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Abstract

In this paper we evaluate the number of monic irreducible polynomials in F,[x] of
even degree n whose first four coefficients have prescribed values. This problem
first studied in [7] and some approximate results are obtained. Our results extends

the results given in [7] in some cases.
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1. Introduction

Let r be a positive integer, p be a prime number and q = p”. Let [F, be the finite
field with g elements. We will denote the number of monic irreducible polynomials

in IF, [x] of degree n by N, (n) and the number of monic irreducible polynomials in
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Fq[x] of degree n with first [ coefficients prescribed to a,, a,,...,a; € F, by

Ny(n, a4, ay, ..., a;).

In the literature N, (n, a;) was studied by Carlitz [2] and N,(n,a,, a;) was given
by Kuzmin [8]. Cattell et al. [3] reconsidered N,(n, a,, a,), which is a special case
of Kuzmin [8]. Results for three prescribed coefficients are given by Kuzmin [8],
Cattell et al. [3], Yucas and Mullen [16] and Fitzgerald and Yucas [4] for the case
p = 2. Moisio and Ranto [13] considered some special cases for p = 2 and p = 3.
Lalin and Larocque [10] proved Kuzmin’s [8] results using elementary
combinatorial methods, together with the theory of quadratic forms over finite
fields. Ahmadi et al. [1] computed N,r(n, 0,0,0) using the number of points on
certain supersingular curves over finite fields. Granger [5] considered
N,(n,a4,ay, ...,a;) for L <7 where g =5 or g =2 and n is odd and gave an
explicit formula for [ = 3 where g = 3 and also gave an algorithm which gives
exact expressions in terms of the number of points of certain algebraic varieties

over [F,.

In this paper we obtained some result on N,(n, a;, a,, as, a,). Our results extend
the results given in [7]. We have combined some previous results with the

properties of the extended trace functions.
2. Preliminaries and Previous Results

In this section we will present some useful notations and previous results. To obtain
our desired numbers we will use the properties of the first four traces which we
denote by Try,Tr,, Try and Tr,. For any k > 1 these trace functions are the

generalizations of the usual trace function and for any a € F,n they can be

expressed as

05i1<i2 <"'<ikSTL
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For a; € Fy, E4(n, a,) denote the number of elements a € F,» such that Tr; (a) =
a, and in general E;(n, a,, a,, ..., a;) be the number of elements a € Fyn for which
Try(a) = a;, Try(a) =a,, ... , Try(a) = a;. In literature it is shown that
N, (n, a4, ay, ...,a;) is directly related with E;(n, ay, a,, ..., a;) and this relations
can be described using the Mobius inversion formula (see, for example [11]). By
using the Mobius inversion formula N,(n,aq,a,, as, a,) is given in terms of
E,(n,a4,a,,as,a,) in [7]. For completeness of the paper we present this theorem

in appendix.

u denotes the Mobius function defined as

1 ifn=1,
p(n) =(=1)* ifnis square — free and a product of k distinct primes,
0 otherwise.

E,(n,aq,a,) and E,(n, a,, a,, az) is obtained in [16] and respectively. We will use
these results in our main theorem. For this reason we will present these numbers in

the following theorems.

Teorem 1: [16] Letn > 2 be an integer and n = 2m. Then we have E,(n, a,,a,) =

22 + G,(n,ay, ay) where G,(n,ay, a,) is given in Table 1.

Table 1 Values of G,(n,a,,a,)

m(mod4)  (0,0) ©, 1) (1, 0) 1 1)
0 gm=1 m-1 0 0
1 0 0 _gm=1 gm-1
2 gm-1 gm-1 0 0
3 0 0 gm-1 _gm=1
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Teorem 2: [16] Let n>2 be an integer and n =2m. Then we have

