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Abstract

Let F be a distribution inD’ and let f be a locally summable function. The
composition F(f(x))) of F and f is said to exist and be equal the distribution
h(z) if the neutriz limit of the sequence {F,(f(x))} is equal to h(x), where
F.(z) = F(z) % 0p(z) forn = 1,2,..., and {6,(x)} is a certain sequence
of infinitely differentiable functions converging to the Dirac delta-function
§(x). The function coshy'(z + 1) is defined by

coshi!(z 4+ 1) = H(x)cosh™*(|z| + 1),

where H(x) denotes Heaviside’s function. It is proved that the neutriz com-
position 6)[coshi!(z + 1)]" exists and

rs+r—2 k J s+k—j .
i . - (-1) TV (kN (7
§coshi @z + )" = Y 227@” i)
k=0 j=0i=0
[( =20+ 1)rstr=t — (j — 2 = )1 g
x (rs+r—1)! @),

forr,s=1,2,.....
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1 Introduction

In the following, let D be the space of infinitely differentiable functions ¢ with
compact support and let Dla, b] be the space of infinitely differentiable functions
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with support contained in the interval [a,b]. let D’ be the space of distributions
defined on D and let D’[a, b] be the space of distributions defined on Dla, b].
Now let p(x) be a function in D satisfying the following properties:
(i) p(x) =0 for |z| > 1,
(i) plz) >0,
(iif) - p(x) = p(==),
1
(iv) / p(x)de = 1.
-1
By putting d,,(x) = np(nz) for n = 1,2, ..., we have {d,(z)} is a regular sequence
of infinitely differentiable functions converging to the Dirac delta-function §(z).
Further, if F' is a distribution in D’ and F,,(z) = F(x) * 0,(z) = (F(z — t), ¢(x)),
then {F),(x)} is a regular sequence of infinitely differentiable functions converging
to F(x).
Now let f(z) be an infinitely differentiable function having a single simple root
at the point z = 2. Gel’fand and Shilov defined the distribution 6 (f(x)) by the
equation

50 (fla)) = — [ L _d

= Flao)] [P @) %] oz — ao),

forr=0,1,2,..., see [9].

The following definition [2] is a generalization of Gel’fand and Shilov’s definition
of the composition involving the delta function [9].

Definition 1.1 Let F be a distribution in D' and let f be a locally summable
function. We say that the neutriz composition F(f(x)) exists and is equal to h on
the open interval (a,b) if

o0

N—tim [ Fu(7(@)p()dr = (h(z), p(a)
for all ¢ in Dla,b], where F,(x) = F(x) * §,(x) for n = 1,2,... and N is the
neutriz, see [1], having domain N’ the positive integers and range N” the real
numbers, with negligible functions which are finite linear sums of the functions

)\1 r—1

n*In"" " n,In"n: A>0,r=1,2,...

and all functions which converge to zero in the normal sense as n tends to infinity.
In particular, we say that the composition F(f(x)) exists and is equal to h on
the open interval (a,b) if

[e.e]

lim [ F(f(2)p(x)de = (h(z), o(x))

n—oo [_ o

for all ¢ in Dla,b].
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Note that taking the neutriz limit of a function f(n), is equivalent to taking
the usual limit of Hadamard’s finite part of f(n). If f, g are two distributions
then in the ordinary sense the composition f(g) does not necessary exist. Thus the
deifintion of the neutriz composition of distributions was originally given in [2] but
was then simply called the composition of distributions.

The following theorems were proved in [3], [4], [7], and [8] respectively.

Theorem 1.2 The neutriz composition 5 (sgn z|z|*) exists and
6@ (sgnz|z|) =0
fors=0,1,2,... and (s+ 1)A=1,3,... and

(—1)(+DO+) g

((s+1)A-1)
NCES IR (z)

0 (sgn zz|*) =

fors=0,1,2,... and (s+ )X =2,4,....

Theorem 1.3 The compositions 62~V (sgn z|x|'/*) and 6~V (|2|*/*) exist and

|
s sgaa) = L,

0D (|af?) = (~1°0(x)

fors=1,2,....

