for X,,. In this case, "
and X, are isomorphic, and 7T is an isomorphism between them. The opposite
of it is also true, i.e. if the above-defined operator 7' s an isomorphism between
A" and X, then the system {z,}, y forms an w-basis in X,,. We will call

T a coefficient operator. Thus, the following theorem holds.

Theorem 3.6. Let (X;pu;v) be a fuzzy Banach space with condition 12),
{Zn}aen € X be a nondegenerate system, (JL"; jik; Vi) be a corresponding
weakly fuzzy complete normed space and T : Y — X, , be a coefficient
operator. System {x,}, . forms an w-basis for X,, if and only if the operator

T is an isomorphism between . and X,,.

4 Conclusion

Thus we arrive at the following conclusion: Let 5-tuple (X; u; v; *; ) be an
IFB,S. Then:

1. this structure generates the corresponding concepts for the theory of
approximation;
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. every nondegenerate system {In}neN C X generates a corresponding

weakly fuzzy complete normed space (J£2; ug; vk ) of coefficients;
canonical system {é,}, ., forms a weak basis for ;" ;

nen generates a coefficient operator T': £ — X ;

system {,},.y forms a weak basis for X if and only if 7" is an isomor-
phism between 27 and X .

Note that many results of this work are new in classical case, too.
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