E,(n,a;,a,, a3) =23 + G,(n,aq,a,,a3) where G,(n,a;,a,,as) is given in

Table 2.
Table 2 Values of G,(n, a4,a,,as)
m(mod12) 000 001 010 011 100 101 110 111
0 —2m —2m~2 am7ig 2m~? 2m~? 0 0 0 0
lor5 zm—z _zm—z 2?‘1‘1—2 _zm—z _zm—z _zm—z zm—l + zm—z _zm—z
2 or 10 O 2?‘1‘1—1 O _2?‘1‘1—1 2?‘1‘1—1 _2?‘1‘1—1 _2?‘]‘1—1 2?‘3‘1—1
3 2?‘1‘1—2 _2?‘1‘1—2 2?‘]‘1—2 _2?‘1‘1—2 2?‘1‘1—1 0 2?‘1‘1—1 _gm
4or8 —2m1 0 —2m1 2™ 0 0 0 0
6 zm—l + zm—z _zm—z _Em_l _ zm—I zm—z zm—l _zm—l _Em_l zm—l
7or 11 2?‘1‘1—2 _2?‘1‘1—2 2?‘1‘1—2 _2?‘1‘1—2 _gm—1 2?‘1‘1—1 + 2m _2?‘]‘1—2 _2?‘1‘1—2
9 2?‘1‘1—2 _2?‘1‘1—2 2?‘]‘1—2 _2?‘1‘1—2 _gm 2?‘1‘1—1 0 2?‘3‘1—1

3. Main Results

In this section we will present our main results that extends the results given in [7].

Throughout the rest of the paper we assume that n = 4 (mod 8). We start by a

useful lemma.

Lemma 3:

Let n =4 (mod 8).

E,(n,ay,a4 + ay,a; +az,a, +az+a, +a; +1).

Then we have E,(n,a;,a,,a;3a,) =

Proof: For any a € F,n it is enough to consider the values of Tr;(a) and

Tr;(1+ a) forall i = 1,2,3,4. By definition of the trace function we directly obtain

that Tr; (1 + a) = Try(a) since n is even. For i = 2 we have

Tr,(1 + a) = Z 1+ )%+ a)?

0<i<jsn—1

= Z 191 ¢ Z 197 + Z a?'1? 4+ Z a®' a?

0<i<jsn-1 0<i<jsn—1

0<i<jsn—1

0<i<jsn-1
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=Tr,(1) + Z 14" Z aqj+Tr2(a)

osisn-1  0sj=n-1
=Tr,(1) + (n — DTr(a) + Try(a)
=Tr(a) + Try(a)
sincen =4 (mod8) n—1 = 1(mod 2) and Tr,(1) = 0.

For i = 3 we have

Tra(1 + @) = Z 1+ )% (1 + )+ a)
O<i<j<ksn-1

= Z 1a'14’19" 4 Z 19'q@ g 4 z ad' qe’14"

0<i<j<ksn-1 0<i<j<ksn-1 0<i<j<ksn-1

+ Z 19 4" z 1919 + z 14'q4’14

0<i<j<ksn-1 0<i<j<ksn-1 0<i<j<ksn-1

+ z 1919 q4* + z a®' g g 1"

0<i<j<ksn-1 osi<j<ksn-1
i ik i jook
=Tr;(1) + z 14 z a?al + z al z 1719 + Tr3(a)
O<isn-1 0<j<ksn-1 0<isn-1 0<j<k=n-1

n—1

=Tr;(1) + (n — 2)Try(a) + ( 5

) Tri(a) + Trz(a)
= Try(a) + Tr3(a)
. n—1y _
sincen = 4 (mod 8), n — 2 = 0(mod?2), ( 5 ) =1 (mod 2) and Tr,;(1) = 0.
Similarly, for i = 4 by expanding

Tr(1+a) = Z A+ +0)71+ )1 +a)?
Osi<j<k<lsn-1

we obtained the desired result Tr, (1 + a) = Try(a) + Try(a) + Try(a) + Try(a) + 1

which completes the proof.

