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On the Dynamics of Healthy Individuals in an ACL Model
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Abstract

In this research we deal with the dynamics, both analytical and
numerical, of a model of American Cutaneous Leishmaniasis (ACL)
involving population of humans, donkeys and vectors for different values
of parameters considering healthy individuals. Some results on stability,
periodic orbits and bifurcations are shown.
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1 Introduction

Leishmaniasis is a parasitic disease caused by some 20 different species of
protozoa of the genus, Leishmania Ross, (1903). It is transmitted to humans
by the bite of insects of the genus Phlebotomus family Psychodidae (Europe,
Middle East, Asia and Africa) and of the genus Lutzomyia (America). In na-
ture this condition is maintained for at least a hundred species of mammals
that act as potential parasite reservoirs.

American cutaneous leishmaniasis (ACL) is a disease caused by Leishmania
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parasites and transmitted by female sandflies (vector) reservoirs. This is the
reason why a reservoir host is considered to be the main factor in changing
the dynamics of the disease. Mathematical models of general dynamical sys-
tems have proven to be essential for the local and global study of numerous
phenomena not only in biology but also in other areas. The ACL model has
not been thoroughly studied from the mathematical point of view, compared
to other diseases such as malaria ([1]).

Study of ACL model as a discrete four-dimensional dynamic system has been
performed in [2]. In [3] threshold conditions for the establishment of the disease
is calculated as part of a continuous system in three dimensions that includes
stability study of the equilibria. In [4] ACL continuous models three and four
dimensional were studied, it was also explored the existence of periodic solu-
tions, the connection by orbits between equilibria, and other special solutions.
They also allowed to some parameters vary and new solutions were calculated.
The stability of such solutions are studied as well.

We have taken as a reference system the model studied in [4] and consider that
the total population is the sum of the healthy population and the infected

population, we obtain a new system, which represents the dynamics of the
healthy population. Our research is concerned with this new system. Condi-
tions for the stability of the system are established and show that no periodic
orbits exist. Finally, we implement some numerical simulations in order to
show the behavior of the system.

2 The Model and Equilibria

We denote the populations of infected humans, donkeys and vectors as
H = H(t), R = R(t), V = V(t) respectively and the populations of healthy
humans, donkeys and vectors as H,, = H,(t), R, = R,(t), V,, = V,.(t) respec-
tively. The parameters of the model (all positive) are Sy and g represent the
rate of infection per individual in vector-human and vector-donkey encounters
respectively; vy, Yr represent the rate of mortality of vectors per unit time of
infected humans, and donkeys respectively and p represent the rate of mor-
tality of vectors per unit time. R(t) selected as the only reservoir. The initial
model given in [4] is,

H =puV(A—H)—gH
R=prV(B - R) —7rR (1)
V — BaR(C — V) — uV.

From (1), and taking into account that

H+H,=A = H=A-H, = H=-H,
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R+R,=B = R=B-R, = R=-R,
V+V,=C = V=C-V, = V=-V,.
We get that the system for the healthy individuals is given as

Vn = [ﬁR(Rn - B) - ,U]Vn + ,UC,

which is the one under our scrutiny in this research. Notice that system (2)
does not have a critical point at the origin. Even more, no critical point are
located on the axes either and because H,, R, and V,, represent populations
must be considered all positive.

In the study of critical points, we set

Vi A YR B m C
Vn—C:—<1——>, Vn—C:—<1——>, Rn—B:—<1——>
BH Hn ﬁ Rn

from where

_ (2BBryr + e+ BCBE) £ V(i — BCB3)?
" 2Br(vr + CBR) '

Note that, the discriminant of R,, allows us to find conditions that guarantee
the existence of one or two critical points. We look at both cases,

(a) If ypu — BCB% = 0, there is a unique critical point if and only if,

TRH
R 3
Br BC (3)
This value is a bifurcation value as we shall see in shortly. The only
critical point is P* = (HY, Ry, V') = (A, B,C), which is a trivial case

since it represents the absence of disease and with no disease we have no
dynamics to study at all.

(b) If ypu — BC % # 0, there are two critical points if and only if,

YRH
1 _ (1) (1) (DY _ ABRYH (B+BBR) YR(BBRr+r) n(YRr+CBR)
They are given by, P = (#, s, vV = (u(BmH—BmRHBgBmeHm’ ST BR(BBRW))

and P, = (H,Sz),R£L2),VTf2)) = (4, B,C). Obviously P., corresponds to
item (a).
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In order to assure that all coordinates of P., are positive, we must have,

B(vu + BuC)B + pyuBr — 1Buvr > 0. (5)
But the left hand side of (5) is a concave upward parabola, whose cut with the
y-axis is,
y = —uBuvr

and cut with the z-axis given as

g _ ve + \/ (nvm)? + ABuBuyr(va + BuC))
. 2B(yu + BuC)

o )+ ABpBuyr(vm + BuC) — pm
f 2B(vu + BuC) '

We become aware that Sz > 0 is equivalent to Sr € (ﬁ,(?, oo).

