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Abstract
New inequalities involving the n-th derivative of the incomplete zeta
function are presented.
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1 Introduction

For any 0 < a < b and s > 1, the incomplete zeta function &,; (see [1]) is

defined by
buslo) = oy [ e
T T) ), -1

where I' is the gamma function.
Now, for any 0 < a < b, we define h,(x) = ['(x)&, () for all z > 1. Then,

for any 0 < a < b,
b t:c—l
he = dt
»(@) /a —
for all x > 1.
We note on the n-th derivative of h,; that, for any 0 < a < b,

b 1 tnt:c—l
) = [ R

for all x > 1.
In this paper, new inequalities involving the n-th derivative of the incom-
plete zeta function are presented.
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2 Results
Theorem 2.1. Let 0 < a < b andy > 0 and let n be a positive odd integer.
Then
By (@ +y) = by (@) (1)
for all x > 1.

Proof. For any = > 1,

. . " (log, )"t " (log, )"t
he) (@ +y) = hi) () :/ fdt—/ o] @

_ /b (lOge t)n (tm—l—y—l o ty—l) dt

b n—1
log t
_ ( Oegte_)]_ (log, t) (tx-i-y—l . ty—l) dt

This implies the inequality (1). O

Corollary 2.2. Let n be a positive odd integer and 0 < a < b. Then hgng is
non-decreasing.

Proof. Let z > x > 1. Then z = x + y for some y > 0.
By Theorem 2.1, we have

) () < B (@ +y) = hT) (2).

Hence, hflng is non-decreasing. O

Corollary 2.3. Let 0 < a <b. Assume that 1 < x < z. Then
[(2)€,(2) = &ap(@)T(2) = T(2)&, () — &ap ()T (2).

Proof. By Corollary 2.2, we have hy, ,(x) < h;, (). Then
D)€ () + Eap(@)I () < T(2)€0,5(2) + Lap(2)I7(2).

Then
D(2)&5(7) — Cap()I(2) < D(2)€54(2) — Eap(2)I(2).
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Theorem 2.4. Let 0 < a < b and x1,x9,...,x, > 1 and let ki, ko, ...

non-negative even integers and let k = k;. Then

n z; n n o
(1 (552)) <o
i=1 =1

Proof. By the assumption,

e dt
b hypyn |
(log, t)"t2i=1 "
_ / R

_ /b (log, #) Xt KigXin 57
- (et = 1)1/m)"

/ Hz 1 1Oge Hzn 1t i; dt

((et — 1)1/n)"
loge thzlnl
/ H et _ 1)1/n @
l t nklt:cz—l 1/n

By the generalized Holder inequality,

n b nk; 4x;—1 1/n
11 (log, t)""it™
= (/a et —1 at

This implies the inequality (2).

11

, Kk, be

(2)
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Corollary 2.5. Let0 < a < bandx > 1 and let ky, ks, ..., k, be non-negative
even integers and let k =Y k;. Then

(15 )" < T

Proof. This follows from Theorem 2.4 in case 1 = x5 =

|
8
3
O

Theorem 2.6. Let 1 < a < b and x1,x9,...,x, > 1 and let ki, ko, ..., k, be
non-negative integers and let k = > k;. Then

n z; n n o
(13552 =T o
i=1 i=1

Proof. This proof is similar to the proof of Theorem 2.4. O

Corollary 2.7. Let1 < a < bandx > 1 and let ky, ks, ..., k, be non-negative
integers and let k ="  k;. Then

()" < Tk o)

Proof. This follows from Theorem 2.6 in case x1 = x5 =

| /\

I
8
3
O
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