Combining Lemma 3 with Theorem 2 we present values of E,(n, a,, a,, as, a,) in

some cases in the following corollary.
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Corollary 4: Let n = 4 (mod8). We have

n
2n4 5 = 2 or 10 (mod 12)
E2 (n; O)O)OIO) = E2 (nl 0505051) =

2n—4 4 3.2m/2-3 = 6 (mod 12)

NS

and

n

24 — n/2-2 ~ = 20r 10 (mod 12)

2n—4 4 n/273 g = 6 (mod 12)

E2 (n) 0)1)1'0) = EZ (nl 0;1;1;1) =

Proof: From Lemma 3 we know that E, (n, 0,0,0,0) = E,(n,0,0,0,1) and
E,(n,0,1,1,0) = E,(n,0,1,1,1). Furthermore we have

E,(n,0,0,0,0) + E,(n,0,0,0,1) = E,(n,0,0,0) and
E,(n,0,1,1,0) + E;,(n,0,1,1,1) = E;(n,0,1,1)
Therefore using Theorem 3 we get

EZ (nl 01010)

EZ (n) 0)0)();0) = EZ (nl 0101011) = 2

2n—4 g = 2 or 10 (mod 12)
C2nt 4322 2= 6(mod 12)

and

EZ (n; 0;1;1)

EZ (n) 0)1)110) = EZ (nl 0I1I1I1) = 2

on—4 _ 2n/2—2

NS

= 2 o0r 10 (mod12)

2n—4 4 2n/273 = 6 (mod12)

NS

Furthermore, by combining Lemma 3 and Theorem 1 with Theorem 7 given in the

appendix we directly obtain the following result which extends Theorem 7.
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Theorem 5: Let n = 4 (mod8). Then we have

nN,(n,1,1,1,0)

B z u(d)E,(n/d,1,0,0,0) + Z u(d)E,(n/d,1,0,0,1)
din din
d=1,3 (mod8) d=5,7 (mod8)

nN,(n, 1,0,0,1)

z u(d)E,(n/d,1,0,0,1) + Z u(d)E,(n/d, 1,0,0,0)

dln dn
d=1,7 (mod8) d=3,5 (mod8)

nN,(n,1,1,1,1)

z u(d)E,(n/d,1,0,0,1) + Z u(d)E,(n/d, 1,0,0,0)

din d|n
d=1,3 (mod8) d=5,7 (mod8)

nN,(n, 1,0,0,0)

z u(d)E,(n/d,1,0,0,0) + Z u(d)E,(n/d,1,0,0,1)
din d|n
d=1,7 (mod8) d=3,5 (mod8)

nN,(n,0,0,1,0) = Z u(d)E,(n/d,0,0,1,0)
dln
d odd

AN, (n,0,0,1,1) = Z u(dE,(n/d,0,0,1,1)

dn
d odd
nN,(n, 1,1,0,0)

Z u(dE,(n/d,1,1,0,0) + Z u(d)E,(n/d,1,1,0,1)

din d|n
d=1,7 (mod8) d=3,5 (mod8)

nN,(n,1,0,1,1)
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z u(dE,(n/d,1,1,0,0) + z u(d)E,(n/d,1,1,0,1)
dln din
d=1,3 (mod8) d=5,7 (mod8)

nN,(n,1,1,0,1)

z u(dE,(n/d,1,1,0,1) + z u(d)E,(n/d, 1,1,0,0)
dln dn
d=1,7 (mod8) d=3,5 (mod8)

nN,(n, 1,0,1,0)

z u(dE,(n/d,1,1,0,1) + Z u(d)E,(n/d, 1,1,0,0)
dln dn
d=1,3 (mod8) d=5,7 (mod8)

nN,(n,0,1,1,1) = nN,(n, 0,1,1,0) = Z u(dE,(n/d,0,1,1,1)
din
d odd
nN,(n, 0,0,0,0) = nN,(n, 0,0,0,1)
n
= ) W @DE,(n/d,0000)— ) u(d)ze?

din din
dodd dodd

nN,(n, 0,1,0,0)

/ > HDEM/d,0100~ ) udE(n/2d,10) \
dln dn
| d= 1(m0d4) d=1 (mod4) I
| + u(d)E,(n/d,0,1,0,1) — Z u(dE,(n/2d,1,1) |
\ d|n din /
d=3 (mod4) d=3 (mod4)
nN,(n,0,1,0,1)
[ Y u@Em/d,010D- Y w@dEn/2d, 1) \
i din din |
_ ] a=1 (mod4) d=1 (mod4) I
s u(dE,(n/d,0,1,0,0) — Z W(d)E,(n/2d,1,0) |
\ d|n d|n /
d=3 (mod4) d=3 (mod4)

277
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In Theorem 5 we see that the values of N, (n, a;, a,, as, a,) are directly related with
the values of E,(n,a,,a,,as,a,) and E,(n/d,a,,a,,as,a,) Where d is an odd
divisor of n. In this paper we are only dealing with n‘s of the form n = 8k + 4,

therefore we need the following useful result.