3 Dynamics

This section is started off by giving a formula for the characteristic polynomial
associated to (2); the corresponding jacobian matrix at any point is

B (Vo —C) —vu 0 BuH,
J(HnaRnavn) - 0 ﬁR (Vn—C) — YR ﬁRRn
0 BrVy Br(Ry— B) —p

and at a general critical point (H}, R, V¥)

n:'n

P(A) = XN —=[(V;=C)Bu + Br) + BrRyy, — BrB — 11— vu — vr]A* — {(1+ BrB — BrR;)
x[(Vi = C)(Br + Bu) — (vu + vr)] + BaR.Viy + (Vi = C)(vrBu + Bryn) — Brbu
(Vi 4+ C)? = ygya X + (n+ BrB — BrR;,) [BrBu(V, + C)? = (V= C)(vrbu
+BrYH) + vryvH] + BrEV, [BrBu(V,y — C) — BrYH]-

It is easy to see that Ay = —[By(C — V) + vu] is a (negative) eigenvalue of
this characteristic polynomial, hence

P(A) = (A= A)Pa(A)
where,

Py(\) = X + [Br(C = R}) + Br(B = V;¥) 4+ vr + p]A + BR[B(C = V,¥) = R;C]
+Br[Vr(B — R;) + u(C = V)] + vrit
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To determine the sign of the roots of P, we use the Routh-Hurwitz’s criteria

([51,16]),

a1 = PBr(C — Ry) + Br(B—=V;) +7r+ 1

a3 = BAB(C = V;?) = RyC) + Brln(B - Ry) + p(C — V)] + s
Al = a3

Ag = a2A1.

Now a; > 0 and ay > 0, by means of Routh-Hurwitz criterium, if
B(C-V)—R:C>0 (6)

stability of (2) is guaranteed.

When (3) is satisfied we can guarantee the existence of P* = (H} R*, V")
only critical point, which is not stable. If the condition (3) is not satisfied,
two critical points P, = (H}LD,RS),V#U and P, = (H}LQ),RQ),V?L@)) are
obtained. The critical point P, is not stable while the critical point F,, will
be stable if it satisfies the following condition,

B*C*B3 + C*u(B — 1)B% — [BCuyr + 2Cuyr)Br — pvr(vr + C) > 0. (7)

The inequality given in (7) is the condition that guarantees the stability of the
second critical point. In order to perform the study of periodic orbits of the
system (2), we consider the following subsystem,

{ Rn = [Br(V — C) — yr] Ry + 7r B (8)
Vo = [ﬁR(Rn - B) - ,U]Vn + ,UC.

Define the functions f(R,, V) and g(R,,V,,) as

f(Rm Vn) = ([5R(Vn - C) - 'VR]Rn +YrB, [ﬁR(Rn - B) - :U]Vn + :UC)
g(R,, V) = 1.

So,
V(gf) = —=[Br(C = Vi) +vr + Br(B — Rn) + pl.

Hence V(gf) < 0 and, by Dulac’s criteria ([7]), the subsystem (8) does not
have periodic orbits.

Proposition 3.1 The system (2) does not have periodic orbits.

Proof. Suppose that system (2) has a periodic orbit given by r(t) = (H,(t), R.(t), Vi(t))
with ¢ € [0, 7], where T is the period, that is, r(0) = r(T).

Consider b(t) = (R,(t),V,(t)), so b(0) = b(T"). This implies that the subsys-

tem (8) has periodic orbits which is contradictory, therefore (2) does not have

periodic orbits.
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4 Bifurcations

In this section, we are going to study the possible bifurcations of system (2)
by means of Sotomayor’s theorem ([7]). In order to do so we give a definition
and the mentioned theorem.

