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Abstract

In this paper, we study the periodic solutions of the rational differ-

ence system

oy = BYn—2 Yoat = Brn_2

+1 — ; +1 — ’

" _B — Yn—2Tn—1Yn " _/8 — Tn—2Yn—1Tn
Znyl = Bn2 & Pyn-2 =0,1,...,

5
_/8 — Tn—2Yn—1Tn

where § # 0 and the initial conditions are arbitrary real numbers.
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1 Introduction

In 2011, Kurbanli et al. [2] studied the behavior of positive solutions of the
system of rational difference equations

Tp—1 Yn—1 n — O, 1’

YnTn_1 i 17 Yn+1 = Tnln1 i 1> ()

Tp41 =
where the initial conditions are arbitrary non negative real numbers.
In 2012, Elsayed et al. [1] studied the solutions of the systems of the

difference equation
1 Ln—pYn—pZn—p Tn—qYn—qen—q

xn—i—l == ) yn-i—l - ) Zn—i—l - )
Tn—pYn—pRn—p Ln—q¥Yn—qin—q Tn—rYn—rin—r
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n = 0,1, ..., where the initial conditions are nonzero real numbers.
In 2013, Ozkan and Kurbanli [3] studied the periodic solutions of the system
of rational difference equations

T _ Yn—2 y o Tp—2
n+l — ) n+1l — )
-1 - Yn—2Tn—-1Yn -1 - Tpn—2Yn—1Tn
o Tp—2 + Yn—2 —0.1
“n41 = n==u1,..,

1 )
—1 = Tpn2Yn—1Tn

where the initial conditions are arbitrary real numbers.

2 Results

Theorem 2.1. Let 8 be a nonzero real number, and let yo = a, y_1 = b,
Yo =¢ x9g =d, T_1 = e, T_o = [ be arbitrary real numbers such that
fbd # —5 # cea. Let {xy,,yn, 20} be a solution of the system

BYn—2 y N By 2
) n+l1 — ’
_ﬁ — Yn—2Tn—-1Yn " _6 — Tpn—2Yn—1Tn

ﬁzn—2 + 5%—2
_ﬁ — Tpn—2Yn—1Tn ’

Tnt1 =

n=0,1,...

Zn+l =

Then all six-period solutions of the system are as follows:

T - ___ B _ _Bftbe
6n+1 cea—i—ﬁ’ Y6n+1 fbd—l—ﬁ’ 6n-+1 fbd—l—ﬁ’
b(fod + ) e(cea + ) (e +b)(cea + B)
Ten42 = —T, Yon+2 = —T, Z6n+2 = — 3 ’
- ___ P _ _Bdtpa
6n+3 — cea—i—ﬁ’ Yén+3 — fbd+ﬁ’ 6n+3 — fbd—i—ﬁ’
c(fod+ B) + f(cea + B)
Ten44 = f, Yon+4 = C,  Z6n+4 = fbd T ﬁ ,
. ey . _ b(fbd + ) + e(cea + )
6n+5 — &, 6n+5 — U, 6n+5 — )
fod+ 3
a(fod + B) + d(cea + B)
Tont6 = d, Yont6 = A, Z6n+6 = Fod+ B ,

wheren = 0,1, ....
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Proof. We note that x; = _ceaﬂi—ci—ﬁ’ Y = _fbcf{r 5 o= _fcgd—:ﬂ;’
o B B _ b(fbd+ )
—B — y-1Zoth —B—bd (_ Bf ) s ’
fbd + B
B Br_q B Be __¢e(cea+B)
yz‘—ﬁ—x_lyoxl‘_5_€a<_ Be )‘ 5
cea + f3
o — Pr+ Py _ Be + b _ (et b)(cea+B)
2T B -z 1yom _B—ca <_ Be ) B ’
cea + 8
T3 = Byo _ Ba _ Ba
—B — yor1Y2 —5—a(— Be ) (_6(cea+ﬂ)) cea + 3’
cea + [ I5;
gy = — DT pd _ pd
=B = xoy12 —ﬁ—d(— Bf ) (_b(fbd+5)) fod+ B’
fbd+ g g
L Bt _ Bd+ fa _ Bd+ Ba
=B — xoy12 —5—d(— Bf ) (_b(fbd+5)) fod+ B’
fbd + B 1G]
()
vy = By _ fbd+5 —f
=B —prays ( )( fbd—l-ﬂ)(_ pd ) ’
fbd + 5 fbd + 5
B By B b < cea + 5) B
v= —B — z1ys3 e(cea —|— B) Ba =4
7= () (5 (=)
L = Pty
—B — z1y273