Proposition 6: Let n be a positive integer satisfying n = 4 (mod 8) and d be a
positive odd divisor of n. Then we have n/d = 4 (mod 8).

Proof: Assume thatn = 8k + 4 = 4(2k + 1) for some positive integer k. Then we
have n/d = 4t where t = (2k + 1)/d isan odd integer. Therefore, we have n/d =
4t = 4 (mod 8).

4. Values Of NZ (n, aq,a as, a4)

In this section using Corollary 4, Theorem 5 and Proposition 6 we will present the
values of N, (n, a,, a,, as, a,) depending on the coefficients (a4, a,, as, a,) and the
prime decomposition of n. In some cases we obtained the exact values of

N,(n, ay,a,,as,a,).

Assume that n = 4. In this case we know that the only monic irreducible
polynomials are x* + x + 1, x* + x3 + 1 and x* + x3 + x2 + x + 1; therefore we
have N,(n,0,0,1,1) = N,(n,1,0,0,1) = N,(n,1,1,1,1) = 1. Furthermore we have
E,(4,0,0,1,1) = E,(4,1,0,0,1) = E,(4,1,1,1,1) = 4, E,(4,0,1,0,1) = 2,
E,(4,0,0,0,0) = E,(4,0,0,0,1) =1 and E,(4,a,,a,,a;,a,) =0 in all other 10

Cases.

Now assume that n = 4p* for some odd prime p and positive integer k . In this
case note that the only positive odd divisors of n are p* where 0 < i < k. But note

that by definition (1) = 1, u(p) = —1 and u( p*) = 0 for i € {2, ..., k}.

In the following four cases we have the exact values of N,(n, a4, a,, as, a,)
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1
Np(n,0,1,1,1) = Ny (n,0,1,1,0) = ~(E;(,0,1,1,1) = E;(n/p, 0,1,1,1))

1(211—4_211/2—2 _ 2n/p—4+2n/(2p)—2) lf p # 3
n

l(zn—tl + 2n/2—3 —on/p—4 _ 2n/(2p)—3) if p = 3
n

and
N2 (n) O)O)O'O) = NZ (nl 0;0;0;1)

1
= (E,(n,0,0,0,0) — E,(n/p,0,0,0,0) — 27/272 4 2n/(2)=2)

l(zn—zt _ 2n/p—4 _ 2n/2—2 + 2"/(217)—2) lfp #+3
n

n
l(zn-4 +3.2n/273 _op " _3.n/@p)=3 _ pn/2-2 2"/(2p)‘2) ifp=3
n

Now assume that n = 4p,*1p,*2 for some odd primes p,,p, (W.L.O.G assume
that p; < p,) and positive integers k,, k, . In this case note that the only positive
odd divisors of n are p,%,p,’ and p;'p,’ where 0 <i <k, and 0 <j < k,. But
note that by definition (1) = 1, u(py) = u(py) = 1, u(pap) = 1, u(ps?) =
u(pl)=0 for  i€{2,...k}, je{2, ...k} , u(pip,f)=0 for i€
{12,....k}, je{2,.., k) and  p(pip/)=0 for i€{2,...k} jE
{1,2, ..., k,}.