Theorem 1.4 The neutriz composition §®[(sinh™" x,)'/"] exists and

M-1 k ;
Sy 1 . E\ (=1 rc, i
D S M e

k=0 =0
fors=0,1,2,...andr =1,2,..., where M is the smallest positive integer greater
than (s —r*+1)/r and
k—2i+1)P k—2i—1)P|(—1)%s! — 1
[(k —2i+1)P + (k — 20 — 1)*|( )8’p:8 r+lay
Cs ki = 2p! r

0, otherwise.
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Theorem 1.5 The neutriz composition 6 [(sinh™" 2,)"] exists and

rs—r—1 k
s Tcskz
Ol e = 305 (7)o
fors=0,1,2,... andr =1,2,..., where

(—1)88'[<I€ — 9% + 1)rs—r+1 + (k — 92— 1)7“8+7“—1]
2(rs+r—1)!

Cs.ki =

The following two theorems were proved in [6]

Theorem 1.6 The neutriz composition 6"+ Dlcosh ' (z + 1)]V" exists and

S—

L k7 rs+7" j—1 k :
(rs+r—1) r _ r J
o J[cosh!(z + 1)] Z —23+2 <]> (z)
k=0 j=0 =
G -2+ - —22—1) J(rs +1r —1)!

forr,s=1,2,....

Theorem 1.7 The neutriz composition 6"+ ~D]cosh; ' (z + 1)¥/"] exists and

st Vcosh ! (z + 1)) =
s—1r i J 1)rs+rk+k j,r ’f’k’ +r— 1 ]
prs 27+2 ] )

y [(] — 2+ l)rs+r—1 _ (] — 9 — 1)7‘3—1—7‘—1]
k!

k=0

0" (x),

forr,s=1,2,....

2 Main Results

In the following we define the functions cosh;'(z + 1) and cosh”"(|z| + 1) by
cosh'(z + 1) = H(z) cosh™(|z| + 1), coshZ'(z + 1) = H(—x) cosh™"(|z| + 1).
It follows that

cosh™(|z| + 1) = cosh}'(z + 1) + cosh='(|z] + 1).

Now we need the following lemma, which can be proved by induction:
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Lemma 2.1

and

fors=0,1,2,....

Now we prove the following theorem:

Theorem 2.2 The neutriz composition 6 [cosh?' (z + 1)]" ezists and

~ rs+r—2 k i S-HS' j
6@ Jcosh ! (z + 1)) Z ZZ Y () (z)

y [(,] — 92 + 1)rs+r _ (] — 92 — 1)7’5+7’ 1]

(rs+mr—1)! 5(k)(x)’ (1)

forr,s=1,2,....

Proof. It is clear that §()[cosh"(z + 1)]" = 0 on any interval not containing the
origin and so we only need prove equation (1) on the interval [—1,1]. To do this,
we first of all have to evaluate

1 1
/ 2" [cosh M (v + 1)) dz = / 2*6 [cosh ™ (z 4 1)]" dx
-1 0
0
+/ 2%69(0) dx
-1
1
= nSH/ 2*p [n(cosh™ (z 4+ 1)]" dx
0

0
—I—nSH/ kp(s) (0) dr

-1

= L+ L. 2)

It is obvious that
N—-lim/l, =0 (3)

n—oo

Using the substitution ¢ = n[cosh™(z 4+ 1)]" or

z = cosh(t/n)/" — 1,
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we have

ns—l—l—l/r

1
L = / tl;rr[cosh(t/n)l/r — 1] sinh(t/n)Y"p')(t) dt

r 0

n8+1 1/T - ]f 1 1—1r -
= Z(—l)k_]< )/ t cosh? (t/n)Y/" sinh(t/n)Y"p®) (t) dt
r J/ Jo
=0

j_
s+1-1/r _k k—j 1
_ n + / Z (_1> J ]{j 177‘( (t/n)l/r + e_(t/n)l/r)j
r 2o\
J:

(et _ —(t/n)l/r) (1) dt
nsti- 1/r

s SO0 [

X( (—2i+1)(t/m)/" j —2i— 1)(t/n)1/r)p(s)(t) dt

and it follows that

ko J k—j ; ; ; rs+r—1 ; ; rs+r—1
, (=) (k\ (7\ (j—2i+1) —(j—2i—-1)
N—-lim/Il; = :
o ;ZZ r29t \j ) \i (rs+r—1)!

n—oo —0
1
X / t5p) (t) dt
0

LRS00

7=0 =0
y [(] — 2+ l)rs+r—1 _ (] — 2% — 1)rs+r—1]
(rs+r—1)! '

(4)

and it now follows from equations (2), (3) and (4) that

1 ko J _1\st+k—7jcl k ;
BRT k 5(s) -1 1/r _ (=1) S: J
Nn_>1010m » 26, [cosh " (x + 1)]/"dr = ;; i)
Lo rs+r—1 _ (s o7 _ 1\rs+r—1
% [(j —2i+1) (j—2i—1) ]’ (5)
(rs+r—1)!
fork=1,2,....
Next, when k = rs 4+ r — 1, we note that
[cosh(t/n)/" — 1]+~ Lsinh(t/n)Y" = O(n=*72+1/")
and it follows that
ns—i—l—l/r 1 .
L] < . / [t [cosh(t/n)Y" — 1)*sinh(t/n)"" p®) (t)| dt
0

= O(n™).
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Hence, if ¥(z) is an arbitrary continuous function, then
1

lim 2"t cosh ™ (2 + 1)) (z) da = 0, (6)
n—oo 0
fors=1,2,....
Further,
0 0
/ xrs+r—15£s) (O)iﬂ(l‘) dr = ns—i—l/ xrs—l—r—lp(s) (O)iﬂ(l‘) dr
-1 -1
and it follows that
0
N—lim [ 2" (0)y(x) dx = 0. (7)
n—oo 1

Now let ¢(z) be an arbitrary function in D[—1,1]. By Taylor’'s Theorem we

have
rs4r—2 k rs+r—1

T rST+r—
= 2 O e

where 0 < £ < 1. Then
1
N—lim(6{"[cosh;*(z + 1)]", p(z)) = N-lim 6 [cosh;!(z + 1)]"p(x) d

n

n—00 n—00 1
rs4+r—2 (k) 0 1
= N—lim Z A )/ 2%6) [cosh™ (z 4+ 1)]" da
1 xrs-i—r—l ®) L ( N
: s — r, (rs+r—
0 l.rs—l—r—l ( (rstr—1)
N—1Ii ——— 0% (0)p\"T d
i el L(rs+r—=1)1" (0) (§z) du

rs+r—2 k 7 s+k jS' k‘ ]
-2 i )0
y [(] — 2+ 1)rs+r—1 _ (] — 9 — l)rs+r—1]
(rs+nr—1)!

on using equations (5), (6) and (7). This completes the proof of the theorem.

¢ (0)

Replacing x by —z in Theorem7, we get

Corollary 2.3 The neutriz composition 6 [cosh™(|z| + 1)]" exists and

rs+r—2 k J S+k+]8' ]{j j
6 [cosh=! (|| + 1)]" Z ZZ 20+ (J) (@)

= 7=0 =0
X[(j_2i+1)rs+r 1_(.]_21_1>r8+r 1]

(rs+r—1)! o (), (8)

forr,s=1,2,....
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Corollary 2.4 The neutriz composition 6 [cosh™ (|z| + 1)]" exists and

for

rs+r—2 k J S+J —1 kS! k ]
69 [cosh™ (|2 + 1))" = Y ZZ 7’23+2 . <]) <Z>

k=0 j=0 =0
y [(] — 2+ 1)rs+r—1 _ (] — 9 — 1)rs+r—1]
(rs+r—1)!

0 (), (9)

r,s=1,2,....

Proof. Equation follows immediately on noting that

6[cosh™ (=] + 1)]" = §@[cosh*(z + 1)]"
+6®[cosh=! (|| + 1)]".
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