pe Bf
B 6( cea—l—ﬂ)+5< fbd+ﬁ)

o () (5 ()

_c(fbd + B) + f(cea+ )
B fbd + 3

Y
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i (5

e —B — y2T3ys B _5- (_e(cea+6)) <_ Ba )c -
I6; cea + [

" %3<_50%%+%%>

y5:—5—x2y3x4:_ﬁ_<_b(fbd+5)) (_ Bd )f
15} fbd+ g

:b’

e By + Bys
g= =2 92
—B — may314

ﬁ<_Mﬁ%+M)+ﬁ<_dw%+M)

() ()
_ b(fbd + ) + e(cea + f)

fod + B ’
(7o)
S Bys _ fod + 3 _ 4
© =B — ysmays _5_(_ Bd )fb ’
fbd + 5
Ba
P p <_cea + ﬁ)
Yo = = =q,
—B — T3Yaxs . (_ fa ) ce
cea + [
_ Bxz+ Bys
6= ——
—B — T3ysxs

pa pd
_6(_wa+5)+5<_ﬂd+ﬁ)

— T
- <_cea+5) “
_ a(fbd + ) + d(cea + B)

Fod +
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Then we obtain that
oy = BYa _ Be =z,
—B — ya5Ys cea + 3 ’
O .| S—
— B — 24Y5% fod+p ’
= By + Bya :_5f+502z1
—B — 24Y576 fbd + ’
o B i _fedtB)
—B — Ysxeyr —B—0bd (_ Bf ) B 7
fod+ 5
B Bas B Be B _e(cea +B)
e —fB — T5y6T7 B —B—ea (_ pe ) B B —
cea + [
= Pas + Bys Be + pb _ (et d)(cea+p) ~
—B — w5y 7 _B—ea (_ pe ) B ’
cea + [
o Bw Ba __pa
— B — yer7ys —6—a<— Be ) (_e(cea+5)) cea + 3 ’
cea + [ B
Yo = bzs = pd _ P Y3
—B — weyras —6—d<— Bf ) (_b(fbd+ﬁ)) fbd + 3 ’
fbd + 3 B
o Tt B _ Bd + Ba _ Bdtpa_
—B — weyras —6—d<— Bf ) <_b(fbd+ﬁ)> fod + B ’
fod+ B
( fbd + 5)
T10 = fbd+ﬂ 3d = f =z,
( fbd+5)< )<_fbd+ﬂ)
( cea + ﬁ)
Y10 = (cea —|— B) Ba ==Y
( cea+ﬁ) ( ) (_cea+ﬁ)
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Bxr + PByr
-3 - T7YsTy

fe 81
=) R G )

) (=) ()

210 =

_c(fbd + B) + f(cea+ )
N fod + 3
= %4,
_e(cea 5))
e Bys _ P ( s =<1
T B — ysmonno B < cea+ﬁ ) ( ) >
cecH—ﬁ
fbd +
. 5558 o ﬁ ( 5 ) he
= —5—$8y9$10_ . ( fbd‘i‘ﬁ ) ( ) —
fod+ 3
Prs + Bys

1= ——""
-3 - T8Y9T10

8 <_b(fbdg+ ﬁ)) i <_e(cea5+ ﬁ))