In the following four cases we have the exact values of N,(n, a;, a,, as, a,)

N,(n,0,1,1,1) = N,(n,0,1,1,0)

1 n n
=—|E,(n,0,1,1,1) — E, (—, 0,1,1,1) -E, <—, 0,1,1,1)
n P1 P2

n
+E2< ,0,1,1,1) =
DP1D2

1 n, n_
_(271—4 + on/2-3 _ opg + on/(2p1)-2 _ 2p,

n
*_ on/@2p2)-3 4 pipyt — 2"/(21’711’72)—2) if p,=3andk, =1

—
S

l(zn—zl + 2n/2—3 _ 27%_4 _ 2n/(2p1)—3 _ 2%_4
n

1
n

n
_ /)3 4 omE 4 2"/(21’711’72)—3) if py=3andk, > 1

n n n
(2"'4—2"/2_2 — 2p1 tyon/@pD-2 _ op,t y on/@p)-2 2W_4—2"/(2p1?’2)‘2) ifp,#3
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and
N,(n,0,0,0,0) = N,(n,0,0,0,1)

n n n
1{ E,(n,0,0,0,0) — E, (—, 0,0,0,0) —E, (—, 0,0,0,0) +E, (— 0,0,0,0)
== D1 D2 D1D2

n _271/2—2 + 271/(2171)—2 + 271/(2172)—2 — 271/(2171172)—2

n n
1 (2n—4 +3-20/273 _2pr *_2pp "

n
—3.2"/2p273 4 2P1P2_4)
n

—2n/2=2 4 on/(2p1)-2 4 7n/(2p2)-2 _ pn/(2p1p2)—2 ifp,=3andk; =1
— 1 ( on-4 4 3.pn/2-3 _ 2;_1_4 —3.2n/@p)-3 _ 2%_4 — 3.2n/2p2-3 ) if pp =3and k; > 1
- n
N\ 42mp: * + 3.20/2p1p2-3 _ pn/2-2 4 on/(2p)-2 4 pn/(2p;)-2 _ pn/(2p1p2)-2

1 on—4 _ n/p1—4 _ pn/p2—4 | pn/p1p2—4
E (_2n/2—2 T on/(2p1)-2 + on/(2p2)-2 _ 271/(21?1172)—2)

if pp #3

For the general case assume that n = 4p,*1p,*2...p.*%s where p;,p,, ..., ps are
relatively prime odd primes and k4, k,, ..., kg are positive integers. Then by the
above argument using Corollary 4 and Theorem 5 we can easily evalute the values
of N,(n, 0,0,0,0) (= N,(n,0,0,0,1)) and N,(n,0,1,1,1) (= N,(n,0,1,1,0)).

For the other 12 cases as we don’t know the values of E,(n, a;, a,, as, a,) we can
use the same approximation argument given in [7]. Note that using Theorem 5 one

can observe some further equalities depending on the prime factorization of n.

As an example we evaluate the values of N, (20, a,, a,, as, a,) and presented them
in Table 3. The bold entries in Table 3 are the exact values of N,(20, a;, a,,as,a,)

that are obtained using our results.
Table 3 Values of N,(20,a4,a,,as,a,)

a;,a,,a5,a, Koma’sestimate Ourestimate ExactValue

0,0,0,0 3264 3264 3264
0,0,0,1 3264 3264 3264
0,0,1,0 3276.75 3276.75 3264
0,0,1,1 3276.75 3276.75 3315
0,1,0,0 3264.75 3264.75 3280
0,101 3263.25 3263.25 3248
0,110 3276.75 3264 3264
0,111 3276.75 3264 3264
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1,0,0,0 3276.75 3276.75 3275
1,0,0,1 3276.75 3276.75 3304
1,0,1,0 3276.75 3276.75 3264
1,0,1,1 3276.75 3276.75 3264
1,1,0,0 3276.75 3276.75 3264
1,1,0,1 3276.75 3276.75 3264
1,1,1,0 3276.75 3276.75 3275
1,1,1,1 3276.75 3276.75 3304
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Appendix