Definition 4.1 ([7]). For E an open subset of R", the second order deriva-
tives of a function f : E — R"™ and xqg € R", is defined as the function
D*f(xg) : E x E — R" and for (z,y) € E x E we have

0% f(m)
D?f(xo)(,y) = R
’ j1;2:1 aleaxjé
where v = (zla Ty xn)T and Y= (y1> Ty yn)T

Theorem 4.2 ([7]). Let f : E x J — R", E is an open set in R" and
J C R is an interval. Suppose that f(xg,v9) = 0 and that the n xn matrix A =
Df(zo, 1) has a simple eigenvalue A = 0 with eigenvector v and that AT has
an eigenvector w corresponding to the eigenvalue A = 0. Furthermore, suppose
that A has k eigenvalues with negative real part and (n — k — 1) eigenvalues
with positive real part and that the following conditions satisfied

wl f,(zo, ) =0, wT[Df,(zo,0)v] #0 and
(9)
wt[D?f (w0, o) (v, v)] # 0,
then the system & = f(x,v) experiences a transcritical bifurcation at the equi-
librium point xy as the parameter v varies through the bifurcation value v = vy.

System (2) can rewritten as
&= f(z,v), = (H, R, V,)",
v may be any of the parameters Sy, Sr, Yu, Yr Or i, and

[Br (Ve = C) = vu]Hn + 7u A
f(xa V) = [BR(Vn - C) - fVR] R, +~rB

We denote D f(x,v) as the matrix of partial derivatives of the components of
f with respect to the components of x and f, the vector of partial derivatives
of f with respect to v. If x = P, then,

w(Buvr—BrYH)—BB%(CBE+VH) 0 ABHBRrYH(1+BBR)
Br(BBRr+1) 1(Brve—BaYR)+B%B(vH+BHC)
= _ BrB(CBr+YR) Yr(BBR+1)
Df(PCI7 V) 0 5 Bﬁﬁiu 5 I’%YR‘FCRBR
0 w(yr+CPBr) _ CBr(BrB+u)

BBr+u YrR+CBRr
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Theorem 4.3 If 34BC — vru = 0 is satisfied then system (2) goes under
a transcritical bifurcation when the parameter yg is varied according to this
equality.

It is worth to mention that even when we chose v as a bifurcation parameter,
either of the other involved in the equality given in the hypothesis could be
picked as a bifurcation parameter as well with same results.

Proof. B%4BC —~ru = 0 is equivalent to the existence a simple eigenvalue
according to (3). It is easy to show then,

—vu 0 APy
Df(Pcl,I/) = 0 —YR BﬁR
0 BrC —pn
and their associated eigenvalues are Ay = 0, Ay = —(yr + 1) and A3 = —yg.

Particularly for A; a corresponding eigenvector is given as

ABu
YH

BrC
1

On the other hand

—vg 0 0
DH ()= 0 =y BrC |;
ABu BBr —p

with corresponding eigenvector of (D f)T associated to A\; = 0,

0
w = 1
BrB
“w
_ 0 _ BRBC 1) _ BCBE—rp
Now we set v = g, VR—RTv B—R})_m_o and,
1
0 R
va(ifaVR) = B - R, = ’31?,
0 3

TR
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0
hARw&)(0>
0

0
(0)0 (10)
0

8f1 8f1 6f1
o R a&f] 0 0 O

SO,

consequently,

BrB
iy = (01,222

In the same token

_ | or:, o5z, 052
Dfn(@ 7r) = o R o

ofs,  Orfy, O, 0 0 0
OH, OR, 0Vn
hence
0 0 0) /%" 0
D-f’YR(PC177%)U: 0 -1 0 ERLC — _ERLC ’
0 0 O 1 0
0
B @
D (Pl = (0., 2B | e B L
w [ f’YR( 177R)U] y 1 BrC ﬁRC# ( )
0
Finally
2482
.
D?*f(P.,,v%)(w,v)=2| 0 |—+2]| Br el %u £ 0
0 TH Br Or
2u
C
and from here,
2AB%
H
BrB 2
T (N R R R
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From (10), (11) and (12) and Sotomayor’s theorem the system (2) has a tran-
scritical bifurcation at P,.

5 Numerical Simulations

In order to implement numerical simulation the following values for parameters
are set, S = 0.01, g = 0.01, vg = 0.09, vg = 0.01, u = 0.05, A = 400,
B =350 and C' = 250. With these values the corresponding critical points are
P, = (1.62,12.34,3.65) (stable) and P., = (400, 350, 250) (unstable).

In figure (1) the region of stability, projected on plane (R, V},) is represented.
In this case the region is the bounded by the positive axes and the straight
line. The point inside this region is P.,.

Stability Regions

1501

Border Stability
100 < Critical Points

50 1

0 100 200 300 400

Figure 1: Stability region according to (6) in the plane (R, V},).

Figure (2) represents some orbits of (2) under same values of the given
parameters. It shows asymptotic stability of P., as predicted by our analytic
results.
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ritical point Pc1

Initial condition
—]

Initial condition
O~
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Figure 2: Orbits of system (2).
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