)
_ b(fbd + B) + e(cea + B)

fbd+ g
= Z5,
()
_ BYo - fod+ 5 L
T12 = = =d = g,
—B — YoT10Y11 5 (_ Bd ) 1
fbd+ 3
Ba
By & <_cea + B)

= —f — x9y10T11 - . (_ Ba )ce — 4=

cea +
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_ Bxg+ By
Z12 =
-3 - T9Y10T11

Ba Bd
ﬁ(_cap+ﬁ)_%ﬁ(_faﬁ+ﬁ)

Ba
= ()
_ a(fod + B) + d(cea + )

fod + B

= Zg-
Next, we let m € N. Suppose that Tem+1 — T1, Yém+1 = Y1, Z6m+1 — <1,
Tem+2 = T2, Yem+2 = Y2, Zem+2 = 22, Lom+3 — L3, Yem+3 = Y3, 26m+3 = <3,

Tem+4 = T4, Yom+4 = Y4, Z6m+4 = 24y Lem+5 — L5y, Yem+5 = Y5, Z6m+5 — 25,
Tem+6 = L6, Yem+6 — Yb and Z6m+6 — 26- Then

_ BY6m-+4 _ Bya o
Tom+7 = = = X7 = T1,
—B = Yom+4T6m+5Y6m+6 —B — YaT5Ys
BTemta B By o
Yem+7 = = =Y =Y,
-8 - L6m+4Y6m+5L6m+6 —B — 24y576
_ BTemyat+ BYsmra  Bra+PBys
Z6m+T7 — = = Z7 = %1,
—B — Tem+4Y6m+5T6m+6 —B — 24y576
_ BYem+s _ Bys o
Tem+8 = = = Tg = T2,
-3 — Y6m+5L6m+6Y6m+7 -3 - YsTeY7
BTem+s _ B o
Yem+8 = = = Ys = Y2,
-3 — Lem+5Y6m+6L6m~+T7 -3 - TsYel7
Bremis + BYmis  Brs+Pys
“6m+8 = = = Z8 = Z2,
—B = Tem45Y6m-+6T6m+7 —B — w5y 7
_ BY6m-+6 _ Bye o
LTem4+9 = = = T9g = T3,
—B = Y6m+6T6m+7Y6m+8 —B — ysr7ys
BTeme B Bg o
Yem+9 = = = Y9 = Y3,
—B — Tem+6Y6m+7T6m+8 —B — x6yrxs
_ B%Temse + BYomss  BretPys
Z6m+9 — = =29 = 23,
=B — T6m+6Y6m+T7T6m+8 —B — Teyrs
_ BY6m+7 _ Byz - -
Tem+10 = = = T10 = T4,
-3 — Y6m+7L6m+8Y6m+9 -3 - Y7T3Y9
Bx6m+7 o BSL’7 o o
Yem+10 = = = Y10 = Y4,
—B — T6m+7Y6m+8T6m+9 —fB — w7YsTy
Bremir + BYmir  Brr+ PByr .
Z6m+10 = = = 210 = 24,
-3 - Tem+7Y6m+8L6m+9 -3 - T7YsTy
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- BYemas Bys o o
Tem+11 = = = T11 = Ts,
—B = Yom+8T6m+9Y6m+10 —B — YsToy10
- BTemys - Bs B B
Yem+11 = = = Y11 = Y5,
—B — T6m+8Y6m+9T6m+10 —B — 28YeT10
. BTemis + BYomas _ Brs+0ys B
Z6m+11 = = = %11 = %5,
=B — Tom+8Yom+9Tem+10  —5 — TsYoT1o
_ BY6m+o i BYo o o
Tem+12 = = = T12 = T,
—B = Yom+9T6m+10Y6m+11 —B — YoT10y11
B BTemto B By o
Yem+12 = = = Y12 = Ye,
—B = T6m+9Y6m+10T6m+11 —B — 9y10711
_ BTem+o + BYsmto ~ Pwo+PByy
Z6m+12 — = = Z12 = %6-
—B = Temt+9Y6m+10T6m+11 —B — woy10711

By the mathematical induction, this proof is completed.
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