Theorem 7 [7] Let n be even. Then we have

N2 (n) 1)1)1l0)
[ ) WOBG/AILL0+ D w@EM/41000)
| din dn I
— 1 | d=1(mod8) d=3 (mod8) |
n| Z u(E,(n/d, 1,1,1,1) + Z W(@d)E,(n/d,1,0,0.1) |
dln din /
d=5 (mod8) d=7 (mod8)
NZ (n) 110'()'1)
[ ) MORG/AL00D+ D p@E/d1110)
i din dn I
— l | d=1(mods) d=3(mod8) I
nl z w(d)Ey(n/d,1,0,0,0) + Z W@ E,(n/d, 11,1,1) |
dln din /
d=5(mod8) d=7 (mod8)
NZ (n) 1)1I1I1)
/ > H@EM/A LD+ ) u(@Eyn/d,1,00,1) \
d|n dn
_ l | d=1(mods) d=3 (mod8) I
nl Z w(d)E,(n/d, 1,1,1,0) + Z W@ Ey(n/d, 1,0,0,0) |
\ dln din /
d=5 (mod8) d=7 (mod8)
NZ (n) 1)01010)
/ > H@E®/A, 1000+ ) udEym/d,1111) \
i din dn I
_ l | d=1(mods) d=3 (mod8) i
n|l 4 Z w(d)E,(n/d, 1,0,0,1) + Z w(d)Ey(n/d, 1,1,1,0)
dln dn
d=5 (mod8) d=7 (mod8)
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1
N,(n,0,0,1,0) = E( w(d)E,(n/d,0,0,1,0)
T
d odd
1
N,(n,001,1) = Z u(d)E,(n/d,0,0,1,1)
am
d odd
N2 (n) 1)1)()'0)
Y u@E,m/d,11,00)
din
d=1 (mod8)
L1+ Y H@EG/41010+ Y u(@E®/d, 1101
_E dln d|n
d=3 (mod8) d=5(mod8)
+ Z u(d)E,(n/d,1,0,1,1)
din
d=7 (mod8)
NZ (n) 1)();1;1)
/ > DB/ Y a@E®/d,11,00) \
i din dn I
1| d=1 (mod8) d=3 (mod8) I
“nl Z u(dE,(n/d,1,0,1,0) + Z W()E,(n/d,1,1,0,1) |
\ din din /
d=5 (mod8) d=7 (mod8)
NZ (n) 1)11011)
/ > H@E®/A, 1100+ ) udEym/d,1,011) \
| din dn I
1| da= 1(m0d8) d=3 (mod8) I
“nl u(d)E,(n/d,1,1,0,0) + Z W(dE,(n/d, 1,0,1,0) |
\ d|n din /
d=5 (mod8) d=7 (mod8)
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N,(n,1,0,1,0)
[ ) MOB@/AL010+ ) W@EE/4110D
11 djn dn I
— | d=1 (mod8) d=3 (mod8) |
n| z u(d)E,(n/d,1,0,1,1) + Z W(d)E,(n/d, 1,1,0,0) |
\ dln din /
d=5 (mod8) d=7 (mod8)

/ u(d)E,(n/d,0,1,1,1)
din

11
Nz(n 0111)_n| a= 1(mod4)

d|n
=3 (mod4)

u(d)E,(n/d,0,1,1,0)

din
d=1 (m0d4)

3|>—‘

NZ (n) Olllllo) =

din
=3 (mod4)

\=
u(d)E;(n/d, 0,1,1,0)/I
\=
)

u(d)E,(n/d,0,0,0,0)

din

N,(n,0,0,0,0) = d "dd

d|n,n/d even
dodd

u(d)E,(n/d,0,0,0,1)

L.
B
5 wamnonsy
[ £
ik
[

din

N, (n, 0001)_— d odd

\.
u(d)E,(n/2d, 0,0)/I
\.
|
J

\ > R@E®/2d,0,1)

d|n,n/d even
dodd
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NZ (n; 0;1;0'0)
/ Y H@DEM/d,0100- ) w@dE®n/2d,10) \
| din d|n,n/d even |
=l| d=1 (mod4) d=1 (mod4) I
nl Z u(d)E,(n/d,0,1,0,1) — Z W(d)E,(n/2d,1,1) |
\ din d|n,n/d even /
d=3 (mod4) d=3 (mod4)
N2 (n) 0)1)0'1)
H(d)Ez(n/d, 0111011)
din
d=1 (mod4)
1= Y W@EG/24D+ Y uEyn/d,010,0)
= E d|n,n/d even din
d=1 (mod4) d=3 (mod4)
= D u@E(n/2d,10)

d|n,n/d even
d=3 (mod4)



